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ABSTRACT
The strange B meson Bs ≡ b̄s and its charge-conjugate B̄s ≡ bs̄ are expected to mix with one another in such a way that the mass eigenstates BsH
(“heavy”) and BsL (“light”) may have a perceptible lifetime difference of up
to 40%, with the CP-even eigenstate being shorter-lived. A simple transversity analysis permits one to separate the CP-even and CP-odd components
of Bs → J/ψφ, and thus to determine the lifetime difference. The utility of
a similar analysis for B 0 → J/ψK ∗0 is noted.
The Cabibbo-Kobayashi-Maskawa picture of weak charge-changing transitions [1]
predicts the strange B meson Bs ≡ b̄s and its charge-conjugate B̄s ≡ bs̄ to mix with one
another with a large amplitude. The mass eigenstates BsH (“heavy”) and BsL (“light”)
with masses m(BsH ) ≡ mH and m(BsL ) ≡ mL are expected to be split by ∆m ≡ mH −
mL ≈ 25Γ̄, give or take a factor of two [2], where Γ̄ ≡ (ΓH + ΓL )/2 ≈ Γ(B 0 ) (B 0 ≡ b̄d)
and ΓH,L ≡ Γ(BsH , BsL ). The measurement of such a large mass difference poses an
experimental challenge.
To a good approximation, CP violation can be neglected in calculating the mass
eigenstates, in which case they correspond to those Bs(±) of even and odd CP, with
BsL = Bs(+) and BsH = Bs(−) as we shall see. The decay of a B̄s meson via the quark
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subprocess b(s̄) → cc̄s(s̄) gives rise to predominantly CP-even final states [3]. Thus the
CP-even eigenstate should have the greater decay rate. An explicit calculation [4] gives
fB2 s
Γ(Bs(+) ) − Γ(Bs(−) )
≃ 0.18
(200 MeV)2
Γ

,

(1)

where fBs is the Bs decay constant (in a normalization in which fπ = 132 MeV). In
one estimate [2], fBs = 225 ± 40 MeV, while a compilation of lattice results [5] obtains
fBs = 201 ± 40 MeV (90% c.l. limits). The upper limit of 40% for (1) is based on an
estimate of the maximum possible contribution from the b(s̄) → cc̄s(s̄) subprocess [6, 7].
The ratio of the mass splitting to the width difference of strange B’s is predicted to
be large and independent of CKM matrix elements [6, 8] (to lowest order, neglecting
QCD corrections which may be appreciable):
2
8 m2c
2 m2t h(m2t /MW
)
∆m
1
−
≃−
∆Γ
3π
m2b
3 m2b

!−1

≃ −200 ,

(2)

where ∆Γ ≡ ΓH − ΓL . Here h(x) decreases monotonically from 1 at x = 0 to 1/4 as
x → ∞; it is about 0.54 for mt = 180 GeV/c2 . In view of the sign in Eq. (1) and
since ∆m > 0 by definition, we then identify BsL = Bs(+) and BsH = Bs(−) [6]. If the
mass difference ∆m turns out to be too large to measure at present because of the rapid
frequency of Bs − B̄s oscillations it entails, the width difference ∆Γ may be large enough
to detect. The possibility of a value of ∆Γ/Γ for strange B mesons large enough to
measure experimentally has been stressed previously [3, 4, 9].
One can measure Γ̄ using semileptonic decays, while the decays to CP eigenstates
can be measured by studying the correlations between the polarization states of the
vector mesons in Bs(±) → J/ψφ. (For similar methods applied to decays of other spinless
mesons see, e.g., Ref. [10].) In the present note we describe a means by which the J/ψφ
final states of definite CP in Bs decays may be separated from one another using a simple angular distribution based on a transversity variable [11, 12, 13]. This transversity
variable allows one to directly separate the summed contribution of the even partial
waves (S, D) from the odd one (P) by means of their opposite parities. The CDF Collaboration [14] has recently reported the first angular distribution analysis of the decay
Bs → J/ψφ, obtaining a separation into longitudinal and transverse helicity amplitudes
without making a statement yet about the CP-even and CP-odd contributions.
We summarize our main result. Consider the final state J/ψφ → ℓ+ ℓ− K + K − , where
ℓ = e or µ. In the rest frame of the J/ψ let the direction of the φ define the x axis.
Let the plane of the K + K − system define the y axis, with py (K + ) > 0, so the normal
to that plane defines the z axis. (We assume a right-handed coordinate system.) We
define the angle θ as the angle between the ℓ+ and the z axis. Then the time-dependent
rate for the J/ψφ mode is given by


d2 Γ
3
3
= p(t) 1 + cos2 θ + m(t) sin2 θ
d cos θ dt
8
4

2

=

3
3
[p(t) + 2m(t)] + [p(t) − 2m(t)] cos2 θ ,
8
8

(3)

where
p(t) = p(0)e−ΓL t

(CP even)

m(t) = m(0)e−ΓH t

,

(CP odd) ,

(4)

so that the probability of having a CP-even [CP-odd] state at proper time t is given by
p(t)/(p(t) + m(t)) [m(t)/(p(t) + m(t))]. The angular distribution is normalized in such
a way that
Z 1
dΓ
d2 Γ
=
= p(t) + m(t) .
(5)
d(cos θ)
dt
d cos θ dt
−1
As t increases, one should see a growth of the sin2 θ component. The angle θ is an
example of a transversity variable, whose utility for the determination of CP properties
of multi-particle systems was pointed out some time ago [15].
The zero-angular-momentum states of two massive neutral vector mesons such as
J/ψ and φ, both with the same CP (in this case, even) consist of two with even CP and
one with odd CP. One can form states with orbital angular momenta L = 0 (CP even),
L = 1 (CP odd), and L = 2 (CP even).
Alternatively, one can decompose the decay amplitude A into three independent
components [16], corresponding to linear polarization states of the vector mesons which
are either longitudinal (0), or transverse to their directions of motion and parallel (k)
or perpendicular (⊥) to one another. The states 0 and k are P-even, while the state ⊥
is P-odd. Since J/ψ and φ are both C-odd eigenstates, the properties under P are the
same as those under CP.
Consider the polarization three-vectors ǫJ/ψ and ǫφ in the J/ψ rest frame. The
independent decay amplitudes are the rotationally invariant quantities linear in ǫ∗J/ψ and
ǫ∗φ and involving possible powers of p̂, a unit vector in the direction of the momentum
of φ in the J/ψ rest frame.
The two CP-even decay amplitudes are the combinations ǫ∗J/ψ · ǫ∗φ (contributing to
∗L
L
A0 and Ak ) and ǫ∗J/ψ · p̂ ǫ∗φ · p̂ = ǫ∗L
J/ψ ǫφ (contributing only to A0 ), where ǫ ≡ p̂ · ǫ.
Equivalently, one can subtract off the longitudinal component of the polarization vectors
∗T
to replace ǫ∗J/ψ · ǫ∗φ by ǫ∗T
J/ψ · ǫφ , contributing only to Ak , where the superscripts T refer
to projections perpendicular to p̂. The CP-odd amplitude ǫ∗J/ψ × ǫ∗φ · p̂ contributes only
to A⊥ . The case of transverse (k or ⊥) polarization states is reminiscent of photon polarization correlations [17] in neutral pion decay. Thus we may write the decay amplitude
as
√
√
∗L
∗T
∗T
∗
∗
A(Bs → J/ψφ) = A0 (mφ /Eφ )ǫ∗L
ǫ
−
A
ǫ
·
ǫ
/
2
−
iA
2 , (6)
ǫ
×
ǫ
·
p̂/
⊥
k
J/ψ φ
J/ψ
φ
J/ψ
φ
where Eφ is the energy of the φ in the J/ψ rest frame, and the individual amplitudes
are real in the absence of final-state interactions. The amplitudes for the corresponding
decays of B̄s ≡ CP (Bs ) are Ā0 = A0 , Āk = Ak , and Ā⊥ = −A⊥ . (We can see directly by
counting powers of p̂ that A0 and Ak are P-even while A⊥ is P-odd.) We have normalized
the partial widths for the three independent polarization states in such a way that
dΓ(Bs → J/ψφ)/dt = |A0 |2 + |Ak |2 + |A⊥ |2
3

,

(7)

and we may identify
p(t) = |A0 |2 + |Ak |2

,

m(t) = |A⊥ |2

.

(8)

For purposes of comparing with other notations, we can express the helicity amplitudes
Aλ (where λ = 1, 0, − 1 is the projection of the φ angular momentum
on the x axis)
√
in terms of the linear polarization basis by A±1 = (Ak ± A⊥ )/ 2, with A0 the same in
either basis, and in terms of S-, P-, and D-wave amplitudes by
A±1 =

s

s

1
S±
3

1
P+
2

s

1
D
6

,

s

1
A0 = −
S+
3

s

2
D
3

.

(9)

With these normalizations,
dΓ(Bs → J/ψφ)/dt = |A0 |2 + |A1 |2 + |A−1 |2 = |S|2 + |P |2 + |D|2
and

s

,

(10)

s

2
1
Ak =
S+
D , A⊥ = P .
3
3
The longitudinal and transverse partial widths are given, respectively, by
dΓ0 /dt = |A0 |2

dΓT /dt = |A1 |2 + |A−1 |2

,

(11)

.

(12)

In terms of partial-wave amplitudes, one has
q
q
dΓ0
= | − 1/3S + 2/3D|2
dt

,

q
q
dΓT
= | 2/3S + 1/3D|2 + |P |2
dt

q
q
dΓk
= | 2/3S + 1/3D|2
dt

while

p(t)
|S|2 + |D|2
=
p(t) + m(t)
|S|2 + |P |2 + |D|2

;

,

dΓ⊥
= |P |2
dt

,

,

(13)

m(t)
|P |2
=
p(t) + m(t)
|S|2 + |P |2 + |D|2

.

(14)

Finally, we note that in the covariant expression [18]
Aλ =

ǫ∗1µ ǫ∗2ν

"

ag

µν

ic µναβ
b
pµ2 pν1 +
ǫ
p1α p2β
+
m1 m2
m1 m2

#

(15)

for the decay B → V1 V2 , where ǫ0123 ≡ +1 and V1 and V2 are vector mesons with masses
m1 and m2 and four-momenta p1 and p2 , the helicity amplitudes are
√
(16)
A±1 = a ± c x2 − 1 , A0 = −ax − b(x2 − 1) ,
where x ≡ p1 · p2 /(m1 m2 ). We thus identify
q
i
1 h
S = √ a(2 + x) + b(x2 − 1) , P = c 2(x2 − 1) , D =
3

4

s

i
2h
a(1 − x) − b(x2 − 1) .
3
(17)

Note that S and D both involve a and b.
The derivation of Eq. (3) is elementary. The φ is coupled to K + K − through an
amplitude ǫφ · (pK + − pK − ), where the quantities denote 4-vectors. Thus the plane of
(linear) φ polarization is related to that of the K + K − system in the J/ψ rest frame.
By definition, we have taken the φ linear polarization vector to lie in the x − y plane.
We may define an angle ψ as that of the K + in the φ rest frame relative to the helicity
axis (the negative of the direction of the J/ψ in that frame). The spatial components of
the φ and J/ψ polarizations must be correlated since the decaying strange B is spinless.
The J/ψ then has a single linear polarization state ǫ for each amplitude: In the J/ψ
rest frame,
Ak : ǫ = ŷ ; A0 : ǫ = x̂ ; A⊥ : ǫ = ẑ .
(18)
A unit vector n in the direction of the ℓ+ in J/ψ decay may be defined to have components
(nx , ny , nz ) = (sin θ cos ϕ, sin θ sin ϕ, cos θ)

(19)

where ϕ is the angle between the projection of the ℓ+ on the K + K − plane in the J/ψ
rest frame and the x axis. The sum over lepton polarizations then leads to a tensor in
the J/ψ rest frame with spatial components (in the limit of zero lepton mass, assumed
here)
X
[ūγi v]∗ [ūγj v] ∼ Lij ≡ δij − ni nj .
(20)
ℓ± pol

Physically this tensor simply expresses the fact that massless lepton pairs couple only
to transverse polarization states of the J/ψ, as expected from the structure of the electromagnetic interactions.
Taking account of the definition (6), we then find that the probability for the decay
Bs → (ℓ+ ℓ− )J/ψ (K + K − )φ is proportional to
X

ℓ± pol

where

|A|2 = Ai A∗j Lij

,

√
√
Ai = A0 δix cos ψ − Ak δiy sin ψ/ 2 + iA⊥ δiz sin ψ/ 2 .

(21)

(22)

Consequently, when we use the definitions (19), we find
d4 Γ[Bs → (ℓ+ ℓ− )J/ψ (K + K − )φ ]
9
=
[2|A0 |2 cos2 ψ(1 − sin2 θ cos2 ϕ)
d cos θ dϕ d cos ψ dt
32π
+ sin2 ψ{|Ak |2 (1 − sin2 θ sin2 ϕ) + |A⊥ |2 sin2 θ − Im(A∗k A⊥ ) sin 2θ sin ϕ}

1
+ √ sin 2ψ{Re(A∗0 Ak ) sin2 θ sin 2ϕ + Im(A∗0 A⊥ ) sin 2θ cos ϕ}] .
(23)
2
The overall normalization has been chosen to agree with our previous conventions when
one integrates over angles. For B̄s decays the interference terms involving A⊥ amplitudes
are of opposite sign and all other terms are unchanged.
5

Integration over cos ψ leads to the distribution
d3 Γ[Bs → (ℓ+ ℓ− )J/ψ (K + K − )φ ]
3
=
[|A0 |2 (1 − sin2 θ cos2 ϕ) + |Ak |2 (1 − sin2 θ sin2 ϕ)
d cos θ dϕ dt
8π
+ |A⊥ |2 sin2 θ − Im (A∗k A⊥ ) sin 2θ sin ϕ] .

(24)

Performing the integrals over ϕ and taking account of the differing time-dependences of
the decays of Bs(±) , we obtain the result (3). This is a suitable single-angle distribution to
employ if one wishes to disentangle the CP-even and CP-odd components of the Bs . The
two-angle distribution (24) allows one to separate out the individual quantities |A0 |2 ,
|Ak |2 , and |A⊥ |2 .
An interesting oscillation appears in the interference terms between CP-even and CPodd decays. For example, in the two-angle distribution (24), since the respective timedependences of the Bs(+) and Bs(−) decay amplitudes are e−imL t−ΓL t/2 and e−imH t−ΓH t/2 ,
the term −Im (A∗k A⊥ ) behaves as |Ak (0)A⊥ (0)| sin(∆mt − δ)e−Γt , where δ is a strong
final-state phase shift difference: Ak (0)∗ A⊥ (0) = |Ak (0)A⊥ (0)|eiδ . Thus, if one tags
the flavor of the decaying Bs , one can observe the effects of ∆m in the J/ψφ final
state through the interference of final states of opposite CP (if both are present). The
oscillation term averages out to zero if the initial numbers of Bs and B̄s are equal.
The distributions (3), (23), and (24) also permit one to separate out the components
|A0 |2 , |Ak |2 , |A⊥ |2 , and the interference terms Im(A∗k A⊥ ), Re(A∗0 Ak ), and Im(A∗0 A⊥ ) for
the decays B 0 → J/ψK ∗0 . (Here and subsequently we imply the sum over a process and
its charge-conjugate.) Moreover, in the limit of flavor SU(3) symmetry, one expects the
ratios of the relative components in B 0 → J/ψK ∗0 to be the same as those at proper
time t = 0 in the decays Bs → J/ψφ [19]. Thus, an analysis of B 0 → J/ψK ∗0 can
provide an independent estimate of the relative contributions of CP-even and CP-odd
final states at t = 0 to the decays Bs → J/ψφ, enhancing the ability to determine ΓH
and ΓL .
If the K ∗ is observed to decay to the CP eigenstate KS π 0 , the amplitudes A0 and
Ak refer (as in the case of J/ψφ) to the CP-even eigenstate, while A⊥ refers to the CPodd eigenstate. The expected dominance of the CP-even eigenstate (see below) means
that in B 0 → J/ψKS π 0 events the CP asymmetry will tend to be opposite to that in
B 0 → J/ψKS [12, 20]. Since the rates for observing the processes B 0 → J/ψKS and
B 0 → J/ψK ∗0 → J/ψKS π 0 are comparable (taking account of branching ratios and
typical detection efficiencies), the incorporation of J/ψKS π 0 data may add statistical
power to any experiment studying the J/ψKS final state, even when the π 0 is not
observed directly but its existence inferred.
The distribution (3) permits one to separate amplitudes of opposite parity from one
another even if the K + K − system in Bs → J/ψK + K − or the Kπ system in B → J/ψKπ
is not a vector meson [12]. This is easily seen by considering the density matrix ρij of
the J/ψ, expressed in terms of linear polarization states, so that the decay rate is
proportional to ρij Lij , with Lij defined in (20). If we integrate over ϕ, we find
d2 Γ
1 + cos2 θ
∼ (ρxx + ρyy )
d cos θ dt
2
6

!

+ ρzz sin2 θ

,

(25)

where ρxx and ρyy correspond to linear J/ψ polarization states in the plane of the two
pseudoscalar mesons, while ρzz corresponds to J/ψ polarization perpendicular to this
plane, and thus represents an amplitude with parity opposite to those contributing to
ρxx and ρyy . For cases where each particle in the final state is a C eigenstate as in
B 0 → J/ψK ∗0 → J/ψKS π 0 and Bs → J/ψφ → J/ψKS KL the parity separation is also
a CP separation and the transversity analysis can be used without the need to extract
the vector resonance from nonresonant or other background.
The dominance of the |A0 |2 contribution in B 0 → J/ψK ∗0 decays [14, 21, 22] implies
via flavor SU(3) that the |A0 |2 contribution should also dominate Bs → J/ψφ, and hence
that Bs(−) → J/ψφ is likely to be suppressed in comparison with Bs(+) → J/ψφ. Thus the
initial angular distribution is very likely to be dominated by the 1+cos2 θ component. As
time increases, the fraction of the angular distribution proportional to this component
will decrease while that proportional to sin2 θ will increase. It should be possible to
separate out the two components by a combined analysis in θ and proper decay time. If
the sin2 θ component does not show up even at large times, a single-exponential fit to
the decay should provide a good estimate of the lifetime of the CP-even eigenstate.
The angular distribution in (3) has the form of an ellipsoid which is prolate if p(t) >
2m(t) and oblate if p(t) < 2m(t). (Here we imagine an average over ϕ to have been
performed.) If all three partial waves are equally populated p(t) = 2m(t) since there are
two partial waves with even CP and only one with odd CP. For this case the angular
distribution is isotropic in cos θ as expected.
If p(0) > 2m(0) (i.e., if the CP-even decay is initially more than 2/3 dominant), if the
CP-even eigenstate Bs(+) has the greater decay rate as expected, and if there is a nonzero odd-CP component m(0) 6= 0, then the angular distribution in transversity will be
initially prolate but will eventually become oblate as the quantity p(t) − 2m(t) changes
sign. This effect can be noted by dividing the events into two bins with | cos θ| < 1/2
and | cos θ| > 1/2, denoted by E (equatorial) and P (polar) respectively:
E≡
P ≡

"Z

Z

1/2

−1/2

−1/2
−1

+

d(cos θ)

Z

1

1/2

#

d2 Γ
13
11
= p(t) + m(t) ,
d cos θ dt
32
16

d(cos θ)

d2 Γ
19
5
= p(t) + m(t) ,
d cos θ dt
32
16

(26)
(27)

3
[p(t) − 2m(t)]
(28)
16
The difference between the numbers in the two bins provides an experimental number
whose sign will change in time under the assumptions noted above. This two-bin analysis
of data can be adjusted for optimum statistics by changing the sizes of the bins to
correspond to the initial values of p(0) and m(0).
The analysis performed by CDF [14] for Bs → J/ψφ was also based on a singleangle distribution, but it separated out the transverse component from the longitudinal component. In the absence of vertex cuts these would be, respectively, ΓT ≡
R∞
R∞
2
2
2
0 dt(|Ak | + |A⊥ | ) and Γ0 ≡ 0 dt(|A0 | ). With a minimum vertex cut of 50 µm, the
P −E =

7

result obtained was Γ0 /(Γ0 + ΓT ) = 0.56 ± 0.21 (stat) +0.02
−0.04 (sys). The transverse component contains both CP-even and CP-odd contributions, while the longitudinal component is CP-even. The separation of transverse and longitudinal components makes
sense only if the Bs(−) → J/ψφ decay is negligible, or if the lifetime difference between
Bs(+) and Bs(−) can be ignored.
Corresponding determinations of Γ0 /(Γ0 + ΓT ) for the decay B 0 → J/ψK ∗0 are
0.65 ± 0.10 ± 0.04 (CDF) [14], 0.97 ± 0.16 ± 0.15 (ARGUS) [21], 0.80 ± 0.08 ± 0.05
(CLEO) [22], and 0.74 ± 0.07 (world average) [14]. This last value is compatible with
the corresponding one for Bs → J/ψφ. A discrepancy would have indicated either a
violation of SU(3) or the lifetime effect mentioned above.
The presence of two eigenstates with possibly differing lifetimes can affect any determination of τ (Bs ). When observing the Bs in a final state of definite flavor, such as
Ds π or Ds ℓνℓ , one will be effectively measuring the average lifetime Γ̄ of the CP-even
and CP-odd states. Most measurements reported up to now, including a recent CDF
determination [23] leading to a world average [24] of τ (Bs ) = 1.58 ± 0.10 ps, are of
this type. This quantity is expected [4] to be very close to the B 0 lifetime, for which
the world average [24] is τ (B 0 ) = 1.57 ± 0.05 ps. However, minimum-lifetime cuts can
bias the sample against the CP-even (shorter-lived) component, leading to results which
depend on the cut if a single-exponential fit is adopted.
To summarize, we have found that a combined analysis with respect to proper decay
time and a single transversity angle in the decay Bs → J/ψφ can determine the lifetime
of at least the CP-even and possibly the CP-odd mass eigenstates of the Bs − B̄s system.
Additional information about the properties of the J/ψφ mode at proper time t = 0 can
be obtained by a similar analysis of the decays B 0 → J/ψK ∗0 . These analyses can
already be attempted with the data sample [14] now in hand.
We thank B. Kayser, R. Kutschke, K. Ohl, M. Paulini, E. A. Paschos, M. P. Schmidt,
and W. Wester for useful discussions. This work was supported in part by the United
States Department of Energy under Contracts No. DE AC02 76CH03000, DE FG02
90ER40560 and W-31-109-ENG-38.
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