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1. Introduction and preliminaries

Let X denote a compact metric space with metric d, and let f : X → X denote a continu-
ous self-map on X . For any subset E of X , we let Cl(E) denote the closure of E. Following
[1], we denote by {�,X} an iterated function system, or IFS, on X . That is,� is a finite fam-
ily { f1, . . . , fm} of continuous self-maps on X . In this paper we do not consider the case
in which � is an infinite family. Let �∞ denote the family of infinite sequences of com-
positions of functions in �. That is, a given sequence F in �∞ is composed of arbitrary
compositions of elements of �, so that for each positive integer n, Fn = f1 ◦ f2 ◦ ··· ◦ fn,
where each fi, 1≤ i≤ n, is an element of {�,X}.

An IFS {�,X} is hyperbolic if there is a real number λ, where 0 < λ < 1, such that
d( f (x), f (y))≤ λ∗ d(x, y) for all points x and y in X and for all f ∈ �. An IFS {�,X} is
stable if for every infinite sequence F, diam(Fn(X))→ 0 as n→∞. Equivalently, {�,X} is
stable if {Fn(X)}n≥1 has a one-point set as its limit. If {�,X} consists of a single function
f , then {�,X} is stable if diam( f k(X))→ 0 as k→∞, where f k is the k-fold composition
of f . By the definition of stability, each sequence Fλ in �∞, where λ∈Λ for some index-
ing set Λ, converges to a unique point xλ. Let F denote the sequence of nested decreasing
compact sets formed by the family of sequences {Fλ

n(X)}λ∈Λ. For example, in the well-
known IFS { f1, f2, [0,1]}, where f1(x)= (1/3)x and f2(x)= (1/3)x + 2/3, F is the nested
sequence of closed subintervals of [0,1] converging to the Cantor ternary set.

An IFS {�,X} is conjugate to an IFS {�′,X ′} if there exists a homeomorphism h : X →
X ′ such that �′ = h◦�◦h−1 = {h◦ f ◦h−1 : f ∈�}. The conjugacy then assures that the
qualitative dynamic behavior of the systems � and �′ are largely the same. Clearly, stable
systems exist which are not themselves hyperbolic, but which are conjugate to hyperbolic
systems. In [1] it is shown that functions which are either continuous and monotone or
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belong to the Lip[0,1] class are conjugate to hyperbolic functions. Moreover, there exists
a continuous stable IFS which is not conjugate to any hyperbolic IFS (see [1]). Although
noncontinuous stable IFSs exist, we confine our investigation to the case where all fi in
{�,X} are continuous. We refer to such systems as “continuous stable IFSs.” We consider
some of the properties of continuous stable systems, including systems which are neither
hyperbolic nor conjugate to any hyperbolic system. As observed in [1], continuous stable
IFSs which are not hyperbolic and are not conjugate to any hyperbolic system are residual
in the set of all stable IFSs.

2. Properties of continuous stable iterated function systems

We now consider an IFS {�,X} which is made up of a finite number of self-maps, each
of which, taken individually, is stable. It turns out that such an iterated function system
is not necessarily a stable IFS.

Proposition 2.1. An iterated function system {�,X}, where � is a finite family { f1, . . . , fm}
of self-maps, each of which, taken individually, is stable, need not be a stable IFS.

Proof. Let

f (x)=
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and let

g(x)=
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Then
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[
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(2.3)

Taken as single functions, both f and g are stable. However, when we take the compo-
sition g ◦ f ◦ g ◦ f , we obtain the following function which cannot have a unique fixed
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point under further iteration:

g ◦ f ◦ g ◦ f (x)=

⎧
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(2.4)

The conclusion now follows. �

Recall that for any compact metric space X with metric d, we may define the Hausdorff

metric h on the space Ĥ(X) of closed subsets of X so that for any “points” C and E in the
space Ĥ(X), h(C,E) =min{δ > 0 : C ⊂ Bδ(E) and E ⊂ Bδ(C)}, where Bδ(C) and Bδ(E)
are open δ-balls about C and E, respectively. Equivalently, h(C,E) =max[max{d(x,E) :
x ∈ C}; max{d(C,x) : x ∈ E}]. It is well known that if (X ,d) is compact, then (Ĥ(X),h) is
also compact. Let {�,X} = { f1, . . . , fm,X} be an IFS and define the function F : Ĥ(X)→
Ĥ(X), so that F(C) =⋃m

i=1 fi(C) for every C ∈ Ĥ(X). Then consider the sequence of it-
erates Fk(Ĥ(X)) in the metric space (Ĥ(X),h), so that Fk(Ĥ(X)) = F(Fk−1(Ĥ(X))) for
k = 1,2, . . . . If the IFS {F,Ĥ(X)} is hyperbolic, it is well known that there exists a unique
nonempty compact invariant set A, where A = F(A) = ⋃m

i=1 fi(A), so that {Fk(X)}∞k=1

converges to A in the Hausdorff metric. This result has also been proved for systems con-
jugate to hyperbolic systems (see [3, page 114]). In Theorem 2.3 below we prove a similar
result for iterated function systems which are continuous and stable. First, we prove a
result on the continuity of the function F : Ĥ(X)→ Ĥ(X).

Proposition 2.2. Let {�,X} = { f1, . . . , fm,X} be a continuous stable IFS on a compact met-
ric space (X ,d). Let (Ĥ(X),h) denote the space of all closed subsets of X with the Hausdorff

metric h. Then the function F : Ĥ(X)→ Ĥ(X), where F is defined so that F(C)=⋃m
i=1 fi(C)

for all C in Ĥ(X), is continuous in the Hausdorff metric.

Proof. Let ε > 0 be given. Let A∈ Ĥ(X) be any point in the domain of F. Let B(F(A),ε)
be an ε-ball about F(A) in the Hausdorff metric. We show that there exists δ > 0 such
that F(B(A),δ)⊂ B(F(A),ε). Observe that since each fi is uniformly continuous on the
compact space X , there exists δi > 0 for each fi, so that d(x1,x2) < δi implies that d( fi(x1),
fi(x2)) < ε, for all x1,x2 ∈ X . Let δ =min1≤i≤m{δi}. To show that F(B(A),δ)⊂ B(F(A),ε),
let C be any point in B(A,δ). If A∩C is not empty in the topology of the underlying
metric d, then all points in (C∩A) are mapped into B(F(A),ε). Now consider all points
in C in the metric d which are not in A. Every such point is δ-close to some point in A
in the d-metric, because h(A,C) =min{δ > 0 : C ⊂ Bδ(A); A ⊂ Bδ(C)}. By the uniform
continuity of the fi, it follows that every point in F(C) is ε-close to some point in F(A).
By a similar argument, every point in F(A) is ε-close to some point in F(C). Then by the
definition of the Hausdorff metric, C ∈ B(F(A),ε). Hence, F(B(A),δ)⊂ B(F(A),ε), and
F is continuous on (Ĥ(X),h). �

Theorem 2.3. Let {�,X} = { f1, . . . , fm,X} be a continuous stable IFS on a compact metric
space (X ,d). Let (Ĥ(X),h) denote the space of all closed subsets of X with the Hausdorff
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metric h. Then the sequence {Fn(Ĥ(X))}∞n=1 converges to a point A in (Ĥ(X),h). That is,
the iterated function system {F,Ĥ(X)} is (continuous and) stable.

Proof. First, observe that the iterates {Fn(Ĥ(X))}∞n=1 are nested. To show {Fn(Ĥ(X))}∞n=1

converges in the Hausdorff metric to a point A∈ Ĥ(X), we show that
⋂∞

n=1F
n(Ĥ(X))=

A. Since Ĥ(X) is compact and F is continuous, then Fn(Ĥ(X))= An is compact for every
n. For each n, n = 1,2, . . . , let an ∈ An be a point in the underlying metric space (X ,d).
Then the sequence {an}∞n=1 is contained in the set A1. Since A1 is compact, there is a
convergent subsequence {ank}∞k=1 with limit a in A1. But that subsequence, except for
possibly its first element, is also contained in A2, and since A2 is compact, the limit must
be contained in A2. By induction, the limit is contained in every An. Hence, the limit a is
contained in the intersection A=⋂∞n=1F

n(Ĥ(X)), and A is not empty. Observe that A is
compact and thus is a point in Ĥ(X). The above argument also shows that {Fn(Ĥ(X))}∞n=1

converges to A in the Hausdorff metric. �

We say that the map f : X → X has equicontinuous iterates if for any x ∈ X and for
any ε > 0 there exists a δ > 0 such that d( f n(x), f n(y)) < ε whenever d(x, y) < δ for all
y ∈ X and for all positive integers n. Since X is compact, every transformation on X
with equicontinuous iterates has equiuniformly continuous iterates. That is, for any ε > 0,
there exists δ > 0 such that d(x, y) < δ implies that d( f n(x), f n(y)) < ε for all positive
integers n and for all x and y in X . Clearly, all hyperbolic maps of the form f : X → X
have equiuniformly continuous iterates. Also, observe that since a stable system { f ,X}
converges to a one-point set, we may think of this convergence as convergence of the
functions f1, f2, . . . , fk, . . . , to a constant function f . We let S(X ,X) denote the set of all
continuous stable self-maps with the supremum metric ρ; that is, each element in S(X ,X)
is a self-map of the form f : X → X , and for any two distinct elements f and g in S(X ,X),
ρ( f ,g) = supx∈X{d( f (x),g(x)) : x ∈ X}. We now show that a necessary condition for a
map f to be continuous and stable is that f has equiuniformly continuous iterates.

Proposition 2.4. Let f be an element of S(X ,X). Then the iterates of f are equiuniformly
continuous.

Proof. Fix ε > 0. Let { f ,X} be a continuous stable IFS comprised of a single function.
Since { f n}∞n=1 converges to a constant function g = z, for some z ∈ X , then there is a
positive integer N such that d( f n(x),z) < ε/2 and d( f n(y),z) < ε/2, and hence d( f n(x),
f n(y)) < ε, for all n≥N and for all x, y inX . Since f n is uniformly continuous for every n,
then there exists δn > 0 such that d(x, y) < δn implies that d( f n(x), f n(y)) < ε for each n,
1≤ n < N. Then for δ =min{δn : 1≤ n < N}, d(x, y) < δ implies that d( f n(x), f n(y)) < ε
for all n, 1≤ n < N , and for all x, y in X . Hence, f has equiuniformly continuous iterates.

�

The reader will easily find examples to show that the converse of Proposition 2.4 is not
true.

Corollary 2.5. Each sequence {Fn(X)}∞n=1 in a continuous stable iterated function system
{�,X} is made up of functions, which, taken together as a single sequence, make up a set of
equiuniformly continuous functions.
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Corollary 2.6. Let f ∈ S(X ,X). Then f is not surjective.

Proof. Since f ∈ S(X ,X), then by Proposition 2.4, f has equiuniformly continuous it-
erates. By [2, Corollary 8], any surjective self-map f on a compact metric space whose
iterates are equicontinuous is a homeomorphism. If f is a homeomorphism, then so are
all of the iterates of f . But it then follows that the iterates of f (X) do not converge to a
single point, a contradiction. �

Remark 2.7. The proof of Proposition 2.4 shows that the sequence { f n}∞n=1 converges
uniformly to the constant map g. That is, for any ε > 0, there exists a positive integer N ,
so that for all n≥N , and for all x ∈ X , ρ( f n,g) < ε.

Proposition 2.8. Let {�,X} = { f1, . . . , fm,X} be a continuous stable IFS on a compact met-
ric space (X ,d). Let (Ĥ(X),h) denote the space of all closed subsets of X with the Hausdorff

metric h. Then the function F on Ĥ(X), as defined in Theorem 2.3 above, has equiuniformly
continuous iterates.

Proof. By Theorem 2.3 above, the system {F,Ĥ(X)} is stable. Now by mimicking the
proof of Proposition 2.4 above, the result follows. �
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