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Phase lag deduced information in photo-thermal actuation
for nano-mechanical systems characterization
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In photo-thermal actuation, heat is added locally to a micro-cantilever by means of a laser. A fraction of the irradiation is absorbed, yielding thermal stresses and deformations in the structure.
Harmonic modulation of the laser power causes the cantilever to oscillate. Moreover, a phase lag is
introduced which is very sensitive to the spot location and the cantilever properties. This phase lag
is theoretically predicted and experimentally verified. Combined with thermo-mechanical properties of the cantilever and its geometry, the location of the laser spot, the thermal diffusivity, and the
C 2014 AIP Publishing LLC.
layer thicknesses of the cantilever can be extracted. V
[http://dx.doi.org/10.1063/1.4893461]

Nano-cantilevers are used in applications from scanning
probe microscopy1 to chemical analysis2,3 and bio-sensing.4
The principle is based on measuring changes in the motion
of a micro-cantilever that are caused by the interaction with
the subject. This is typically done using the optical beam
deflection (OBD) method.5 In this method, a laser is focused
on the cantilever and the reflected beam is registered on a
position sensitive detector. A fraction of the irradiation, however, is absorbed and causes a temperature gradient over the
length of the cantilever that results in thermal stresses and
deformations. Through modulation of the absorbed power,
the cantilever can be actuated; a technique which is known
as photo-thermal actuation.6–9 Because the heat is absorbed
in only a small area, time is required to dissipate the heat
through the structure and for the temperature gradient to
change. The dissipation time results in a phase lag between
the actuation signal and the thermo-mechanical response
which can be predicted theoretically based on material properties and the geometry. The phase lag information can be
used for extraction of both thermal and mechanical properties of the cantilever and the location of the laser spot along
its length. In this Letter, the methodology and its applications
are outlined.
Photo-thermal actuation relies on temperature gradient
induced stresses that cause deformation of a microcantilever. The temperature gradient along the length of a
cantilever is described by the one-dimensional heat equation.
Given in its general form
@T ð x; tÞ
@ 2 T ð x; tÞ
¼D
 BðT ð x; tÞ  Tenv Þ þ f ðx; tÞ;
@t
@x2

(1)

it describes the temperature T as a function of time t, location
along the cantilever x, the thermal diffusivity D (m2 s1), the
characteristic time constant for convective heat transfer B
(s1), the ambient temperature Tenv, and forcing function f.
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The base of the cantilever and its tip are defined to be at
x ¼ 0 and at x ¼ L, respectively.
From a thermomechanical perspective, a cantilever
beam is thermally isolated at the tip and has a heat sink at its
base. Mathematically these boundary conditions are represented by a Dirichlet and a Neumann boundary condition at
the base and tip, respectively. The forcing function describes
the absorbed power along the length of the cantilever and is
represented by a Gaussian distribution as follows:
!
ðx  bÞ2
f ð x; tÞ ¼ aðtÞexp 
;
(2)
2c2
where a is the absorbed laser power, b is the distance from
the base to the center of the spot, and c is the width of the
spot. Using these conditions, a closed form solution to Eq.
(1) can be found.
The temperature distribution is coupled to the mechanical response. Cantilevers that are typically used in OBD setups have a thick silicon based substrate. Because this
substrate has a low reflectivity, a (gold) reflective layer is
added to increase the signal-to-noise ratio of the OBD
method. The thermomechanical response of the cantilever is
a function of the mismatch strain that occurs at the interface
between the layers as a result from the temperature distribution.10 It is assumed that thermal gradients are limited to the
longitudinal direction. The cantilever is assumed to be in
quasi-steady state. Therefore, the influence of inertial effects
and mechanical damping are neglected. Only the period and
phase of the mechanical oscillation are considered. As a
result of these simplifications, only the thermal properties of
the cantilever materials are required. The transfer function
that couples the heat input to the mechanical response is
solved in the Laplace domain and uses the zero rotation
boundary condition at the base (H(x ¼ 0, s) ¼ 0). The full
derivation of the transfer function is given elsewhere,11 but
the final result is repeated here. It is the fraction of the forcing function in the Laplace domain F(s) and the resulting
pseudo-rotation H(s)
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FðsÞ 
2pc
G ðsÞ ¼
¼
f2 expðk1 Þ erf ðm1 Þ þ erf ðm2 Þ þ 2 expðk2 Þ erf ðm4 Þ  erf ðm3 Þ

HðsÞ x¼b 8ðs þ BÞcoshðk3 Þ




þ 4coshðk3 Þerf ðm5 Þ þ expðk4 Þ erf ðm3 Þ  erf ðm4 Þ þ expðk5 Þ erf ðm2 Þ þ erf ðm4 Þ




þexpðk6 Þ erf ðm3 Þ  erf ðm1 Þ þ expðk7 Þ erf ðm1 Þ þ erf ðm2 Þ g;

where the auxiliary parameters mi and ki describe the thermal
properties of the cantilever and of the laser spot (D, b, L, and
c). These parameters are available in the supplementary material.12 From the transfer function can be concluded that the
phase lag is dependent on the laser spot location and the
driving frequency of the laser. Because the location of the
laser spot coincides with the location where the response is
measured, it follows that x ¼ b. Using s ¼ ix in the transfer
function, the phase lag angle can be derived for a given spot
location and a harmonic input of frequency x. The generic
results are presented in Fig. 1. From the figure, it is concluded that a unique set of phase shifts can be mapped to
each set of frequencies depending on the laser spot location.
This unique phase lag profile allows localization of the
laser spot along the cantilever length. This can be used for
automatic alignment of a probe in, e.g., a SPM setup.
Accurate alignment using photo-thermal actuation allows for
maximization of the sensitivity of a measurement in an existing OBD setup, without the need for additional hardware.
This concept was verified using a table-top OBD setup13 of
which a schematic illustration is depicted in Fig. 2. The setup
uses a modulated fiber laser of which the beam is focused
onto the cantilever by means of the microscope objective.
The reflected light passes back through the microscope
objective and is imaged on an optical position sensor (OPS).
The paths of the illuminating beam and returning beam are
separated through polarizing beam splitters. While part of
the light is reflected to the OPS, another part is guided further and imaged on a charge-coupled device (CCD) for optical microscopy and manual alignment. The verification
encompasses placing the laser spot at several known locations along the length of the cantilever. The spots are centered laterally and their locations are indicated in Fig. 3(a).
The actual location was found through correlation of the
CCD images with earlier obtained scanning electron

FIG. 1. Phase shift as a function of position and signal frequency. L ¼ 500
lm, D ¼ 7  105 m2 s1, full-width half minimum of spot ¼ 30 lm.

(3)

micrographs. The power of the laser was varied harmonically
at frequencies between 1 Hz and 10 kHz. The upper limit
was chosen to include the first mechanical resonance frequency of 6 kHz. The measured phase shifts are depicted
in Fig. 3(b). The model does not include inertial effects and
was therefore not verified in the frequency range above the
first mechanical resonance with statistically significant measurements. The spot location was extracted by comparison of
the phase lags with the theoretical model for frequencies up
to the first resonance frequency. The comparison between
the actual locations and the extracted locations of the spot
(Fig. 3(c)) supports the validity of the theory. A residual offset is present in the form of an offset in the fit. It is hypothesized that the cause for this difference traces back to the
unknown convective heat transfer coefficient and the difference in tip geometry. While the real cantilever has a triangular tip, the model assumes a rectangular plan form.
Another application of the phase lag deduced information is thickness estimation of the layers of the cantilever.
These layer thicknesses are hard if not impossible to measure
accurately with conventional techniques such as scanning
electron microscopy. When the location of the laser spot is
known, the phase lag deduced information can be used to
estimate the thermal diffusivity. Combined with the effective
conductance of the cantilever, the layer thicknesses for a bilayer cantilever can be determined. The thermal diffusivity is
approximated as a function of the layer conductance ki,
thickness ti, heat capacity cpi , and density qi, as follows:
D¼

k1 t1 þ k2 t2
:
cp1 q1 t1 þ cp2 q2 t2

(4)

Similarly, the effective conductance G is expressed as a
function of the layer conductance and thickness, the cantilever width w, and length L as follows:

FIG. 2. Schematic illustration of the table-top OBD setup. Reproduced by
permission from Herfst et al., Measurement 56, 104–106 (2014). Copyright
2014 by Elsevier.
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FIG. 3. (a) Scanning electron micrograph of cantilever with CCD images
superimposed. All dimensions are in
lm. (b) Measured phase lag angles as
function of actuation frequency. The
incident laser power is 2 6 0.7 mW.
(c) Actual spot location as found from
correlation in (a) versus extracted location based on phase lag. The coefficient of determination R2 ¼ 0.986.
Here, a diffusivity D ¼ 7  105 m2
s1 and an effective heat transfer coefficient of h ¼ 340 W m2 K1 are used.

w
G ¼ ðk 1 t 1 þ k 2 t 2 Þ :
L

(5)

Combined, Eqs. (4) and (5) result in a set of two equations
and two unknowns, which can be solved for the layer thicknesses. This method relies on an accurate estimate of the
thermal diffusivity and the effective conductance. The former can be determined from the phase lag information, if the
time constant for convective heat transfer B is known. Its
value is related to the surface area A that is involved in heat
exchange with the environment, the heat transfer coefficient
h and the heat capacity C. For a thin cantilever with t  L,
w, this is approximated as
B¼

hA
2h

:
C
cp1 q1 t1 þ cp2 q2 t2

(6)

For cantilevers with dimensions in the micrometer scale, a
wide range of values for the effective convective heat transfer coefficient h is reported. Based on modeling and experimental evidence typical values of 30 W m2 K1 to 10 kW
m2 K1 have been predicted and reported.14–19 The physical mechanism of heat exchange with the surrounding air on
the microscale is not sufficiently well understood to explain
this range and is expected to be a combination of gas conduction and natural convection and to be dependent on the
geometry as well as the frequency at which the heat is
applied.17–19
It is experimentally verified that the thermal diffusivity
can be extracted from the phase lag information. In the measurement campaign, the NanoWorld ARROW TL8-Au cantilevers were used. These cantilevers have a triangular tip and
are composed of a 1 lm thick substrate of monolithic silicon
and a 30 nm thick gold coating. An intermediate 5 nm layer of
titanium is present to limit diffusion of the gold molecules
into the substrate. By combining the manufacturer specifications with published values for the substrate and coating materials,20–25 the thermal diffusivity is estimated to be 7  105
m2 s1. Using the phase lag information, it was found that an
effective value of h  340 W m2 K1 yields an extracted
value for the thermal diffusivity that is in agreement with the
theoretical estimate. The used value of the effective heat transfer coefficient h falls well within the range of reported values.
The actual value could not be determined with the experimental setup. Future experiments at vacuum conditions will have
to provide additional information on the implementation of

this technique by eliminating this issue. In addition to the thermal diffusivity, also the effective conductance needs to be
measured. This can be done by studying the effect of an
increased heat load and a varying base temperature on the deformation of the cantilever.11,18
In conclusion, two applications are proposed that utilize
information that is extracted from the phase lag information
that is obtained through the photo-thermal actuation method
for nano-mechanical cantilevers. The information is used to
estimate the laser spot location along the length of the cantilever and to estimate thermal properties. From the thermal
properties and known material properties, geometric details
such as the layer thicknesses of bi-layer cantilevers can be
estimated. Future research will focus on repeating the validation experiments under vacuum conditions and in finding an
adequate model to represent the heat exchange with the
environment.
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