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Kondo effect in a quantum dot side-coupled to a topological superconductor
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We investigate the dynamical and transport features of a Kondo dot side coupled to a topological superconductor
(TS). The Majorana fermion states (MFSs) formed at the ends of the TS are found to be able to alter the Kondo
physics profoundly: For an infinitely long wire where the MFSs do not overlap (εm = 0) a finite dot-MFS coupling
(�m) reduces the unitary-limit value of the linear conductance by exactly a factor 3/4 in the weak-coupling regime
(�m < TK ), where TK is the Kondo temperature. In the strong-coupling regime (�m > TK ), on the other hand, the
spin-split Kondo resonance takes place due to the MFS-induced Zeeman splitting, which is a genuine many-body
effect of the strong Coulomb interaction and the topological superconductivity. We find that the original Kondo
resonance is fully restored once the MFSs are strongly hybridized (εm > �m). This unusual interaction between
the Kondo effect and the MFS can thus serve to detect the Majorana fermions unambiguously and quantify the
degree of overlap between the MFSs in the TS.
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Introduction. One of the most paradigmatic effects in
condensed matter physics is the celebrated Kondo effect. The
ground state of a metal that contains magnetic impurities
consists of a many-body spin singlet state where the localized
impurities are entangled with the conducting states.1 The
Kondo effect has been observed in manufactured nanostruc-
tures such as quantum dots (QDs),2–7 carbon nanotubes,8–10

nanowires,11 and so on. The great advantage of the observation
of the Kondo effect in artificial setups is its high tunability and
control by external and internal means. The Kondo physics can
be further modified by utilizing different types of contact ma-
terials, say, superconducting12–14 or ferromagnetic ones.15–18

In particular, contacted with an s-wave superconductor, the
Kondo spin experiences a quantum phase transition from the
spin singlet state to the doublet state as the superconducting
gap � increases over the Kondo temperature TK .12,13

Recently, topological superconductors (TSs) have attracted
a lot of attention because they realize topological phases that
support Majorana fermion states (MFSs) at their boundaries
and at topological defects.19–24 The p-wave pairing is indis-
pensable in hosting MFSs, and it has been known that the
p-wave-like pairing can be induced in topological insulators21

and in semiconductors with strong spin-orbit coupling when
brought into proximity with an s-wave superconductor.22–24

The MFSs formed at its boundaries are expected to be
detected by attaching quantum objects to them and probing
the interaction between them. Therefore, it is quite natural
to think about intricate scenarios by combining Kondo-like
artificial impurities with localized MFSs hosted in TSs. For
example, the quantum impurity coupled to Majorana fermion
(MF) edge channels of a two-dimensional helical TS is
found to exhibit non-Fermi-liquid transport properties.25–27

The zero-bias conductance through a normal metal-QD-TS
junction is found to be split when the MFS coupling exceeds
the temperature.28

In order to probe the interplay between Kondo and Majo-
rana physics unequivocally by means of usual transport mea-
surements, we first choose a one-dimensional TS to host MFSs

at its ends: a superconducting nanowire,22–24 the setup which
recent experiments have used for the detection of Majorana
edge states.29,30 Second, the one end of the TS is side coupled
to the QD (Ref. 31) by a tunneling junction.32–34 The Kondo
correlations are developed by attaching two normal contacts to
the QD. We examine thoroughly the interplay between Kondo
and Majorana physics by considering all the parameter regimes
beyond the deep Kondo regime.28 Our findings indicate that
the Kondo physics is dramatically altered depending on the rel-
ative strength of (i) the overlap of MFSs (εm), (ii) the dot-MFS
coupling (�m), and (iii) the Kondo temperature (TK ). In the
sufficiently long wire case (εm = 0), if the dot-MFS coupling
is weak enough (�m < TK ), the destructive interference effect
between paths that involve the MFS and the QD simultane-
ously or only the QD yields the appearance of an anti-Fano
resonance with half-fermionic nature. Consequently, the linear
conductance G is reduced to a quantized value of 3e2/2h,
which unambiguously proves the existence of the MFS.
This fractionally quantized conductance is quite distinguished
from the similar setup using the side coupling to fermionic
excitations35–38 in which a perfect antiresonance (G = 0) or
imperfect screening (0 < G < 1) are expected. In addition,
the quantized value is robust against small perturbations of
parameters in contrast to the noninteracting counterpart31 since
the Kondo resonance level always aligns with the MFS at
the Fermi level. For the strong dot-MFS coupling (�m > TK ),
the Kondo resonance becomes split due to the MFS-induced
Zeeman splitting, which is also a genuine many-body effect of
the strong Coulomb interaction and the topological supercon-
ductivity. Once the wire is short and the MFSs are strongly
hybridized (εm > �m), the dot-MFS coupling becomes less
effective and the Kondo effect is restored. Thus, the interplay
between the Kondo effect and the MFS could be an effective
tool to unambiguously detect MFS and quantify the degree of
overlap between the MFSs hosted in TSs.

Model. Our system is mapped onto a modified twofold
degenerate Anderson model where the QD state is coupled to
two normal-metal contacts and a topological superconducting
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FIG. 1. (Color online) Quantum dot system coupled to two
normal-metal leads (by tunneling rates �L(R)) and to one end of
a floating topological superconductor (by dot-MFS tunneling rate
�m). Due to the helical property of the MFS, only one of the spin
components (say spin-↓) is coupled to the MFS.

wire that hosts a pair of MFSs at its ends (see Fig. 1). We
describe the TS with a low-energy effective model where the
two MFSs are represented by the MF operators γi (i = 1,2).19

The operators follow the Clifford algebra {γi,γj } = δij , where
γi = γ

†
i . In terms of ordinary fermionic operator f , they can

be written as γ1 = (f + f †)/
√

2 and γ2 = (f − f †)/i
√

2. In
finite-length wires, the two MFSs have a finite overlap between
their wave functions so that their coupling can lead a finite gap
represented by εm. Due to the helical property of such end states
only one of the dot spin orientations (say spin-↓) hybridizes
with the MFS.32,39,40 Due to the macroscopic size of the TS
we can safely neglect Coulomb charging effects, and the TS
is floating in a sense that it is capacitively connected to a gate
and no dc current flows through it. After these considerations,
the Hamiltonian reads

H =
∑

�kμ

εkc
†
�kμc�kμ +

∑

μ

εdd
†
μdμ + Un↑n↓ + 2iεmγ1γ2

+ tm(d†
↓γ1 + γ1d↓) +

∑

�kμ

[t�d
†
μc�kμ + (H.c.)], (1)

where c
†
�kμ creates an electron with momentum k, energy εk,

and spin μ in the � = L,R reservoir. Two normal contacts
share a same flat-band structure with a half bandwidth D

and density of states ρ. The operator d†
μ creates an electron

with spin μ in dot, and nμ = d†
μdμ is the dot occupation

for spin μ. We focus on the case of single orbital level
with energy εd and strong Coulomb interaction denoted as
U . In our setup the QD should be spin degenerate.34 The
critical magnetic field (∼0.1 meV)29,30 required to induce
p-wave superconductivity in the TS wire is not so strong
as to destroy the Kondo effect due to the small g factor in
QDs. The superfluous magnetic field can even be eliminated
by using proximity with a magnetic insulator to induce
the Zeeman splitting in the TS wire.21,41 The dot electron
hybridizes (i) with the conduction electrons in the contacts
with a tunneling amplitude t�, and (ii) with the nearest MFS
with a tunneling amplitude tm. Both couplings define the two
tunneling rates: �� = πρt2

� and �m = πρdott
2
m. Throughout our

study, we focus on the Kondo regime, εd < εF = 0 < εd + U

and � ≡ �L + �R � |εd |, εd + U at zero temperature, where
εF is the Fermi energy. For a nonperturbative study of

the many-body effect, we adopt the well-known numerical
renormalization group (NRG) method:42–44 One can refer to
Ref. 45 for a review. For the analysis, we calculate the spectral
densities Aμ(i) = ∑

n |〈n|d†
μ(γi)|0〉|2δ(ω−En+E0) and Azz =∑

n |〈n|Sz|0〉|2δ(ω−En+E0), where |n〉 is the many-body
eigenstate with energy En and |0〉 is the ground state. From the
spin-resolved spectral densities the transmission through the
dot can be obtained, T (ω) = 2π�L�R/(�L + �R)

∑
μ Aμ(ω),

and the linear conductance is G = (2e2/h)T (ω = 0).
Noninteracting case (U = 0). Before addressing the full

system we examine a simple case. In the noninteracting case,
the effect of the MFS on the transport can be handled by
using the spinless model since the MFS is coupled to spin-↓
electrons only.31 Therefore, A↑(ω) is not affected by the MFS.
On the other hand, A↓(ω) features the destructive interference
between the spin-↓ electron and the MFS. In the on-resonant
case (εd = εm = 0) and for small tm, the resultant anti-Fano
resonance leads to a half-dip at ω = 0: π�A↓(0) is reduced
from 1 to 1/2. The dip width is comparable with the resonance
width �m in A1(ω), which is numerically found to be �m ≈
πρdott

2
m with ρdot = 1/�. As tm increases further (�m > �),

A↓(ω) develops two side peaks at ω ∼ ±√
2tm which come

from the hybridization between the spin-↓ dot electron and
the MFS, while π�A↓(0) = 1/2 is maintained due to the zero-
energy MFS.31 Consequently, the linear conductance G at zero
temperature is quantized to e2/h + e2/2h = 3e2/2h as long as
εm = 0, which signals the presence of MFSs in noninteracting
side-coupled nanowire setups. Note that the exact fractional
quantization happens exactly at the resonant condition (εm =
0). Hence a fine tuning is necessary to observe the quantization
in the noninteracting case.

Kondo regime, long wire (εm = 0) case. In Fig. 2 we
present our NRG results for the spin-resolved dot and MF
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FIG. 2. (Color online) Dynamical and transport features for an
infinitely long nanowire with εm = 0. Left and right panels represent
the weak- (�m < TK ) and the strong-coupling (�m > TK ) regimes,
respectively: [(a), (b)] dot spin-↑ spectral density, [(c), (d)] dot spin-↓
spectral density, [(e), (f)] γ1-operator spectral density, and [(g), (h)]
transmission coefficient for annotated values of tm. We have used
εd = −0.2, U = 1, �L = �R = 0.02, D = 1, and �m = 2t2

m/�.
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spectral densities in the εm = 0 case. For the trivial case of
tm = 0 the dot spin-resolved spectral density Aμ(ω) features
a Kondo resonance peak centered at ω = 0 with a width
TK : TK = √

�U/2 exp[πεd (εd + U )/(2�U )].46 For a finite
but still weak coupling (TK > �m), the physics resembles
that of the noninteracting case: A↑(ω) [see Fig. 2(a)] is not
altered by the presence of the MFS and is kept intact. The
Kondo resonance peak at ω = 0 and two mean-field peaks
at ω ≈ εd , εd + U remain quite independent of the dot-MFS
coupling tm. The half-fermionic anti-Fano resonance due to the
side-coupled MFS leads to a half-dip in A↓(ω) [see Fig. 2(c)]
whose width is the same as the width �m of the Lorentzian-like
resonance peak of A1(ω) [see Fig. 2(e)]. Therefore, the total
transmission coefficient T (ω) illustrated in Fig. 2(g) exhibits
a Kondo peak with a dip so that T (ω = 0) = 3/4 producing
a linear conductance G = 3e2/2h. The low-energy physics
in the Kondo effect is usually understood in terms of a
noninteracting model: a resonant level at ε∗

d = 0 with a width
TK . The observed features above might be predictable in this
noninteracting frame. However, one should be very cautious
in using the effective theory since tm is found to be strongly
renormalized. We numerically found that �m = πρ∗

dott
∗2
m ≈

2t2
m/�. Noting that ρ∗

dot ∼ 1/TK in the Kondo regime, the
renormalization should lead to t∗m ∼ tm

√
TK/� for TK > �m.

The many-body correlations not only produce the Kondo effect
but also renormalize the dot-MFS coupling strongly. It should
be noted that the exotic quantization in the noninteracting case
happens only when the QD resonant level aligns with the MFS
level, which requires a fine tuning of the QD parameters.31

In the Kondo case, this requirement is satisfied without fine
tuning since the Kondo level is always pinned at the Fermi
level. Hence the quantization in the Kondo regime is quite
robust against small perturbations in QD parameters.

Let us now move to the strong-coupling regime (�m > TK )
(see the right panel of Fig. 2). Here, the dot-MFS coupling
dominates over the Kondo effect. Strikingly, the Kondo effect
survives the strong interference from the side coupling, and
the effect of the dot-MFS coupling is quite different for two
spins. The central peak in A↓(ω) [see Fig. 2(d)] remains at
ω = 0 but gets wider with tm, while π�A↓(ω = 0) is pinned
at 1/2. Its width is in par with that of the central peak in
A1(ω) [see Fig. 2(f)], reflecting the coupling between the
MFS and the spin-↓ dot electron. Interestingly, the peak of
A↑(ω) [see Fig. 2(b)] shifts and gets wider with increasing
tm: The peak moves toward positive (negative) frequencies
in the hole (electron) -dominant regime, δ ≡ 2εd + U > 0
(δ < 0). In the particle-hole symmetry point, the Kondo peak in
A↑(ω) remains at ω = 0 and only gets broader. This behavior
reminds us of the usual Zeeman-splitting-induced shift of the
Kondo peak. In fact, by diagonalizing the interacting QD-MFS
system decoupled from the leads (t� = 0), or by applying the
Schrieffer-Wolff transformation, we found that the dot-MFS
coupling induces a finite effective Zeeman splitting on dot
spins.40 For tm � εd + U, |εd |, the induced Zeeman splitting
is given by

�Z = − t2
m

2

δ

(εm + δ − εd )(εm − εd )
. (2)

This is the combined effect of (i) the coupling to the MFS
with the spin-↓ dot electrons and (ii) the Coulomb interaction,
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FIG. 3. (Color online) (a) �Z and �∗
Z (in the strong-coupling

regime) at εm = 0 and (b) �∗ and �m as functions of tm. Inset:
typical shape of Azz(ω). (c) Linear conductance G versus tm
at εd = −0.2 (δ = 0.6) and εd = −0.5 (δ = 0). (d) Transmission
coefficients versus εm at finite frequency ω = 10−5TK for tm = 10−4

(weak-coupling regime) and tm = 10−2 (strong-coupling regime). We
have used the same values as used in Fig. 2.

and it is one of our key results. Remarkably, �Z , having the
sign opposite to δ, vanishes at the particle-hole symmetry
point (δ = 0) since it is generated by dot charge fluctuations
in analogy to the exchange field induced by ferromagnetic
contacts attached to an interacting QD.16,18 The appearance
of the finite Zeeman splitting is not surprising since the
time-reversal symmetry is already broken in inducing the
p-wave pairing in the TS wire. Upon coupling the dot to
normal leads, �Z becomes renormalized to �∗

Z , which is larger
than �Z: We have confirmed it by applying Haldane’s scaling
theory.47 The peak position in A↑(ω) is then identified as �∗

Z

and plotted in Fig. 3(a). We observed a strong renormalization
of �Z for smaller tm. In parallel with the shift of the Kondo
peak of A↑(ω), the peak of T (ω) [see Fig. 2(h)] moves with
tm away from ω = 0, and accordingly its value at ω = 0
decreases. The linear conductance then decreases with tm for
�m > TK . However, it saturates to e2/2h at larger values of
tm since A↓(ω = 0) remains unchanged. In the particle-hole
symmetric case (�∗

Z = 0), the Kondo peak of A↑ is pinned
at ω = 0 so that the linear conductance is fixed to 3e2/2h,
independent of tm [see Fig. 3(c)].

The spin susceptibility Azz(ω) helps us to know about the
influence of the MFS on the spin correlation. As shown in
Fig. 3(b), Azz(ω) has two peaks at ω = ±�∗. These peaks arise
because the spin fluctuations are enhanced by breaking the spin
correlations. Hence, �∗ should be related to the spin binding
energy. We found that �∗ = TK in the weak-coupling regime
(TK > �m), reflecting the presence of Kondo correlations. In
the strong-coupling regime (TK < �m) we found �∗ ≈ �m,
i.e., the side peak position of A1(ω) [see Fig. 2(f)]. In this
case, the spin-↓ is more strongly hybridized with the MFS so
that its correlation energy �m defines the relevant spin binding
energy. Note that the Kondo effect remains nonetheless.

Kondo regime, short wire (εm �= 0) case. In real experiments
the finite size of the wire makes the two MFSs overlap, always
giving rise to a finite εm �= 0 or the energy splitting between
two fermionic levels |0〉 and |1〉 ≡ f † |0〉. For large overlap
(|εm| � �m), the fermionic f levels at energy ±εm do not
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FIG. 4. (Color online) Dynamical features for a realistic wire
for small overlaps 0 < εm < �m. Left and right panels represent
the weak coupling regime (tm = 10−4,�m < TK ) and the strong
coupling regime (tm = 10−2,�m > TK ), respectively: (a), (b) dot spin-
↑ spectral density, (c), (d) dot spin-↓ spectral density, (e) γ1,2-operator
spectral density, (f) transmission coefficient for annotated values of
εm. The dotted line in (e) represents π�′

mA2(ω). We have used the
same values as used in Fig. 2 for other parameters.

interfere with the Kondo resonant level formed at the Fermi
level any longer so that the Kondo physics is completely
restored, irrespectively of tm.40 Figure 3(d) shows that the
transmission coefficient recovers the Kondo value at large
value of εm.

Now consider the case of small overlap (εm < �m). For
finite εm, γ2 is coupled to γ1 with coupling strength 2εm. The
spectral density A2(ω), being δ(ω) for εm = 0, now forms a
Lorentzian-like distribution broadened by the γ1-γ2 coupling
[see the dotted lines in Fig. 4(e)]. Since the density of states
of γ1 is 1/�m due to the QD-MFS hybridization, the width
of the broadening of A2 should be �′

m ≈ (2εm)2/�m. The
γ1-γ2 coupling in turn invokes another anti-Fano resonance
in A1: In the weak-coupling regime, A1 [see Fig. 4(e)] is
found to have a dip at ω = 0 whose width is given by �′

m. The
scattering from the resonance level of γ2 leads to the destructive
interference: Since both γ1 and γ2 are half-fermionic, the

destructive interference is perfect. The dip in A1 accordingly
affects A↓ [see Fig. 4(c)], while A↑ [see Fig. 4(a)] is not
so affected. A↓ displays a three-peak structure with a central
peak of width ∼�′

m. The peak signals the disappearance of
the anti-Fano resonance by the MFS at the Fermi level. As
εm grows up to values close to �m the three peaks coalesce
into a single resonance, restoring the Kondo physics. The
transmission coefficient T (ω) would then show a steplike
increase from 3e2/2h to 2e2/h at ω ∼ �′

m with increasing
εm [see Fig. 3(d)].

In the strong-coupling regime (TK < �m) the finite εm

abolishes the half-fermionic Fano resonance at the Fermi level
as well: π�A↓(ω = 0) is not pinned to 1/2 but larger than
1/2 for any finite value of εm [see Fig. 4(d)]. More precisely,
the half-value pinning is retained only in a range of frequency,
�′

m < |ω| < �m for εm < �m. In addition, the large f -level
splitting adds an additional peak at ω ≈ ∓�m/π for δ ≷ 0
and a small dip in the opposite side. The peak moves toward
the higher frequencies with increasing εm until εm ∼ �m and
eventually returns to the Kondo peak as the Kondo physics is
revived. The effective Zeeman splitting encountered in A↑ also
diminishes with increasing εm [see Eq. (2)]: The peak gradually
moves toward ω = 0. Hence, in contrast to the weak-coupling
regime, the restoration of the linear conductance to the Kondo
value is rather slow so that the full recovery is obtained for
εm � �m [see Fig. 3(d) for the transmission coefficient].

Conclusions. We have investigated the effect of the MFS
on the Kondo physics in the side-coupled geometry. Even
though the MFS is based on the superconductivity which would
suppress the Kondo effect, it is found that the Kondo effect
survives the interaction with the MFS in a modified form. We
found that dot-MFS coupling introduces an electronic way to
control the effective Zeeman splitting. In addition, our results
show that the energy-resolved transmission through the dot
provides an excellent way to detect the MFS in a much clearer
way and to examine the properties of MFSs and the overlap
between them.
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