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ABSTRACT A new method has been developed for measuring the permeabil-
ity coefficient, w, of small nonelectrolytes. The method depends upon a mathe-
matical analysis of the time course of cell volume changes in the neighborhood
of the minimum volume following addition of a permeating solute to an isos-
molal buffer. Coefficients determined by the minimum volume method agree
with those obtained using radioactive tracers. w for urea in human red cells
was found to decrease as the volume flow, J,, into the cell increased. Such be-
havior is entirely unexpected for a single uniform rate-limiting barrier on the
basis of the linear phenomenological equations derived from irreversible
thermodynamics. However, the present findings are consonant with a complex
membrane system consisting of a tight barrier on the outer face of the human
red cell membrane and a somewhat less restrictive barrier behind it closer to
the inner membrane face. A theoretical analysis of such a series model has been
made which makes predictions consistent with the experimental findings.

When red cells are placed in a medium containing an isosmolal concentration
of impermeant solute, together with a suitable concentration of permeant
solute, the cell volume initially shrinks and then returns to its initial volume,
after passing through a clearly defined minimum. In 1933 Jacobs (1) had
already pointed out that the minimum volume and the time taken to achieve
it could be used to determine the permeability coefficient of the permeant
solute; the present method is based upon this suggestion. In the shrinking
phase water moves out of the red cell because of the osmotic pressure gradient
due to the addition of the permeant solute to the medium. At the same time
the permeant solute diffuses into the cell down its concentration gradient.
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Since water is moving out of the cell during the shrinking phase, there is a
solvent drag effect opposing solute diffusion. The minimum volume is achieved
when the volume of solute diffusing inwards is exactly balanced by the volume
of water moving outward in response to the remaining osmotic pressure
gradient. Subsequently the osmotic pressure gradient reverses its direction,
in part because the impermeant solutes are now more concentrated in the cell
than in the medium. Water reenters the cell together with the solute so that
solvent and solute flux are both in the same direction. The volume change
comes to an end when the solute concentration in the cell equals that in the
medium and all osmotic gradients disappear.

A great deal of information can be extracted from the time course of the
volume change. The permeability coefficient, w, can be obtained from the
minimum volume and the derivative of the rate of volume change at that
volume. Although measurements of to have been made by this method for a
number of solutes, the present study will report results obtained with urea
alone since these studies demonstrate certain fundamental limitations of the
application of the treatment of Kedem and Katchalsky (2) to solute and sol-
vent fluxes across a red cell membrane.

THEORETICAL INTRODUCTION

When the only substance moving across the membrane is solvent and an un-
charged solute, Kedem and Katchalsky (2) give the following relations to
express the relative fluxes,

J, = -LAri + L,dAr. (1)

Jd = -LdaTri + LdAlr, (2)

J, is the volume flow per unit area in cm/sec, and flow into the cell is con-
sidered to be in the positive direction. The osmotic pressure due to the im-
permeant solute is denoted as Air;, which is defined as Alr- RT(c - c);
Ai7r has units of dyne/cm2 . The solution bathing the external surface of the
cell membrane is denoted by the superscript, o, and that bathing the internal
surface by Ax. L, is the hydraulic conductivity of the membrane in cm3/
dyne sec. Lpd is the cross-coefficient for the volume flow arising from differ-
ences in the osmotic pressure of the permeable solute, Ar,, when there is no
difference of hydrostatic pressure (or osmotic pressure produced by imper-
meant solutes, Airi = 0). Ld, is the relative diffusional solute mobility per
unit hydrostatic (or impermeant solute) pressure difference when there is no
osmotic pressure difference (Air, = 0). A7r, is defined for the permeable solute
analogously to the definition of Air . Although Lp is always positive, Lpd is
negative and has the same units as Lp. The Onsager reciprocal relation re-
quires Ldp to equal Lad and it was this relationship that we initially desired to
test in a biological system. Jd is the diffusional flow and is a measure of the
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relative velocity of solute to solvent flux. Ld is a phenomenological coefficient,
related to the permeability coefficient, describing solute movement down its
own concentration gradient in the absence of hydrostatic pressure or osmotic
pressure differences due to impermeant solutes. Rather than measuring Ld
directly it is much more convenient experimentally to measure w using the
following equation derived by Kedem and Katchalsky from the equations
above,

J. = (I + Ldp/LP),J, + WA\Tr, (3)

w is related to the phenomenological coefficients by

w = (LdL, - LpdLdp),Lp (4)

and , is defined by

c ( - c)/ln (c,/c4x) (5)

The results of our experiments indicate that w and w/l, both depend upon

J, which is not to be anticipated from equations 1 and 2, if they are applied
under the conditions specified by Kedem and Katchalsky to a single uniform
membrane.

GENERAL EXPERIMENTAL METHODS

Immediately before an experiment human blood was drawn from a healthy male or
female donor. Heparin (10,000 units per ml; 4 ml/liter blood) was used to prevent
clotting. The blood was diluted in a buffered saline solution to form a suspension of
3 % by volume of whole blood. The buffer had the following composition (mM):
NaCl, 107; MgC12, 0.5; CaC12, 1.2; Na 2HPO 4, 1.7; NaH 2PO 4, 4.2; KC1, 4.4; Na 2COa,
13.5. The solution was aerated with 5% CO2-95% air to pH 7.4. The osmolality
as measured with a freezing point osmometer (Fiske Associates, Bethel, Conn. Model
1) was 260-280 milliosmols/liter.

All the experiments have made use of the rapid reaction stop-flow apparatus pre-
viously described (3) in which the intensity of 90° scattered light serves as a measure
of red cell volume. In all the experiments at least three duplicate runs were made
and three control runs; the difference between experimental signal and control was
obtained through the use of a computer of average transients (Technical Measure-
ment Corp., North Haven, Conn. CAT 400B) and an IBM 1620 computer according
to the general procedure described in detail by Rich et al. (4) for the measurements
of L, and Lpd . A different detailed experimental procedure was required by each of
the several sets of measurements. The experimental details are given in the relevant
section.

RESULTS AND DISCUSSION

In order to study co explicitly, it is first necessary to know how Lp and La

depend upon osmolality since the internal osmolality of the cell changes con-
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stantly during the swelling and shrinking process. Rich et al. (4) have previ-
ously shown that L, is dependent upon the osmolality of the medium but re-
mains independent of the osmolality of the cell interior. As described in the
subsequent section, experiments were carried out which showed Ld to be
essentially independent of external osmolality. These were followed by an
additional set of experiments which indicated that the determining factor for
L was the medium osmolality rather than the osmotic pressure developed
across the red cell membrane. That is, the relative permeability of the mem-
brane for a specific solute does not affect L. Instead L, is controlled by the
osmotic pressure as determined by freezing point and is independent of the
reflection coefficient of the solute used.

During the course of the experiments it became apparent that it would be
desirable to investigate the validity of equations 1-3 in describing coupled
flows across the red cell membrane. In order to draw valid conclusions on
this point, it was necessary for the experimental studies of Lp and Ld to be
independent of these equations. Consequently the experimental methods were
based on the following definitions (see Katchalsky and Curran [5]) of L, and
Ld:

Lp = -(J/A7ri),=o (6)

Lpd - (Jv/a7r,)a,,o (7)

Dependence of Lp on External Osmolality

In these studies Ld for urea was measured in human red cells using the zero
volume flow principle in the rapid reaction stop-flow apparatus previously
described by Sha'afi et al. (3). It is difficult to measure J, in absolute terms
and so a comparative technique was devised in which the zero time volume
flow induced by various concentrations of urea was compared (in relative
units) with that induced by various concentrations of glucose, to which the
human red cell is impermeable. Suspensions of red cells in the isosmolal salt
buffer described in the experimental methods section were mixed in the rapid
reaction stop-flow apparatus with hyperosmolal solutions of urea dissolved in
the same isosmolal salt buffer. This eliminated any osmotic pressure difference
at zero time due to the impermeable species, and thus fulfilled the requirement
that Ar = 0 in equation 7. The time course of cell volume was measured
for a 1 sec period, and the zero time volume flow, J~ = Lim J,, was deter-

t-o

mined by extrapolation as described previously by Rich et al. (4). In the
same experiment on the same batch of cells the zero time volume flow,
(J0O), was also measured when glucose was used to replace urea. Ld was
calculated according to the following equation:

Jo A7ro L8pd
Ld =- (8)

J°o, Ar'o
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in which Ar 0 and Ar'0 are the osmotic pressure differences at t = 0 for
glucose and urea, respectively. The reflection coefficient, a, is defined (5) as
a -L/Lp so that Lid = -L, for glucose for which a is unity in the
human red cell. In order to make the computation in equation 8, L, must be
chosen to correspond to the proper medium osmolality as discussed above
(see reference 4). The data in Fig. 1 show the results of two experiments in
which Lpd for urea was studied as a function of medium osmolality. It can
be seen that Lpd changes very little with changes of external osmolality. When
these data are combined with those of Rich et al. (4) and the definition above,
r can also be computed as a function of medium osmolality. The variation of

all three coefficients for urea, L, a, and Ld, with medium osmolality is com-
pared in Fig. 1. It is clear that the cross-coefficient, La, is less sensitive to
changes in concentration than the straight coefficient, L,.

2.0

.5 _ ILdl xl0 0 (cm'/dye, sec)
0.5

z

01.0 1.5 2.0 2.5

( I/mOSM) x lo

FIGURE 1. Dependence of the absolute values of the phenomenological coefficients,
Ld, Lp, and a, for urea on medium osmolality of human red cells. The experimental
points were determined in the present experiments.

In these experiments the osmolality was varied in the external solution only
and the initial internal red cell osmolality was unchanged. As previously
described, Rich et al. (4) have shown that Lp is independent of the osmolality
of the inner face and we assume that a similar situation obtains for Lp, . The
initial J, in the present urea experiments varied by a factor of two as the
initial osmolality difference was changed from 180 to 380 milliosmols. In
consequence the internal osmolality of the red cell was changing at appre-
ciably different rates under the several experimental conditions. Nonetheless,
as Fig. 1 shows, the observed dependence of Lpd on osmolality was relativelyas Fig. 1 shows, the observed dependence of Ld on osmolality was relatively
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slight, an observation which is consonant with the expectation that Lpd is not
strongly, if at all, dependent upon internal osmolality.

Since, as will be shown in a subsequent section, ure = 0.55 it is necessary
to know whether L, is set by the osmolality or by the osmotic pressure of the
medium which differ by a factor of almost two. This specific question was not
investigated by Rich et al. (4) who used impermeant solutes in their experi-
ments, so the experiments in the subsequent section were devised to answer
this question.

Does L, Depend on Medium Osmolality or Osmotic Pressure?

The rationale of these experiments was to compare the effect of creatinine and
urea on L, in human red cells. Rich et al. (4) have previously made use of
the fact that creatinine equilibrates rapidly with red cells at 37°C though its
half-time for equilibration at room temperature is about 2.5 hr so that
acreatinine is close to one at room temperature. They have also shown that the
presence of creatinine does not affect Lp in human red cells. Human red cells
suspended in isosmolal buffer were divided into two aliquots. A known
amount of urea was added to one aliquot to give a final concentration of 0.1
or 0.2 M and an equal amount of creatinine was added to the other aliquot.
The two suspensions were incubated at 37 C for 2 hr in order to allow both
urea and creatinine to equilibrate with the red cells. Aliquots of the urea
suspension were mixed in the stop-flow apparatus with a hyperosmolal solu-
tion containing the same amount of urea and the zero time volume flow,
JV0, was recorded. Likewise J o was determined on aliquots from the creati-
nine-treated cells which were mixed with a hyperosmolal solution containing
the corresponding amount of creatinine. The solutions were made hyperos-
molal by changing the amount of NaCl only. The hydraulic conductivity
measured in the presence of urea is determined from equation 6 when A?r,,
= 0 and is denoted by L, which was compared to Lp in the presence of
creatinine, L . If Lp is controlled by medium osmolality, L' will be equal to
Lp, whereas if L, is determined by the osmotic pressure, L' will be less than
Le since the reflection coefficient of urea is much less than that for creatinine
at room temperature. It is clear from the results of two experiments given in
Table I that the two Lp's are equal to each other within experimental error.
This indicates that Lp is controlled by the medium osmolality rather than the
osmotic pressure.

This observation leads to an interesting conclusion about the mechanism
by which the external face of the membrane controls the hydraulic per-
meability. Rich et al. (4) have suggested that the effect could be mediated by
the hydration of the external skin of the membrane. A molecule like urea
which can easily permeate equivalent pores of 4.3 A radius is just as effective
in controlling L, as a molecule like creatinine which cannot. This suggests
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that the outer skin of the membrane is impermeable to urea, except for the
small population of equivalent pores through which the urea may enter the
red cell. In consequence, the controlling effect on the hydraulic permeability
appears to be a generalized osmotic shrinkage of a tightly knit gel which forms
the outer skin. In turn, this would also lead to a shrinkage of the equivalent
pores. Thus passage of water through the equivalent pores or through the gel,
or both, would be impeded, causing L, to decrease with increased external
osmolality in agreement with the experimental observation.

TABLE I

COMPARISON OF EFFECT OF
CREATININE AND UREA ON Lp

L;pLp (Ari)uren(rAi)reatinine

0.2 M urea/0.2 M creatinine
0.97 0.96
1.01 1.08
0.94 0.83
0.97 0.94
0.97 0.88
1.27 1.01
1.04 0.77
0.97 0.89

Average 1.02
SE 0.11

0.1 urea/0.1 M creatinine
1.00 0.92
1.23 1.07
0.82 0.82
1.00 0.96
0.88 1.91
1.04 1.21
0.83 1.64
0.99 1.03

Average 0.97
SE 4 0.13

This general model also fits with the behavior of aurea as Lp decreases. Since
increases in osmolality are presumed to cause the equivalent pores to shrink,
the shrunken membrane becomes able to discriminate more readily between
urea and water, thus causing the observed rise in ,,u.. . This would fit with
a model in which the urea molecule and the water shared a common pathway.

Experimental Method for w Determination

The rapid reaction stop-flow apparatus previously described (3) was used to
measure permeability coefficients by the minimum value method. An aliquot
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of the standard red cell suspension was rapidly mixed with an equal volume
of a solution containing 100 - 5 milliosmols NaCl/liter plus 750 20 milli-
osmols/liter of the permeating nonelectrolyte. The scattered light was
measured over a 1 or 2 sec interval depending on how rapidly the nonelectro-
lyte entered the cells. The data were stored in a computer of average transients
(CAT), digitized, and subsequently punched out on paper tape. Since the
CAT sampled points 200 times at equal time intervals over the whole scan
period, data points were obtained at every 5 or 10 msec.

0.75

397 mom
xI-/UREA

_j
0
> 0.50 NO UREA

0.25 -
o.

0

o.o I I I I Il
0.50 0.52 0.54 0.56 0.58 0.60 0.62

HEMATOCRIT

FIGURE 2. Variation of the output signal with human red cell hematocrit in the pres-
ence and absence of urea.

For every solute studied at least five records were obtained, and subse-
quently averaged. It was also necessary to carry out control experiments in
which the aliquot from the red cell suspension was mixed with a 100 milli-
osmol NaCl solution brought to the same osmolality as the red cell suspension
by the addition of glucose. In this case also at least five records were obtained,
averaged, and then subtracted from the record for the permeating solute. This
latter procedure compensated for any changes resulting from pH or ionic
strength shifts and served to minimize the effects of mechanical noise in the
apparatus.

In order to calculate permeability coefficients from the records of scattered
light as a function of time (as given by the corrected CAT output) it was
necessary to relate the output signal to absolute cell volume. For the calibra-
tion of the system, aliquots of the stock red cell suspension were equilibrated
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with equal volumes of anisosmolar solutions which contained the same
750 milliosmols/liter of permeating solute but different amounts of NaCl. The
output signal was recorded when one aliquot of each suspension was mixed
with another aliquot of the same suspension in the stop-flow apparatus. The
average control record was subtracted from the records for each calibration
suspension. In order to see whether changes in the composition of the solution
affected the scattered light, similar experiments were carried out in the
absence of red cells over the same concentration range of NaCl with only a
negligible effect on the output signal. Thus, for any specific nonelectrolyte
concentration in the medium, the signal is a function of the cell volume alone.
The cell volume in each calibration suspension was measured by the hemato-
crit method described previously (6).

Fig. 2 shows the variation of output signal with cell volume in the presence
of salt alone and with salt plus urea. In both cases the relationship is linear.
Furthermore the presence of urea does not change the slope of the line, but,
because of a refractive index change, merely shifts the line upwards. A single
calibration procedure (mean of five runs for each external osmolality) for
absolute cell volume served for all the experiments carried out with any
single stock red cell suspension.

Theory for Minimum Volume Method

The method of calculation of w from the minimum volume depends upon the
definition of co = (J,/A7r,)jvo. In order to make the computation, it is also
necessary to make use of equation 1 and the definition of a. In subsequent
sections of the paper it will become apparent that equation 1 does not describe
the flows across human red cell membranes when J, is different from zero.
However, it is reasonable to expect the equation to be approximately correct
near J, = 0, which is the domain of interest since the minimum volume is
reached when J, = 0. We have first made the assumption that equation 1
may be used near zero volume flow and have applied the zero flow restriction
at a later step in the derivation. J, may be obtained from equation 1 as follows,

Air, = J/L,d - Ari/o (9)

as = n/V' in which n is the amount of permeant solute in the cell water,
whose volume is V'. In the notation of Sha'afi et al. (3) V is cell volume and
b is the sum of the volume of fixed framework and solute dry weight so that
V' = V - b. Using the definitions for Ai7r and Air, that follow equation 1,
we may write

n = -V'JRTLpd - CxV'/o + V (c'° + c/(a) ( 0)
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and

J. = (l/A)(dn,/dt) = -(ART)-'[(V'/Lpd)(dJ4/dt) + (Jr/Ld)(dV'/dt)]

- (V'/Ao)(dc2/dt) - (c4Z/A)(dV'/dt) + (dV'/dt)(c°/A + c/A) ( 11)

in which A is red cell area, considered to remain constant during the experi-
ment (3, 7). Ld is also considered to remain independent of cell volume.

At the minimum volume, J, = 0 = (dV'/dt)/A and therefore dc,4/dt = 0

J = -( V'/A2 R TLd)(dY'/dt2 )i (12)

0.98

E
0.94

0

4 0.5 0.6 0.

When = O equation becomes

r, = (TIME (SEC)

so that

wimjn = V'min(d 2V'/dt2 )mi/A 2LpRT(ir - r.4) (14)

In these experiments A was taken as 1.67 X 10-6 cm2 and (under isosmolal
conditions) V'/V = 0.715. L, was determined from Fig. 2 of reference 4 for
the appropriate osmolality as discussed above. iri-(= RTc.x) was determined
from calibration curves for each stock red cell suspension in which relative cell
volume was measured as a function of medium osmolality. In order to esti-
mate (d2V'/dtl2)mi the digital computer was used to fit the average data
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TABLE II

COMPARISON OF o BY MINIMUM
METHOD AND TRACER METHOD

o
Solute Minimum method* Tracer method

moles/dyne sec X 101 moles/dyne sec X 10
i
6

Urea 14.141.0 (6) 16.244.5 (7)
Formamide 18.140.8 (2) 20.040.6 (2)

* The number in parentheses refers to the number of experiments. Errors
are SE.

curve, after subtraction of control, to an arbitrary sum of two exponentials,
using the method of least squares. The computer then calculated the second
derivative analytically using the values of the coefficients and exponents in the
least squares curve. Fig. 3 shows the results of a typical experiment and the
fit obtained by the double exponential. In order to validate the minimum
value method, the values of X for urea and formamide were compared with
the results obtained previously using the continuous flow apparatus and
radioactive tracers. The results shown in Table II indicate very good agree-
ment between the two methods.

Behavior of co When J, Is Nonzero

The results presented so far indicate good agreement between different meth-
ods of measuring X when J = 0. During the course of the minimum value
experiments, J, varies continuously and changes sign as the volume passes
through its minimum. Thus the experimental data contain information about
the dependence of co on J, . The first step to study this dependence explicitly
is to compute c, as a function of time. This can be done by making use of the
definition of g, given in equation 5 and substituting for c ~ (= n/V') from
equation 10, to obtain

- Lv Air, - J,

' aRTL, [In L, r - In (J. + L, Aari + L, r°)] (15)

Equation 15 relates C8 to the initial conditions, cell volume, and the rate of
volume change. Fig. 4 shows the dependence of g, on time. It should be
pointed out that the derivation of equation 15 involves the use of equation 1,
upon which equation 10 is based, under conditions when J. is nonzero and
varies relatively rapidly. The validity of the data in Fig. 4 therefore depends
directly on the assumption that equation 1 and the definition of ce given in
equation 5 are both correct.

1 Savitz, D., and A. K. Solomon. Private communication.
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The next step in obtaining an explicit expression for w is to substitute equa-
tion 9 into equation 3 to obtain:

co = Ld[J. - (1 - a)eJ]/(J0 + LpATr) (16)

The dependence of co on J, is shown in Fig. 5 in one experiment typical of the
three experiments which were analyzed in this way. Contrary to expectation,
w depends significantly on J,, decreasing from 0.2 X 10-13 mole/dyne sec
when the volume flow out of the cell is near its maximum to 0.13 X 0- s

mole/dyne sec when the volume flow into the cell is 0.6 X 10-6 cm/sec. The

0.4 - Oo.o oo WWoooo ~ °

o.
o
0

° °
00 000000

0.3

o0.2

0.1

0.100 0.200 0.300 0.400 0.500

TIME (sec)

FIGURE 4. Time course of c, in urea experiment on human red cells.

relationship between co and the phenomenological coefficients given in equa-
tion 4 (assuming the Onsager relationship) is o = (LdL - Ld2)c,/L . Since
c contains ,. explicitly and ,. varies continuously throughout the experiment,
o/r, has been plotted in Fig. 6. This index of cell permeability is much more
dependent upon J, because of the rapid changes in C,. The medium osmo-
lality remains constant in these experiments, so that L, should be time-
independent, and arguments have already been presented which support the
view that Lpd is independent of internal osmolality. Thus the dependence of
co/, on J, is entirely unexpected.

Since o decreases with time, and since the urea concentration is 0.3 M, the
possibility exists that the dependence of co on J, may reflect the time course
of some chemical action of urea on the membrane. In order to investigate this
point, Veatch2 carried out two experiments in which THO diffusion was

2 Veatch, W. Private communication.
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measured by the method of Paganelli and Solomon (8) in the presence and
absence of 0.3 M urea. The urea was added 15 min before the beginning of the
experiments and the ratios of the THO diffusion in the control to that in the
presence of urea were 0.97 and 1.07. This indicates that 0.3 M urea does not
cause a generalized deformation affecting human red cell permeability during
the 0.5 sec time course of the minimum volume experiments. The THO diffu-
sion experiments were not designed to study the effect of osmolality on solute
permeability. Such information would be very interesting but would require
experiments especially designed to yield systematic information on the
behavior of a number of solutes.

0.3

E

x 0.13o

-4.0 -3.0 -2.0 -1.0 0 1.0

J, x 10' (cm/sec)

FIGuRE 5. Dependence of o for urea on J, in human red cells. The line is a least squares
line.

The important conclusion that follows from the dependence of w on J, is
that equations 1 and 2 do not serve to describe the coupling between solute
and solvent flow across the human red cell membrane when urea is the solute.
Similar behavior has been observed when other hydrophilic solutes such as
acetamide have been studied. Since w is a function of J,, equation 3 has no
predictive value under our experimental conditions. This finding does not
invalidate the use of the minimum volume method to obtain estimates of w
because the procedure is restricted to data obtained when J, is at or very near
zero. As discussed in the following section, the determination of a by the
method of Goldstein and Solomon (9) is also made when J = 0. L, was de-
termined by Rich et al. (4) under conditions in which the solute flow was
zero. On the other hand, when solute and solvent are moving simultaneously
in a biological system, great care must be exercised in the interpretation of
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flux measurements because the usual Kedem and Katchalsky treatment de-
scribed by equations 1 and 2 does not apply even to a system as simple as the
human red cell membrane.

There are several possible explanations for the lack of applicability of equa-
tions 1 and 2 to a description of coupled flows even across the human red blood
cell membrane. The integration required in the derivation of equations 1 and
2 is dependent upon the establishment of steady-state flows. Even though the
red cell volume is changing relatively rapidly during these experiments, the
steady-state requirement is satisfied under our experimental conditions be-
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FIGUREJ 6. Dependence of co/e for urea on J, in human red cells.

cause the red cell membrane is only about 100 A thick. The appendix written
by one of us (D.C.M.) shows that the half-time required to reach the steady
state is about 40 sec, whereas a 5 or 10 msec interval elapses between
sampling times in the present experiments.

It is much more probable that the difficulty lies with the definition of ,,
an average concentration within the pores defined by equation 5 in terms of
the concentrations of the solutions bathing the membrane on either side but
without any reference to J,. Even if the pore had a uniform circular cross-
section, it would be hard to imagine that E, could be independent of J, . The
simplest considerations would suggest that when volume flow took place from
a concentrated solution to a dilute one, the membrane solute concentration
would be larger than that when J, = 0; and the converse should hold when
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the flow was reversed. Furthermore the concentration profile through the
pore ought to be distorted as a result of volume flow, so that the average con-
centration ought to depend on J,. The appendix shows that such behavior
is predicted on hydrodynamic grounds. The results following equation A-5
indicate that a positive slope is to be expected rather than the negative one
observed in Fig. 5. Moreover the calculated slope is only about 20% of that
in Fig. 5 so that co for a single uniform very thin membrane would be virtually
independent of J,, in accord with expectations based upon equations 1 and 2
of Kedem and Katchalsky. Thus the experimental dependence of co on J, does
not result from inadequacies in these equations, but is an indication that the
red cell membrane does not behave as a thin homogeneous permeability
barrier.

As already discussed, the human red cell membrane is asymmetric as re-
gards the effect of osmolality on L,, with a rate-limiting barrier present at
the external face of the cell. Passow (10) has also presented evidence based on
anion and cation permeation of red cell membrane that strongly suggests the
presence of at least two separate permeability barriers in the membrane.
Kedem and Katchalsky (11) have provided a theoretical treatment for a
series array of pores which can be applied to a system with a tight barrier on
the outer face and a somewhat less restrictive barrier behind it closer to the
inner membrane face. In such a model, when J is directed towards the cell,
the barrier at the external face will sieve out the solute and the concentration
within the remainder of the equivalent pore will fall, effectively causing to
diminish. When the flow is reversed, the solute will accumulate within the
pore, damned up by the barrier at the exit and hence co will be higher than
when J, = 0. Thus the present results which show that co decreases as J. in-
creases in the positive direction are consonant with a series membrane model.
It would be difficult to understand how o could reach its maximum value
when volume flow out of the red cell is at a maximum, if the membrane were
traversed by uniform pores. The appendix shows that the observed slope in
Fig. 5 is in quantitative agreement with a series model in which w for the thin
outer barrier is 2 X 10-14 moles/dyne sec and that for the less restrictive
barrier is 6 X 10 - 14 moles/dyne sec. The fact that wo/, (Fig. 6) depends much
more sharply on J, than does co (Fig. 5) is a reflection of the fact that c, is not
a valid index of membrane concentration when volume flow takes place
across a series membrane.

Dependence of af on J,

There is another instance in which equation 1 does not describe the system
satisfactorily. Though e, does not appear explicitly in equation 1, the concen-
tration gradient of solute across the membrane is the driving force for solute
movement and deformation of the gradient would be expected to affect the
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applicability of the equation. Equation 1 is used to determine the reflection
coefficient, , by the method of Goldstein and Solomon (9) under conditions
in which J = 0. ri is kept constant, and 7r, is varied over a wide range to

provide both positive and negative values of Jo, the volume flow at t = 0.
Since the permeant solute is added initially to the external medium only, 7r,
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FIGURE 7. Dependence of initial rate of volume flow on external osmolality in human
red cells in the presence of urea. A linear transformation of the points in experiments
16H and 17H was made to superpose these data on those obtained in experiment 15H.

is known exactly at t = 0 without need for analysis of cell solute concentration
and J,, is obtained by extrapolation of the points obtained during the first
100 msec. a = - (Ari/Ar,)j =0 and can be obtained by interpolation from
a graph similar to that shown in Fig. 7. The validity of this procedure rests
upon the assumption that equation 1 is accurate when J = 0 and that devia-
tions are small when the volume flow approaches zero. Three experiments
were carried out with urea in which the experimental points were fitted to a
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straight line by the method of least squares, giving the results in Table III.
The mean value for urea is 0.55 fi 0.02 which is in satisfactory agreement
with the value of 0.62 + 0.02 given by Goldstein and Solomon (9).

When Airi is kept constant equation 1 may be differentiated to give

(dJo/d7r)A~, = -7ri(dL,/d7r),i + Ld A7r(dLpd/dlr,)A7, (17)

in which Airt = anti + Ar,. If L, and Lpd were independent of medium
osmolality the first and third terms would go to zero and La could be obtained
directly from equation 17 as (dJ,/d7r,),, . Since all the points in Fig. 7 ap-
pear to fall close to a straight line, we had initially expected that the first and
third terms in equation 17 would indeed be negligible so that the slope of the

TABLE III

DETERMINATION OF a FOR UREA

Coefficients

Experiment a al a

cm/sec cm/sec, milliosmols

15H 2.38 -0.0058 0.53
16H 2.27 -0.0058 0.57
17H 1.96 --0.0044 0.55

Average 0.55
SE 40.02

* The equation for the straight line is (dVrl/dt)o = ao + alr't in which
(dV/dt),.l is the initial volume flow in relative amounts and 7rt is the total
external osmolality.

line would provide a valid measure of Lvd . However, in view of the depend-
ence of both L, and Ld upon external osmolality, the possibility existed that
equation 1 also could not be applied to the human red cell when volume flow
existed. It therefore became necessary to determine whether the points in the
three urea experiments did indeed fall on a straight line. The least squares
equation for the line in Fig. 7 is

(dV,ri/dt)o = (2.37 4 0.37) - (0.00578 4 0.00018)7r (18)

in which the relative volume change, (dVr,,/dt), is used instead of J,. The
points in Fig. 7 were also fitted by least squares to a second-order polynomial;
the coefficient for the term in (ir)2 was 3.7 X 10- 7 and the entire second-order
term had a value of 2.1 X 10-1. This figure is only about 5% of the value of
the linear term of 4.2 and hence the curvature, if any, is not significant.

In order to determine the behavior of the curve predicted by equation 17
we have made use of the fact that L, may be represented empirically as an
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exponential function of the inverse of the medium osmolality as shown by
Rich et al. (4); Ld may be expressed similarly as shown in Fig. 1. Therefore

L = Alem'l t and Lpd = -A 2eaT't (19)

When advantage is taken of the fact that (dL/dr)a,, = -[dL,/d(1/irt)]

()- 2, equation 17 may be transformed into

(dJ,, /drt)), = AimlAri( )2em1/ ' t + A2m2Ar,(zr)-2em -t A2m 2em'2 t (20)

The following are the experimental coefficients:

A = 0.44 X 10-1 cm3 /dyne sec, ml = 7.5 X 106 dynes/cm2 ,

A2 = 0.43 X 10-1 cm3 /dyne sec, and m2 = 2.8 X 106 dynes/cm 2 .

Equation 20 predicts that (dJ,/dr),,, will vary from 0.5 to 1.0 when the ex-
ternal osmolality changes from 300 to 600 milliosmols, whereas the entire
second-order term in the least squares polynomial fitted to the data in Fig. 7
is only 5% of the linear term. Thus equation 1 leads to predictions which are
not satisfied by the experimental data, and hence is not applicable to the
measurement of coupled solute and solvent flows across the human red cell
membrane. Thus it appears that a, just as , cannot be determined by using
equations 1 and 2 as long as volume flow is taking place in the system. This
is a consequence of the series nature of the permeability barrier.

The time course of volume change in similar experiments with permeable
solutes has been used by Hempling (12) who determined both a and co in
ascites tumor cells for a series of homologous glycols. Hempling used the entire
time sequence of the experiment and devised an analogue computer solution
to the equations in which he treated and co as adjustable constants which
could be varied until the computer solution agreed with the experimental
time course. Such a procedure involves the assumption that both a and co are
constants, independent of J and that the Kedem and Katchalsky treatment
is valid. In the human red cell, these assumptions are not justified and
Hempling has not investigated these questions explicitly in the case of the
ascites tumor cells. We have also devised a computer program to fit the entire
time course of the swelling and shrinking process with single valued constants
for a and w. In agreement with Hempling's observations, a satisfactory fit
could be obtained, but the value of a required to obtain these fits differed
widely from our independent estimates of a made when J, = 0.

The Kedem and Katchalsky equations discussed here have made an impor-
tant contribution to our understanding of the physical relations between
forces and fluxes in the studies of membrane permeability. The present ob-
servations indicate that equations 1-3 may not be used to study coupled
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solute and solvent flows across red cell membranes because even this very thin
cellular membrane behaves in all respects as a complex structure, which can-
not be handled by equations applicable to a homogeneous barrier. Nonethe-
less, the parameters, , L, and c, are illuminating as a formal description of
red cell membrane permeability properties provided the measurements are
made in the absence of coupled flows. But even these descriptions should be
used with caution since all the results in the present study are consonant with
the view that the human red cell membrane is an asymmetric and complex
permeability barrier, so that the permeability parameters are composites
describing properties of more than a single effective barrier.

APPENDIX

D. C. MIKULECKY

A Series Membrane Model Obtained from Solving the Local

Convection-Diffusion Equation

It is possible to devise a model to fit our data on the flow dependence of co. In this
appendix it will be demonstrated that the simplest model consistent with all the data
is a series membrane system with a volume-flow-dependent over-all permeability.
This nonlinearity arises from the effect of convection (volume flow), which occurs
during the swelling and shrinking of the cells, on the membrane concentration profile.

We will proceed by demonstrating that the dependence of co on J, cannot be fitted
by the solution to the convection-diffusion equation for a single membrane. We
will then show that the data can be fit by solving the convection-diffusion equation
for two barriers in series. Finally, it will be shown that the use of steady-state equa-
tions is justified on the basis of the half-time for the decay of the transient portion of
the solution of the nonsteady-state convection-diffusion equation.

Solution of the Convection-Diffusion Equation for a Single Membrane

We assume that the local behavior for a slab at some point in the membrane can be
described by the equation

J = -D(Oc/Ox) + c(l - a*)J, (A-l)

where D is the local diffusion coefficient and a* the local reflection coefficient which
is assumed to be independent of x. The continuity relation:

ac/at = -Jl/Ox

combined with the steady-state condition:

Oc/Ot = O
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leads to the differential equation,

- -= 0 (A-2)

in which u = J,(1 - a*)/D and which has the solution,

Ac (2e - e - 1)
= (C) 2 (e - 1) (A-3)

where

(c) = (c° + c)/ 2 and Ac = ArSIRT

If we substitute the solution (A-3) into the expression for solute flow (A-1), we obtain

J. = J,(1 -- )(c) + J, (1 - )(eA + 1) Ac (A-4)
2(euA' - 1)

in which we assume r = *.
By expanding the exponentials and only retaining the terms linear in u (second-
power terms in u are indeed negligible since J, is of the order 10- 5 and (1 - )Ax/D
is of the order 101), we obtain

J = J(1 - )(c) + [co + (1 - or)J/RT]ai7r

in which

co = D/RTAx

The flow-dependent permeability coefficient, w(J,), is given by:

c(J,) = co(O) + (1 - o)J,/RT (A-5)

according to which the plot of w vs. J in Fig. 5 would be expected to have a positive
slope of 2 X 10-11 moles/dyne sec. The data in Fig. 5 show a negative slope of
1.19 X 10-1° moles/dyne sec. Thus the J, dependence of X predicted by the theory
is too small and its slope has the wrong sign to fit the data.

Solution of the Convection-Diffusion Equation for a Series System

of Two Membranes

Consider the series membrane system in which a distance, 1(0 < I < Ax), separates
two regions in the membrane with differing permeability properties. The permea-
bility barrier at the outer face is denoted by the superscript, a, and that near the
inner face of the membrane is denoted by the superscript, b. We now seek a two-part
solution to equation (A-2), one for each membrane, which satisfies the conditions

u = u c = CG(x) O < x<l I (A-6)
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= ub c = cb(x) I < x < Ax (A-7)

ca(O) = ° (A-8)

cb(Ax) = a: (A-9)

ca(l) = c(l) (A-10)

J. = constant everywhere (steady state) (A-l1 )

The general solution to (A-2) is of the form:

Ca = cl + c2-eU Z (A-12)

cb = l + cb eub' (A-13)

The application of the boundary condition (A- ll) leads to the requirement that
Dau"cl = Dbubc . Boundary conditions (A-8) and (A-10) lead to the solutions

Ca = DbubK(l - e) + cOeu
"
a (A-14)

Cb = DauaK(I - eb(-az)) + caxzeb(z-j ) (A-15)

in which

(c) (ebA) e) Ac (eu(L-Ax) + eul)

K = (A-16)
Dbub(l - e) - D"u"(l - b(-)) A-16)

The substitution of (A-14) back into (A-l) yields an expression for the solute flow

J. = DauaDbubK (A-17)

If we linearize the exponentials in K as before we obtain

J8 = D ~aDb (c)[ub(Ax - I) + Ual] + C [2 + al - ub(Ax - 1)]

Dbl + Da(Ax - )

With the use of the relation wo = Di/RT5i where 6a = I and b = Ax - 1, the
equation can be put in the form:

J, = (c)(l - o)J. + w(O) {I + 2T) (1 ) ]A19

in which we have made use of the expressions derived by Kedem and Katchalsky
(11) for a series array

1 1 11
I I + ~(A-20)

W W0a Wb
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UW UbW
a ¢bo (A-21)

Wa wb

In the expression for solute flow for a series array (A-19) the flow-dependent per-
meability is given by

W(J,) = o() {l i 2R [ - 1b (A-22)

In this case the plot of co vs. J, may have a negative slope if

ob W0

This would be true if barrier a were a thin membrane with small openings in it
in series with a thicker barrier b with larger equivalent pores. The data can be fitted
using the values for aure = 0.55 and w at J, = 0 of 0.15 X 10-13 mole/dyne sec
and expressions (A-20)-(A-22), making the assumption that ab ~ 0. The results are
that wa(O) = 2 X 10- 14 moles/dyne sec and that ob(0) = 6 X 10-14 moles/dyne sec.
aG is found to be approximately 0.67 so that the reflection coefficient for the outer
membrane is slightly greater than the composite reflection coefficient measured for
the entire series barrier.

The Half- Time for Reaching Steady State in the Presence

of Convection and Diffusion

The solution to the nonsteady-state convection-diffusion equation is of the form:

c(x, t) = Kn(x)e D/z2 2D + 2}
n-l

For these experiments the first part of the exponential is negligible since

J,(1 - )Ax/2D = 0.025

Thus at any point in the membrane the half-time for reaching the steady state is

tl/2 = Ax2 In 2/D7r2 = 4 X 10- 5 sec = 40 sec

DISCUSSION

The series model can account for the dependence of w on J, and is consistent with
the data previously obtained (4) which show that L, varies with the outside osmo-
larity. The series model has not been used to explain the dependence of a on J as
the number of parameters is too great for the available data. The series model also
accounts for dependence of cw/c, on J, since the plot of , against J, in Fig. 8 shows
that , is strongly dependent on J . Since Z, is much more strongly dependent on
J, than w is, the graph of w/, vs. J, should be hyperbolic as the data in Fig. 6 show.
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In the expressions for J. obtained from the solutions to the convection-diffusion
equation we have obtained equations in which (c) replaces , in the convection term.
The difference between the two expressions is small except at the very beginning of
the experiment. Nonetheless, the derivation above points out that (c) is the correct
average to be used in the convection term. We should write

J. = (c)(l - o)J, + ,V7r.

in place of equation 3. The value of c, is in writing expressions linear in Ar, rather

0.3 o00 °

o 

0.2 0 0

0.I2

-4.0 -3.0 -2.0 -1.0 0 1.0
J x lo (cm/sec)

FIURE 8. Dependence of I, for urea on J, in human red cells.

than p, by the equation

P.. = r/c (A-23)

The logarithmic average is in no way directly related to the profile in the membrane
and has a unique meaning only when it is introduced through (A-23).

The results obtained in this appendix are similar to the rectification of solute and
solvent flow predicted by Patlak et al. (13), although the models are somewhat dif-
ferent in detail. In the present case the concentration profile for a two-compartment
series membrane is obtained explicitly by the use of an exponential expansion com-
patible with the low volume flow rates o f in human red cm/sec in our experimental
system.

A similar approach has been applied to the analysis of desalination membranes by
Spiegler and Kedem (14) and Jagur-Grodzinski and Kedem (15).Spiegler and Kedem (14) and agur-Grodzinski and Kedem (5).
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