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Abstract: Near Infrared Diffuse Optical Tomography has the potential to be 
used as a non-invasive imaging tool for biological tissue specifically for the 
diagnosis and characterization of breast cancer. Most model based 
reconstruction algorithms rely on calculating and inverting a large Jacobian 
matrix. Although this method is flexible for a wide range of complex 
problems, it usually results in large image artifacts from hypersensitivity 
around the detectors. In this work a Jacobian normalization technique is 
presented which takes into account the varying magnitude of different 
optical parameters creating a more uniform update within a spectral image 
reconstruction model. Using simulated data the Jacobian normalization 
method is used to reconstructed images of absolute chromophore and 
scattering parameters which are qualitatively and quantitatively as compared 
to conventional methods. The hypersensitivity resulting in boundary 
artifacts are shown to be minimized with only a small additional 
computational cost. 
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1. Introduction 

Near Infrared (NIR) Diffuse Optical Tomography (DOT) has potential to be used as a non-
invasive imaging tool for the diagnosis and characterization of breast cancer [1-5], quantifying 
brain function [6-9] as well as small animal imaging to study disease detection, progression 
and treatment [10-14]. In DOT, NIR light between the wavelengths 650 nm and 950 nm is 
injected into the tissue being imaged, typically using optical fibers at the external surface. The 
emerging fluence or ‘boundary data’ is then used in a light propagation model to derive the 
functional parameters of hemoglobin, oxygen saturation, water content and scattering 
properties [3, 15, 16] typically using a spectrally constrained image reconstruction approach 
[17-19]. Spectroscopic transmission and/or reflectance measurements from biological tissue 
have also been used to demonstrate the applicability of this technique for detection and 
characterization of normal and diseased tissue without the need for complex image 
reconstruction techniques [20-23]. 
 It has been accepted that using a continuous wave (CW) DOT system, whereby only the 
intensity of the NIR light travelling through tissue is measured, the problem of reconstructing 
optical absorption and scatter is non-unique [24]. Time-resolved systems which rely on 
photon counting can provide data about the time of flight of photons through the tissue [25-
27]. However although these systems have historically been expensive in comparison to CW 
systems and are not typically used in a tomographic setting, they are becoming more popular 
with the advances in pulsed fiber lasers and single photon detection systems. Frequency 
modulated systems however, have the advantage that they are cheaper to construct than time 
resolved systems and measure the intensity (amplitude) and phase shift of the transmitted 
signal, at a given frequency (typically 100 MHz) [28], which can be thought as analogous to 
mean time of flight measurements from a time-resolved system. 

The ability to accurately reconstruct optically dependant parameters, such as the 
chromophore concentrations and scattering properties, is a crucial aspect in successful clinical 
applications of DOT. In previous work it has been shown that the correct choice of 
wavelengths between 650 – 930 nm can resolve chromophores and scattering amplitude 
accurately with minimal cross-talk using CW data alone [18, 19, 29]. However, introducing 
scattering power as a variable, not only increases cross talk with other parameters but also the 
overall image quality may be reduced since the number of unknown parameters is increased. 
Previous spectral work utilizing data from the frequency domain have been based on small 
data sets (typically 6) dependent on the range of diodes available in the experimental system. 
The development of broadband systems which operate in the frequency domain can 
theoretically overcome the uniqueness problem when reconstructing for both absorption 
chromophores and scattering parameters found using CW data alone while allowing the 
collection of large multiple wavelength data sets which can  further constrain the inverse 
problem [29, 30]. Although the separability of chromophores using frequency domain data is 
generally acceptable, the accuracy of recovering scattering properties is frequently poor and 
artifacts are found on the boundary for all reconstructed parameters [17, 31].  
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Optimization based image reconstruction in DOT utilizes the calculation and 
incorporation of a sensitivity (Jacobian) matrix that relates a small change in optical 
parameters within the imaging domain to small measurable changes in the boundary data [32-
36]. However, the magnitude and range of the sensitivity of different optical properties, or 
indeed different chromophore and scattering properties is varied, which will be demonstrated 
within this paper. There has been little work in the investigation of the magnitude and range of 
the Jacobian and its effects on image reconstruction. In this work the Jacobian normalization 
method is investigated which attempts to overcome the low sensitivity seen for scattering 
parameters when reconstructing spectral images using a frequency modulated broadband 
system. A Newton-type optimization scheme is implemented where the Jacobian is calculated 
and inverted for non-linear image reconstruction. The magnitude and distribution of the 
sensitivity is shown to be dependent on the optical parameter and the number and range of 
wavelengths chosen for image reconstruction. The inverse of the Jacobian is then shown to be 
dominated by parameters with high orders of magnitude, making regularization (a parameter 
used to determine the smoothness of the inversion process) difficult. A Jacobian normalization 
technique is proposed which provides a more uniform update to the reconstructed 
chromophores which also removes hyper-sensitivity at the boundary and simplifies the 
required regularization. This method reconstructs images with higher qualitative and 
quantitative accuracy while removing image artifacts from the boundary. 

2. Theory 

The path of photons within tissue is accurately modeled by the Diffusion Approximation to 
the Radiative Transfer Equation when the scattering coefficient is much greater than the 
absorption coefficient [15]. For frequency domain data the diffusion equation has the form: 

( ) ( ) ( ) ( ) ( ) ( )ωωωμωκ ,,, 0 rr
r

rrr q
c

i

m
a =Φ++Φ∇⋅∇−  ,    (1) 

where ( )ω,0 rq  is an isotropic source set at one scattering distance inside the boundary, 

( )ω,rΦ is the photon fluence rate at position r and modulation frequency ω (100 MHz in this 
work). κ is the diffusion coefficient given by  

)(3/1 '
sa μμκ += ,             (2) 

where μa and μs' are absorption and reduced scattering coefficients respectively. cm(r) is the 
speed of light in the medium.  

The inverse problem has the aim of recovering the optical properties of the volume of 
interest from the finite and incomplete set of boundary measurements. Image reconstruction is 
carried out by reducing the difference between the measured boundary data, MΦ , and 

calculated boundary data, CΦ . This objective function is given by 
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 ,           (3) 

where nm is the total number of measurements and μ is the optical properties which are being 
reconstructed (μ = [μa ,  μs']). Image reconstruction in DOT is an ill-posed and non-linear 
problem. However, the inverse problem can be linearized by minimizing equation 3 with 
respect to the initial optical properties and taking only the first order terms from the Taylor 
expansion. This gives the update equation  

( ) δμδα =Φ+ − TT JIJJ
1

 ,           (4) 
where δμ is the update to the optical properties and δΦ is the difference between the measured 
and calculated data. J is the Jacobian matrix given by δΦ/δμ. Since the matrix JTJ is badly 
conditioned, a regularization constant, α, scaled by the maximum of the diagonal of the 
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Hessian (JTJ ) is added to the matrix to make it diagonally dominant and is reduced at each 
iteration in a modified Levenberg-Marquardt approach. 

Although the forward problem is solved in terms of the absorption and reduced scattering 
coefficients, using a multi-spectral model, one can relate the wavelength dependence of the 
absorbing chromophore concentrations and scattering properties to the optical parameters. 
From Beer’s law the absorption coefficient at a given wavelength is given by a linear sum of 
the contribution from each absorber [37]. This can be expressed by the relationship 

( ) ( ) n

N

n
inia c∑

=

=
1

λελμ ,             (5) 

where cn is the chromophore concentration, εn is the associated molar extinction coefficient 
and N is the total number of chromophores. The scattering coefficient can be calculated from 
the empirical model based on Mie scattering theory [38] given by 

( ) b
s A −= λλμ ' ,              (6) 

where A is the scattering amplitude and b is the scattering power [16]. Both the scattering 
power and amplitude depend on the scattering center size and number density and may reflect 
variations in tissue composition due to different cellular, organelle and structural 
sizes/densities. Incorporating spectral parameters into the update equation the Jacobian can 
now be expressed as 

[ ]
ibAc :1,,, =

=
λλλλ JJJJ ,           (7) 

where i is the total number of wavelengths and each Kernel of the Jacobian is now a function 
of the spectral parameters such that   
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For spectral image reconstruction the size and form of the Jacobian matrix is dependent 
on the number of data points, specifically the number of sources and detectors, the number of 
wavelengths used to acquire data, the number of nodes in the reconstruction and the number 
of parameters which are required to be reconstructed. For example, given a Jacobian for 240 
amplitude and phase measurements, at 6 separate wavelengths, 5 unknown parameters (oxy 
(HbO2), and deoxy hemoglobin (Hb), water fraction (H2O), scatter amplitude (A) and power 
(b)) for a mesh of 1000 nodes will lead to a matrix size of 2880 × 5000. 

3. Jacobian normalization 

The Jacobian relates a change in optical parameter to a change in boundary data and is 
calculated by using the Adjoint method [39]. For a given optical parameter, μ, and 
measurement, Φ, the Jacobian Kernel has the form 
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where nn is the number of FEM nodes and nm is the total number of measurements. In 
previous work it has been found that due to the nature of biological tissue at NIR wavelengths 
being highly scattering, the sensitivity far from the plane of sources and detectors is very 
small [40]. Using a single wavelength reconstruction method it was found that these regions 
do not contribute greatly to the update equation and can therefore be removed from the 
reconstruction with no detriment to the recovered images [41].  
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Fig. 1. Total normalised sensitivity for a set of CW data at different wavelengths. Each image 
represents the self normalised total sensitivity. 

 
Using a multi-wavelength spectral model, there is a characteristic absorption and 

scattering property of physiologically relevant chromophores at NIR range, which is defined 
by the absorption and scatter spectra of tissue. In this case the total sensitivity of each 
chromophore will depend entirely on the range of wavelengths used; therefore it may be 
possible to use such spectral responses to improve image reconstruction. As an example, 
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consider a 2D circular model with a radius of 43 mm consisting of 16 source and detectors 
equidistant around the boundary with homogenous optical properties of 0.01 mM of Hb, 0.01 
mM of HbO2, 40% H2O, and scattering amplitude and scattering power both equal to 1. Figure 
1 shows the absolute normalized value of the total sensitivity at each wavelength for each 
chromophore and scattering property. In this case it is assumed that a measurement system has 
the spectral range of 695 nm to 845nm with a separation of 25 nm. The inherent spectral 
response for each parameter is clear. At low wavelengths the sensitivity is greatest for Hb and 
lowest for H2O. At high wavelengths there is a peak in the sensitivity for HbO2 and H2O while 
there is a minimum for Hb. However the sensitivity profile is very different between 
scattering and absorption parameters. Although all parameters show hyper-sensitivity near the 
detectors, the effect is far more pronounced for the scattering parameters at all wavelengths. 
For absorbing chromophores the rate of change of sensitivity from the centre of the model to a 
detector is small. For scattering parameters, although the rate of change of sensitivity is very 
small from the centre of the model, the magnitude is also very much lower within a couple of 
scattering distances from the detectors.  

Additionally, the magnitude of the sensitivity between chromophores is also dependent on 
the wavelengths used. In Fig. 2 the magnitude of the total sensitivity for all wavelengths is 
shown, where every wavelength between 695 nm and 845 nm with a 5nm separation is 
considered (total of 31 wavelengths). The Jacobian presented is normalized such that each 
Kernel has the same units, that is, it is also normalized by the mean absolute value of either 
the chromophore concentration or scattering properties. Although the distribution of the 
sensitivity of all absorption chromophores is similar, it is very different to both the 
distribution of scattering amplitude and scattering power and the magnitudes between all 
parameters is substantially different. The magnitude of the sensitivity is greatest for Hb at 120 
but is approximately twice as big as HbO2 with a magnitude of 66.6 and more than one 
hundred times greater than magnitude of H2O at 0.97. Similar effects are also found for the 
sensitivity with phase of the measured data. 
 

HbO2 Hb H2O A B 

     
       

3.7  66.6 6.4   120 0.05  0.97 0.0  19.6 0.0  5.2 

Fig. 2. Magnitude of the total sensitivity for CW data using all wavelengths between 695 nm 
and 845 nm with a 5nm separation (31 wavelengths). 

 
(a)                                                                       (b) 

Fig. 3. (a) Absorption spectra for 0.01 mM HbO2, 0.01 mM Hb and 40 % H2O. (b)  Empirical 
model fit of scattering spectra with scattering amplitude and scattering power equal to 1.   
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These effects of variation in spectral sensitivity distribution are a direct result of the 

spectral response at the wavelengths considered [42]. As shown in Fig. 3, at low wavelengths, 
the absorption due to Hb is much greater than that of both HbO2 and H2O. At around 750nm 
the absorption due to HbO2 is comparable to that of Hb. At the higher end of the spectrum 
there is a peak in the absorption due to HbO2 while the absorption due to H2O and Hb is 
comparable but much smaller than HbO2. It is only at much higher wavelengths (>900 nm) 
that the absorption due to H2O dominates. The magnitude of the scattering parameters is 
largest for low wavelengths and smallest at high wavelengths. 

A possible method to overcome this spectral variation of the sensitivity for different 
parameters is to regularize each chromophore individually within the inverse problem, 
Equation 4. To date, most optimization problems dealing with spectral image reconstruction 
has utilized a single parameter, α in Equation 4. However the choice of regularization 
parameter is difficult to determine and a standard method is to use an L-curve technique. But 
this will require a loop over each parameter for each iteration of the reconstruction to 
determine the optimum regularization of each parameter. This makes the reconstruction 
process computationally expensive.  

In this proposed method, to combat the differences in the sensitivity profile, the Jacobian 
will be row and column normalized. This will ensure that the maximum sensitivity of each 
chromophore is normalized to unity as well as the sensitivity over all measurements. Pre-
multiplying the Jacobian by a diagonal matrix E where each non-zero element is the inverse 
of the largest value in each column, the transformed Jacobian matrix has the form  

EJJ =CN ,               (12) 

where 

)max(

1

,:1
,

jnmi
jj J

E
=

=   .            (13) 

Post-multiplying the normalized matrix by a diagonal matrix F where each non-zero 
element is the inverse of the maximum of each row of the column normalized matrix, the fully 
transformed Jacobian matrix has the form  

FJJ CN=~
 ,               (14) 

where 

)max(

1

:1,

,

nnjiCN
ii J

F
=

=  ,            (15) 

and the update equation is modified to 

( ) δμδα =Φ+
−

EJIJJF TT ~~~ 1
 .           (16) 

The sum of the normalized Jacobian for intensity measurements is shown in Fig. 4. In this 
case the magnitude of the sensitivity is similar for all parameters and has reduced the hyper 
sensitivity at the boundary. Since the magnitude of the sensitivity of each parameter is 
comparable, only one regularization parameter, α, is required.  
 

HbO2 Hb H2O A B 

     
     

52  517 42  418 45  447 0.0  596 0.0  435 

Fig. 4. Magnitude of the normalized total sensitivity for CW data using all wavelengths 
between 695 nm and 845 nm with a 5nm separation (31 wavelengths). Similar distributions of 
sensitivity are also seen with phase measurements (not shown). 
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4. Method and results 

To compare the difference between the two reconstruction methods given by equations 4 and 
16, simulations were carried out using a 2D circular model. Using a known numerical 
phantom has the added benefit of knowing the exact location and magnitude of the optical 
properties and the reconstruction methods can be compared precisely. The simulated 2D 
region consisted of a uniform circular mesh of radius 43mm with 1785 nodes corresponding 
to 3418 linear triangular elements. Sixteen optical fibers are modeled equidistant from the 
centre of the mesh and were used for the data collection with a modulation frequency of 
100MHz giving rise 480 measurements of phase and amplitude per wavelength. The 
simulated data is based on a broadband system where all wavelengths between 695 nm and 
845 nm with a 5nm separation are used [30]. The background has a Hb concentration of 0.01 
mM, a HbO2 concentration of 0.01 mM, H2O content of 40%, a scattering amplitude of 0.9 
and a scattering power of 0.9. Anomalies are placed uniformly around the model of radius 7.5 
mm with either a Hb concentration of 0.02 mM, HbO2 concentration of 0.02 mM, H2O 
content of 80%, scattering amplitude of 1.2 and a scattering power of 1.2 as shown by Fig. 5 
(left hand column). Data was simulated using the forward model and random noise is added 
accordingly [32]. 

Reconstructions using both the normalized and both non-normalized Jacobian methods 
are carried out using a pixel basis of 30×30 and a regularization parameter of 100. The use of 
pixel basis has been described elsewhere and is used to reduce the number of unknowns 
within the inverse problem [43]. The regularization parameter is chosen empirically as it was 
found to give the best results. The initial guess of physiological parameters is calculated by a 
global fit to the data based on the source-detector separation by use of an analytic formula for 
a homogeneous semi-infinite model [44]. Images were reconstructed until the projection error, 
the difference between the simulated and calculated data, did not improve by more than 2%.  

Reconstructed images for both techniques are shown in Fig. 5 with 0% added noise and 
Fig. 6 for 1% added noise. It is found that the normalized method reconstructs images which 
are quantitatively and qualitatively more accurate than the non-normalized method. The 
standard reconstruction method accurately reconstructs the anomalies of Hb with a peak 
concentration in the region of the anomaly of 0.023 mM, HbO2 of 0.023 mM, H2O fraction at 
90% and scattering amplitude of 1.19 with no added noise. However, it does not accurately 
reconstruct the scattering power anomaly with a peak value of only 0.94 with no added noise 
and 0.83 with 1 % added noise. Also there are image artifacts around the periphery for the 
standard method for all absorption chromophores which are not present when using the 
normalization method. With 1% added noise the reconstructed images using the standard 
method are qualitatively and quantitatively worse than the normalized method with more 
image artifacts and higher cross talk between chromophores. The standard method is 
particularly poor at reconstructing scattering parameters. With no added noise the 
normalization method reconstructs a peak in the concentration of Hb of 0.02 mM, HbO2 of 
0.019 mM, H2O fraction of 77%, scattering amplitude of 1.26 and scattering power of 1.23. 

The normalization technique reconstructs all chromophores and scattering parameters 
well with few image artifacts and smaller crosstalk. Similar is found for larger amounts of 
added noise. 

It is also found that the additional computational cost of the normalization process is 
small as shown by Table 1. Although the computational time per iteration is larger using the 
normalization technique, this is compensated for by requiring fewer iterations in the 
reconstruction, producing images with higher quantitative and qualitative accuracy. However, 
the additional time is dependent on the size of the original Jacobian matrix such as, if a finer 
reconstruction mesh was used or more wavelengths are considered, the additional 
computational time would be greater. 
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Fig. 5. Reconstructions using all wavelengths in the range 695 nm to 845 nm with separation of 
5nm.  
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Fig. 6. Reconstructions using all wavelengths in the range 695 nm to 845 nm with a 5 nm 
separation and 1% added noise.  
 

Table 1. Computational details of the two reconstruction methods. 
 

Reconstruction 
method 

Added 
noise 

Number of 
iterations 

Time per 
iteration 

0% 27 Standard  
1% 21 

156 
 

0% 19 Normalized 
Jacobian 1% 17 

162 

 
5. Discussions and conclusions 

The sensitivity of boundary data to small changes within optical parameters within the inverse 
problem has been demonstrated using the calculated Jacobian. It is demonstrated that the un-
normalized Jacobian for each optical parameter varies considerably in magnitude and range as 
compared to other parameters, specifically with the scattering parameters. A method to treat 
the Jacobian by row and column normalization has been presented which ensures that the 
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sensitivity of each optical parameter to be reconstructed using multi-wavelength is of the same 
order of magnitude. Using this method, the regularization used within Newton-type 
optimization allows for comparable smoothing across all parameters within the image 
reconstruction, without having bias with respect to magnitude or range of the sensitivity. 

Simulated data using a simple 2D model was used as a proof of concept using 31 
wavelengths in the range of 695 nm to 845 nm with both amplitude and phase data. It is 
shown that row and column normalizing the Jacobian matrix removes image artifacts by 
removing hypersensitivity at the boundary. For example, Fig. 2 demonstrates that the 
scattering parameters are dominated by hypersensitivity at the boundary and also the 
magnitude between all 5 reconstructed parameters varies greatly with magnitude of the 
sensitivity of H2O being much smaller than the other parameters. Although the scattering 
sensitivity is still largest on the boundary, the relative sensitivity is much greater in the centre 
and the magnitude of all parameters is comparable. It is shown that this method reduces image 
artifacts as well as improved reconstructed anomalies with 1% added noise as shown by Fig. 
6. Although the standard method was able to accurately reconstruct most anomalies, it was 
unable to reconstruct the scattering power anomaly with a peak value of 0.94 as compared to 
1.26 and using the normalization method with no added noise. The additional computational 
cost of the normalization technique is also found to be small in comparison to the standard 
method. 
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