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Abstract

The aim of this work is to construct quantified trapezoidal fuzzy numbers as
an extension of trapezoidal fuzzy numbers, by using modal intervals and accept-
ing the possibility that the α-cuts of a trapezoidal fuzzy number may also be im-
proper intervals. In addition, this paper addresses the inclusion relationship which
is deduced from the inclusion of modal intervals and is related to the classical set-
inclusion relationship between trapezoidal fuzzy numbers as well as the extensions
of real continuous functions over the set of quantified trapezoidal fuzzy numbers.

Using the semantic interpretation of the calculations over modal intervals will
enable us to interpret the meaning of the calculus accurately over quantified trape-
zoidal fuzzy numbers.

With quantified trapezoidal fuzzy numbers, we will be able to overcome some
operational limitations that are usually faced when working with trapezoidal fuzzy
numbers from a classical point of view. In order to show the applicability of quan-
tified trapezoidal fuzzy numbers, we propose fuzzy equations which have no so-
lution in the set of proper fuzzy numbers yet do have solutions that are improper
fuzzy numbers. We also propose two applications of quantified trapezoidal fuzzy
numbers, one of them about financial calculations and the other one in an optical
problem.

keyword: Fuzzy numbers; Modal intervals; Semantic interpretation

1 Introduction
Whenever a numerical system presents deficiencies, it is advantageous to extend it to a
new set so that those deficiencies are corrected while preserving the old properties, and
to increase those properties if possible. Let us consider, for example, the operativity
extension of the numerical sets which satisfy the inclusions: N ⊆ Z ⊆ Q ⊆ R ⊆ C.
Each new structure maintains and even increases the properties of the previous one.

The aim of some extensions of the real numbers is not (or not only) to achieve
specific operativity, but on the basis of the real numbers, they are attempts to represent
the numerical information from a more realistic point of view. Among these extensions
we find the classical intervals which were first developed in the late 1950s by Moore
[14] and the fuzzy numbers presented by Zadeh in 1965 [23].
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Although is true that both structures contain the set of real numbers, neither main-
tains the whole set of properties of real numbers (thus, for instance: the distributive
property is lost; the existence of a symmetric element with regard to the sum does not
always make sense; and there is not always a symmetric element with regard to the
product).

For example, the interval equation [2, 4] + X = [4, 5] has no classical interval
solution.

Some of the problems inherent to classical intervals are solved by their reticular
completion using modal intervals [9].

Classical intervals do not solve the semantic interpretations which can be associated
with an interval calculus; however, modal intervals do.

In this paper we use modal intervals to extend the concept of trapezoidal fuzzy
numbers and obtain a new set of fuzzy numbers that we will call quantified trapezoidal
fuzzy numbers. This extension will allow us to overcome some of the operative lim-
itations on trapezoidal fuzzy numbers and to avoid the semantic ambiguity of fuzzy
numbers.

2 Preliminaries

2.1 Classical intervals and modal intervals
An interval in its classical or traditional sense is defined as the set of real numbers
between two bounds. The set of classical intervals is represented by I (R); that is:
I (R) = {[a1, a2] such that a1 ≤ a2}.

In the field of classical interval analysis, we must highlight the studies by Moore
[14], Nickel [15] and Alefeld [3], among others; and in the field of classical operations
between intervals, we must mention Kaucher’s arithmetic [13].

A modal interval is defined as a pair constructed by a classical interval and a
quantifier. The set of modal intervals is represented by I∗ (R), that is I∗ (R) =
{([a1, a2] , Q) such that [a1, a2] ∈ I (R) , Q ∈ {∀,∃}} . The quantifier Q associated
with an interval in called the modal quantifier.

Given a modal interval A = ([a1, a2] , Q), we can define the substratum of A,
which we represent as set(A), as set(A) = [a1, a2] and we can define the modality of
A, which we represent as mod(A), as mod(A) = Q. Modal intervals were introduced
by E. Gardeñes [9].

Given a real predicate P and given a modal interval A = ([a1, a2] , Q), we say that
P is a predicate accepted by the modal interval A, if Qx ∈ [a1, a2] , P (x) = 1.

A modal interval A = ([a1, a2] , Q) is identified with the set of real predicates
accepted by A. This set of predicates accepted by A is represented as Pred(A). Thus,
a modal interval is a self-acceptor of real predicates.

There are two types of modal intervals: proper intervals and improper intervals.
Proper intervals are those whose modal quantifier is ∃, while improper intervals are
those whose modal quantifier is ∀. We represent the set of proper intervals as Ie (R)
and the set of improper intervals as Iu (R).
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Figure 1: The interval plane.

If A = ([a1, a2] , Q) is a modal interval, we use the notation detailed in what fol-
lows, which allows us to make the modal quantifier implicit and considerably simplifies
the writing. If A is a proper interval, that is A = ([a1, a2] ,∃), then we denote it by
A = [a1, a2], identifying the proper intervals as the classical intervals. If A is an
improper interval, that is A = ([a1, a2] ,∀), then we denote it by A = [a2, a1] with
a2 ≥ a1.

Using this notation, the interval [5, 1] is the improper interval ([1, 5] ,∀). It is obvi-
ous that pointwise intervals can be considered as either proper or improper.

We will use the interval plane to represent proper and improper intervals, identify-
ing the intervals with points in R2, as can be seen in Figure 1.

2.2 Fuzzy numbers
There are some tools to facilitate discussion of imprecision, vagueness and uncertainty,
such as fuzzy sets and rough sets [16], [20], [24] among others. In this paper, we use
the fuzzy numbers introduced by Zadeh [23] to construct quantified trapezoidal fuzzy
numbers.

Let X be a universal set, then a fuzzy set A of X is defined by its membership
function µA : X → [0, 1], which assigns a real number µA(x) in the interval [0, 1] to
each element x ∈ X . The value of µA(x) shows the degree to which x is a member of
A, or its degree of membership.

Given a fuzzy set A of X and given any real number α ∈ [0, 1], the α-cut of A is a
crisp set:

Aα =


{x ∈ X | µA(x) ≥ α} if α ∈ (0, 1] ,

{x ∈ X | µA (x) > 0} if α = 0,

where {x ∈ X | µA (x) > 0} is the closure of the set {x ∈ X | µA (x) > 0} and is
called the support of A, which is denoted by supp(A). The α-cut A1 is called the core
of A.
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In general (see for example, Dubois [5]), a fuzzy number A is a fuzzy set A of the
real line R with membership function µA : R→ [0, 1] which is: normal (i.e., there ex-
ists an element b ∈ R such that µA (b) = 1); fuzzy convex (i.e., µA (λx1 + (1− λ)x2) ≥
µA (x1) ∧ µA (x2) ∀x1, x2 ∈ R, ∀λ ∈ [0, 1]); upper semi-continuous; and such that
supp (A) is bounded.

We can describe the membership function of a fuzzy number as follows:

µ (x) =


fL (x) if a1 ≤ x < a2,
1 if a2 ≤ x ≤ a3,
fU (x) if a3 < x ≤ a4,
0 otherwise,

(1)

where a1, a2, a3, a4 are real numbers such that a1 < a2 ≤ a3 < a4; fL is a real-
valued strictly increasing and right-continuous function; and fU is a real-valued strictly
decreasing and left-continuous function.

The family {Aα | α ∈ [0, 1]} is a representation of the fuzzy number A.
A trapezoidal fuzzy numberA is defined by: A = (a1, a2, a3, a4), where a1, a2, a3, a4 ∈

R, a1 < a2 ≤ a3 < a4; and its membership function is defined as:

µA (x) =


x−a1
a2−a1 if a1 ≤ x < a2,

1 if a2 ≤ x ≤ a3,
a4−x
a4−a3 if a3 < x ≤ a4,
0 otherwise.

3 Quantified trapezoidal fuzzy numbers
This section explains how to construct quantified trapezoidal fuzzy numbers from the
interval modal theory and the notion of classical trapezoidal fuzzy numbers.

Let A = (a1, a2, a3, a4) be a trapezoidal fuzzy number. The support of A (that is,
the interval [a1, a4]) and the core of A (the interval [a2, a3]) are traditional (classical)
intervals. When we accept the possibility that both support and core are simultaneously
improper intervals, then we have an opportunity to construct quantified trapezoidal
fuzzy numbers.

Definition 1 A quantified trapezoidal fuzzy numberA is defined as: A = (a1, a2, a3, a4),
where a1, a2, a3, a4 ∈ R, satisfying a1 < a2 ≤ a3 < a4 or a4 < a3 ≤ a2 < a1; and
its membership function is:

µA (x) =


x−a1
a2−a1 if x ∈ set [a1, a2) ,

1 if x ∈ set [a2, a3] ,
x−a4
a3−a4 if x ∈ set (a3, a4] ,

0 otherwise.

The difference between a trapezoidal fuzzy number and a quantified trapezoidal
fuzzy number lies in the fact that there is no inequality restriction on the latter, either
between the real values a1 and a4, or between the real values a2 and a3.
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The support of a quantified trapezoidal fuzzy number A = (a1, a2, a3, a4) is the
modal interval supp(A) = [a1, a4] and its core is the modal interval core(A) = [a2, a3].

It can easily proven that any quantified trapezoidal fuzzy numberA satisfies: set(core (A)) ⊆
set(supp (A)) .

Definition 2 A quantified trapezoidal fuzzy number A is proper if both the core and
support of A are proper intervals; while the quantified trapezoidal fuzzy number is
improper if both the core and support of A are improper intervals.

Definition 3 Given a quantified trapezoidal fuzzy number A = (a1, a2, a3, a4), we
define the set of A, set(A), as the trapezoidal fuzzy number in its classical sense:
set(A) = (min {a1, a4} ,min {a2, a3} ,
max {a2, a3} ,max {a1, a4}).

Definition 4 Given a quantified trapezoidal fuzzy number A = (a1, a2, a3, a4), we
define the modality of A, mod(A), as the interval modality of the core and the support
of A; that is, mod(A) = mod([a1, a4]) = mod([a2, a3]) .

Using these definitions (Definitions 1, 2, 3 and 4), since a modal interval consists
of a set and a quantifier, it follows that a quantified trapezoidal fuzzy number is a pair
formed by a trapezoidal fuzzy number in its traditional sense, and a quantifier.

Thus, a quantified trapezoidal fuzzy number A = (a1, a2, a3, a4) is:

A = (set (a1, a2, a3, a4) , Q)

where [a1, a4] , [a2, a3] ∈ I∗ (R), set([a2, a3]) ⊆ set([a1, a4]) and Q ∈ {∃,∀}.
If the quantified trapezoidal fuzzy number A is proper:

A = ((a1, a2, a3, a4) ,∃)

and the intervals [a1, a4] and [a2, a3] are proper intervals, then it follows that: a1 ≤ a4
and a2 ≤ a3. Thus, set(a1, a2, a3, a4) = (a1, a2, a3, a4).

In contrast, if the quantified trapezoidal fuzzy number A is improper:

A = ((a4, a3, a2, a1) ,∀)

because the intervals [a1, a4] and [a2, a3] are improper intervals, so it follows that a4 ≤
a1 and a3 ≤ a2. Thus, set(a1, a2, a3, a4) = (a4, a3, a2, a1).

The notation used in modal interval theory [17] allows us to use the following
canonical notation for quantified trapezoidal fuzzy numbers:

A = (a1, a2, a3, a4) is proper if a1 ≤ a2 ≤ a3 ≤ a4,
A = (a1, a2, a3, a4) is improper if a1 ≥ a2 ≥ a3 ≥ a4.

We will refer to the set of quantified trapezoidal fuzzy numbers as T ∗ (R).

Proposition 5 Given a quantified trapezoidal fuzzy number A = (a1, a2, a3, a4), the
modality of the α-cuts of A is the same as the modality of the quantified fuzzy number
A.
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Figure 2: Classical representation of a trapezoidal fuzzy number.
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Figure 3: Representation in the Moore semi-plane of a classical trapezoidal fuzzy num-
ber.

Proof. For a given α ∈ [0, 1] the α-cut of A is:

Aα = (1− α) [a1, a4] + α [a2, a3] =

= [(1− α) a1 + αa2, (1− α) a4 + αa3] .

If A is proper, a1 ≤ a4 and a2 ≤ a3. As α ∈ [0, 1] , (1− α) a1 + αa2 ≤
(1− α) a4 + αa3, which means that Aα is proper.

If A is improper, a1 ≥ a4 and a2 ≥ a3. As α ∈ [0, 1] , (1− α) a1 + αa2 ≥
(1− α) a4 + αa3, which means that Aα is improper.

The modality of quantified trapezoidal fuzzy numbers results in serious limita-
tions when representing their membership function graphically in the traditional plane.
Thus, the representation in Figure 2 does not contain enough information to determine
whether we are referring to the proper trapezoidal fuzzy number (2, 4, 8, 9) or to the
improper one (9, 8, 4, 2).

This is the reason why we represent quantified fuzzy numbers graphically in the
interval plane. This representation offers us the opportunity to distinguish proper trape-
zoidal fuzzy numbers from improper ones (See [2]).

Given a classical trapezoidal fuzzy number A = (a1, a2, a3, a4), its graphical rep-
resentation in the Moore semi-plane is shown in Figure 3.

In this representation (Figure 3), the symbol "•" refers to the core of the fuzzy
number; while the symbol "◦" refers to the support of the fuzzy number.
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Figure 4: Representation of a quantified trapezoidal fuzzy number in the interval plane.

For each α ∈ [0, 1], the point α (a2, a3)+(1− α) (a1, a4) corresponds to the α-cut,
Aα, of the trapezoidal fuzzy number A = (a1, a2, a3, a4) [2, Proposition 1].

At the same time, any trapezoidal fuzzy number is determined by a decreasing
segment in the Moore semi-plane.

If both the core and support ofA can be simultaneously improper intervals, then the
Moore semi-plane it is not enough to represent them graphically and we must extend
the representation to the interval plane. This expands the set of intervals that can be
represented graphically and allows us to represent improper intervals.

When representing a quantified trapezoidal fuzzy number, there are two different
possibilities, as can be seen in Figure 4.

As both the core and support of the quantified trapezoidal fuzzy number have the
same modality, the graphical representation of a proper trapezoidal fuzzy number in
the interval plane will be placed above the straight line y = x; while the graphical
representation of an improper trapezoidal fuzzy number in the interval plane will be
placed below it.

When the core of a quantified trapezoidal fuzzy number is a pointwise interval, we
can refer to it as a triangular modal fuzzy number, as the core can be considered either
proper or improper. In this case, the core will always be placed on the straight line
y = x.

When representing a quantified trapezoidal fuzzy number A = (a1, a2, a3, a4) in
the interval plane, for each α ∈ [0, 1], the point in R2 α (a2, a3) + (1− α) (a1, a4)
corresponds to the α-cut of A. Consequently, it follows that:

∀α ∈ [0, 1] , mod (Aα) = mod (A)

Now we are going to define some operators in T ∗ (R) related to the interval modal-
ity and we are also going to focus on the inclusion relationship over the set T ∗ (R),
which will show the existence of the infimum and supremum (meet and join) with
regard to the inclusion relationship; which means that (T ∗ (R) ,⊆) is a reticle.

In the set of quantified trapezoidal fuzzy numbers, T ∗ (R) , the following modal
operators are defined:
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Dual operator. If A = (a1, a2, a3, a4) ∈ T ∗ (R), the dual operator is defined as:

dual (A) = (a4, a3, a2, a1) ∈ T ∗ (R)

Proper operator. If A = (a1, a2, a3, a4) ∈ T ∗ (R), the proper operator is defined
as:

prop (A) =(min {a1, a4} ,min {a2, a3} ,
max {a2, a3} ,max {a1, a4}) ∈ T ∗ (R)

Improper operator. If A = (a1, a2, a3, a4) ∈ T ∗ (R), the improper operator is
defined as:

impr (A) =(max {a1, a4} ,max {a2, a3} ,
min {a2, a3} ,min {a1, a4}) ∈ T ∗ (R)

The inclusion relation is significant when interpreting a calculus involving quan-
tified trapezoidal fuzzy numbers semantically. The inclusion relation must be defined
from the modal interval inclusion of the α-cuts, which will determine the semantic
interpretation.

Given the modal intervals A and B, the inclusion between A and B is defined from
the inclusion of the set of predicates accepted for each one of these intervals (see [9],
[17]); that is:

A ⊆ B if Pred (A) ⊆ Pred (B)

Using the canonical notation, if A = [a1, a2] and B = [b1, b2] are modal intervals,
the inclusion relation can be expressed in its classical form:

[a1, a2] ⊆ [b1, b2] if a1 ≥ b1 and a2 ≤ b2 (2)

The set of classical intervals I (R) is not a reticle for the inclusion relation, while
the set of modal intervals, I∗ (R) is.

Definition 6 Given A,B ∈ T ∗ (R), we define A ⊆ B if ∀α ∈ [0, 1] Aα ⊆ Bα, where
this second inclusion refers to the interval modal inclusion.

Proposition 7 GivenA,B ∈ T ∗ (R), whereA = (a1, a2, a3, a4) andB = (b1, b2, b3, b4),
it follows that:

1. If A and B are proper, that is mod (A) = mod (B) = ∃, then:

A ⊆ B ⇔set (supp (A)) ⊆ set (supp (B))

and

set (core (A)) ⊆ set (core (B)) ,

2. If A and B are improper, that is mod (A) = mod (B) = ∀, then:

A ⊆ B ⇔set (supp (A)) ⊇ set (supp (B))

and

set (core (A)) ⊇ set (core (B)) ,
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3. If A is proper and B improper, that is mod (A) = ∃, mod (B) = ∀, then:

A ⊆ B ⇔ A = B = (p, p, p, p) , p ∈ R,

4. If A is improper and B proper, that is mod (A) = ∀, mod (B) = ∃, then:

A ⊆ B ⇔ set (core (A)) ∩ set (core (B)) 6= ∅.

Proof.

1. ⇒) A ⊆ B ⇒ A0 ⊆ B0 ⇔ supp (A) ⊆ supp (B). As both supp (A) and
supp (B) are proper intervals, set (supp (A)) = supp (A) and set (supp (B)) =
supp (B). Analogously, ifα = 1, we obtain the interval inclusion set (core (A)) ⊆
set (core (B)).

⇐) set (supp (A)) = [a1, a4] , set (supp (B)) = [b1, b4] , set (core (A)) =
[a2, a3] and
set (core (B)) = [b2, b3]. As [a1, a4] ⊆ [b1, b4], it follows a1 ≥ b1 and a4 ≤ b4.
As [a2, a3] ⊆ [b2, b3], then a2 ≥ b2 and a3 ≤ b3 and so, for any α ∈ [0, 1],
(1− α) a1+αa2 ≥ (1− α) b1+αb2 and (1− α) a4+αa3 ≤ (1− α) b4+αb3.
This means ∀α ∈ [0, 1] , Aα ⊆ Bα.

2. ⇒) A ⊆ B ⇒ A0 ⊆ B0 ⇔ [a1, a4] ⊆ [b1, b4]. As both are improper inter-
vals, using the interval modal inclusion, [a1, a4] ⊆ [b1, b4] ⇔ set ([a1, a4]) ⊇
set ([b1, b4]) ⇔ set (supp (A)) ⊇ set (supp (B)) . From the relation A ⊆ B,
we also have A1 ⊆ B1, and reasoning similar to that just given, we obtain
set (core (A)) ⊇ set (core (B)).

⇐) set (supp (A)) ⊇ set (supp (B)) ⇔ [a4, a1] ⊇ [b4, b1] ⇔ a4 ≤ b4 and
a1 ≥ b1. Moreover, set (core (A)) ⊇ set (core (B)) ⇔ [a3, a2] ⊇ [b3, b2] ⇔
a3 ≤ b3 and a2 ≥ b2. For any α ∈ [0, 1] , (1− α) a1 +αa2 ≥ (1− α) b1 +αb2
and (1− α) a4 + αa3 ≤ (1− α) b4 + αb3 ⇒ ∀α ∈ [0, 1] , Aα ⊆ Bα.

3. ⇒) A0 = [a1, a4] is proper; B0 = [b1, b4] is improper. The modal interval
inclusion A0 ⊆ B0 becomes A0 = B0. Moreover, these two intervals are
pointwise intervals; that is, A0 = B0 = [p, p]. The same reasoning applied to
the proper interval A1 = [a2, a3] and to the improper interval B1 = [b2, b3],
leads us to the same result; and so A = B = (p, p, p, p).

⇐) Trivially.

4. ⇒) Taking α = 1, A1 = core (A) , B1 = core (B), as A1 is an improper
interval,B1 is a proper interval andA1 ⊆ B1, using the modal interval inclusion
we obtain set (core (A)) ∩ set (core (B)) 6= ∅.
⇐)∀α ∈ [0, 1] , set (core (A)) ⊆ set (Aα), set (core (B)) ⊆ set (Bα) and
set (core (A))∩set (core (B)) 6= ∅,which means ∃p such that p ∈ set (core (A))∩
set (core (B)). That is p ∈ set (Aα) ∩ set (Bα) ⇒ set (Aα) ∩ set (Bα) 6= ∅.
Because of the modality of Aα and Bα it holds that Aα ⊆ Bα, and so A ⊆ B.
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Proposition 8 Given A,B ∈ T ∗ (R), A = (a1, a2, a3, a4) and B = (b1, b2, b3, b4),
using the interval canonical notation it holds that:

A ⊆ B ⇔ a1 ≥ b1, a4 ≤ b4 and a2 ≥ b2, a3 ≤ b3

Proof. Using the canonical notation for modal intervals and the expression for the
inclusion of quantified trapezoidal fuzzy numbers studied in the above Proposition 7.

Definition 9 Given A,B ∈ T ∗ (R), we define:

1. meet(A,B) which is represented by A ∧ B as the quantified trapezoidal fuzzy
number which satisfies:

• A ∧B ⊆ A and A ∧B ⊆ B.
• If C ∈ T ∗ (R) is such that C ⊆ A and C ⊆ B, then C ⊆ A ∧B;

2. join(A,B) which is represented by A ∨ B as the quantified trapezoidal fuzzy
number which satisfies:

• A ⊆ A ∨B and B ⊆ A ∨B.
• If C ∈ T ∗ (R) is such that A ⊆ C and B ⊆ C, then A ∨B ⊆ C.

The meet and join of two quantified trapezoidal fuzzy numbers correspond to the
supremum and to the infimum with regard to the inclusion relation.

Proposition 10 If A,B ∈ T ∗ (R) , A = (a1, a2, a3, a4) and B = (b1, b2, b3, b4),
then:

(a)

A ∧B =(max {a1, b1} ,max {a2, b2} ,
min {a3, b3} ,min {a4, b4}) ∈ T ∗ (R) ,

(b)

A ∨B =(min {a1, b1} ,min {a2, b2} ,
max {a3, b3} ,max {a4, b4}) ∈ T ∗ (R) .

Proof. The α-cuts of A and B are Aα = α [a2, a3] + (1− α) [a1, a4] and Bα =
α [b2, b3] + (1− α) [b1, b4] .

(a) Let C = (max {a1, b1} ,max {a2, b2} ,
min {a3, b3} ,min {a4, b4}). The α-cuts of C are

Cα = [αmax {a2, b2}+ (1− α)max {a1, b1} ,
αmin {a3, b3}+ (1− α)min {a4, b4}]
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It holds that ∀α ∈ [0, 1] , Cα ⊆ Aα, because:

αmax {a2, b2}+ (1− α)max {a1, b1} ≥
αa2 + (1− α) a1

αmin {a3, b3}+ (1− α)min {a4, b4} ≤
αa3 + (1− α) a4

In the same way, Cα ⊆ Bα. From which it follows that C ⊆ A and C ⊆ B.

Moreover, if X = (x1, x2, x3, x4) satisfies X ⊆ A and X ⊆ B, it holds that:

∀α ∈ [0, 1] Xα ⊆ Aα and Xα ⊆ Bα.

From Xα ⊆ Aα we obtain:

αx2 + (1− α)x1 ≥ αa2 + (1− α) a1
αx3 + (1− α)x4 ≤ αa3 + (1− α) a4

and x1 ≥ a1, x2 ≥ a2, x3 ≤ a3, x4 ≤ a4.

In the same way, fromXα ⊆ Bα we obtain x1 ≥ b1, x2 ≥ b2, x3 ≤ b3, x4 ≤ b4.

It is obvious that x1 ≥ max {a1, b1} , x2 ≥ max {a2, b2} , x3 ≤ min {a3, b3}
and x4 ≤ min {a4, b4}; and so it follows that X ⊆ C.

Thus, C = A ∧B.

(b) As the proof of (a) above.

Corollary 11 Under the conditions of the above Proposition 10, if both A and B have
the same modality, thenA∧B andA∨B also have this same modality. If the modalities
ofA andB are not the same, then the modality ofA∧B is improper, while the modality
of A ∨B is proper.

4 Fuzzy modal extensions and semantics
When working with mathematical objects which represent fuzziness or imprecision,
such as fuzzy numbers or intervals, we must bear in mind that in any calculus it is
very important to know the meaning of what we have evaluated; that is, the semantic
interpretation of the result obtained.

Let A1, . . . , An be trapezoidal fuzzy numbers in their traditional sense, and let f
be a rational function. If B is the exact solution of the calculus f (A1, . . . , An), then
we can provide an interpretation of this calculus using the α-cuts [8] and we obtain that
∀α ∈ [0, 1] satisfies:

(∀a1 ∈ Aα1 ) · · · (∀an ∈ Aαn) (∃b ∈ Bα) (3)
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such that b = f (a1, . . . an);
or instead:

(∀b ∈ Bα) (∃a1 ∈ Aα1 ) · · · (∃an ∈ Aαn)

such that b = f (a1, . . . an).
The exact value f (A1, . . . , An) = B is usually difficult to evaluate and in most

cases we replace every rational operator in the function f by its corresponding interval
operator. The result of these substitutions will be a fuzzy number Z such that:

f (A1, . . . , An) ⊆ Z

and there will only be one valid semantic interpretation deduced from (3), and it will
be, ∀α ∈ [0, 1]:

(∀a1 ∈ Aα1 ) · · · (∀an ∈ Aαn) (∃z ∈ Zα)

such that z = f (a1, . . . , an).
However, the fuzzy number Z will not, in general, be a trapezoidal fuzzy number.

If we need the result to be trapezoidal and we want to maintain the semantic interpreta-
tion, it will be necessary to find a trapezoidal fuzzy number, Y , such that Z ⊆ Y ; then
we will be able to guarantee that, ∀α ∈ [0, 1]:

(∀a1 ∈ Aα1 ) · · · (∀an ∈ Aαn) (∃y ∈ Y α)

such that y = f (a1, . . . , an).
The situation described above is inherent to the calculus with trapezoidal fuzzy

numbers and is one of the handicaps we find when working with them. This situa-
tion becomes obvious when we multiply two trapezoidal fuzzy numbers, which means
that not all the basic operators are internal operations in the set of trapezoidal fuzzy
numbers.

To move operatively close to these calculations on the set of trapezoidal fuzzy num-
bers, we can apply some criteria which bring a non-trapezoidal result near to a trape-
zoidal result. Fuzzy number approximations have been studied by many researchers.
Abbasbandy and Asady [1] introduced a fuzzy trapezoidal approximation, using the
metric distance between two fuzzy numbers. Grzegorzewski and Mrówka [10], and
Grzegorzewski [11] studied a nearest trapezoidal approximation operator preserving
the expected interval. Yeh [21], [22] studied an improvement to the nearest trapezoidal
approximation operator preserving the expected interval. Veerani et al. [18] proposed a
method to convert any fuzzy number to the nearest symmetric trapezoidal fuzzy num-
ber approximation preserving the expected interval. Ban, Coroianu and Khastan [4]
developed a general method to study the LâĂŞR approximations of fuzzy numbers pre-
serving ambiguity, value and width. Recently some methods for ranking fuzzy numbers
using distances have been developed [12], [6].

None of those trapezoidal approximations is useful to us, because although they
preserve certain properties, such as the expected interval, they do not impose preserva-
tion of inclusivity and so they are not valid for semantic interpretations.

In the work we present in this paper, it is essential to evaluate the result of the
calculation that yields the trapezoidal Y containing the fuzzy number Z. We require
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that the trapezoidal fuzzy number Y is an optimal inclusion of Z, in the sense studied
by Wagen [19].

Let us now define the ∗-semantic extension on a set of quantified trapezoidal fuzzy
numbers, using the interval ∗-semantic extension of a real continuous function.

Definition 12 ([17, Definition 3.2.1]) Let f : Rn → R be a real continuous function
and x = (xp, xi) the component splitter corresponding to X = (Xp, Xi) ∈ I∗ (Rn),
where Xp are the proper interval components of X , and Xi are the improper interval
components of X . The ∗-interval extension of f is represented by f∗ and is defined as:

f∗ (X) = ∨
xp∈set(Xp)

∧
xi∈set(Xi)

[f (xp, xi) , f (xp, xi)]

Definition 13 The ∗-fuzzy extension of a real continuous function f : Rn → R, over
the quantified trapezoidal fuzzy numbersX1, . . . , Xn, is represented by Tf∗ (X1, . . . , Xn)
and is evaluated using the interval extension f∗ above the α-cuts Xα

1 , . . . , X
α
n . If

Xi = {Xα
i , α ∈ [0, 1]}, then:

Tf∗ (X1, . . . , Xn) = {(f∗ (Xα
1 , . . . , X

α
n ))

α
, α ∈ [0, 1]} that is

Tf∗ (X1, . . . , Xn) =

{[ min
xp∈set(Xαp )

max
xi∈set(Xαi )

f (xp, xi) ,

max
xp∈set(Xαp )

min
xi∈set(Xαi )

f (xp, xi)]
α, α ∈ [0, 1]}

which is equivalent to:

Tf∗ (X1, . . . , Xn) =

{( ∨
xp∈set(Xαp )

∧
xi∈set(Xαi )

[f (xp, xi) ,

f (xp, xi)])
α, α ∈ [0, 1]}.

Proposition 14 Given a continuous real function f : Rn → R and X1, . . . , Xn ∈
T ∗ (R), the calculus Tf∗ (X1, . . . , Xn) verifies: if α, β ∈ [0, 1] and α ≥ β, then
(Tf∗ (X1, . . . , Xn))

α ⊆ (Tf∗ (X1, . . . , Xn))
β .

Proof. Let α, β ∈ [0, 1]. If α ≥ β, then Xα
1 ⊆ X

β
1 , . . . , X

α
n ⊆ Xβ

n .

As (Tf∗ (X1, . . . , Xn))
α
= f∗ (Xα

1 , . . . , X
α
n ) and (Tf∗ (X1, . . . , Xn))

β
= f∗

(
Xβ

1 , . . . , X
β
n

)
,

using the inclusivity of the interval extension f∗ ([17, Theorem 3.2.4]), it follows that:
f∗ (Xα

1 , . . . , X
α
n ) ⊆ f∗

(
Xβ

1 , . . . , X
β
n

)
that is, (Tf∗ (X1, . . . , Xn))

α ⊆ (Tf∗ (X1, . . . , Xn))
β .

Definition 15 IfX1, X2, Z ∈ T ∗ (R) and > is a fuzzy operator, then Z is semantically
compatible withX1>X2, ifX1>X2 ⊆ Z; where we assume that this inclusion refers
to the modal inclusion given in Definition 6.
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Theorem 16 (∗-semantic theorem) Let Tf∗ (X) be the ∗-fuzzy extension of a real con-
tinuous function f , above the vector X = (X1, . . . , Xn), whose components are quan-
tified trapezoidal fuzzy numbers. If (Z,Q) is a quantified trapezoidal fuzzy number
semantically compatible with Tf∗ (X1, . . . , Xn), then ∀α ∈ [0, 1]:(

∀xp ∈ set
(
Xα
p

))
(Q z ∈ set (Zα)) (∃xi ∈ set (Xα

i ))

such that z = f (xp, xi), where (Xp, Xi) are the components of X split into its proper
components Xp and its improper components Xi.

Proof. Given α ∈ [0, 1] , f∗ (Xα) = (Tf∗ (X))
α.

If (Z,Q) is semantically compatible with Tf∗ (X), then f∗ (Xα) = (Tf∗ (X))
α ⊆

Zα and we can apply the ∗-semantic interval theorem ([17, Theorem 3.3.1]), thereby
obtaining the desired result.

The exact value f∗ (X) cannot be evaluated easily and it is common to replace
every real operator in the function f by its appropriate modal interval extension, as in
classical interval analysis. This yields a result that includes the exact value f∗ (X).

This result implies, in general, a loss of information; but guarantees the applicabil-
ity of the ∗-semantic theorem.

5 Applications and numerical examples
This section contains some applications of quantified trapezoidal fuzzy numbers. The
first is detailed in Examples 1 and 2, which refers to the resolution of equations, show-
ing that quantified trapezoidal fuzzy numbers can be used to solve equations which
have no solution in the set of traditional trapezoidal fuzzy numbers.

The other applications show the applicability of quantified trapezoidal fuzzy num-
bers in financial calculations (Example 3) and to optics (Example 4).

In all these applications, we have emphasized the semantic interpretation of the
results.

Example 1 In this first example we describe a typical situation in which a trivial fuzzy
equation A + X = B has no solution in the traditional set of fuzzy numbers. We
find a solution of the equation using the extension of quantified trapezoidal fuzzy num-
bers presented in this paper and we also offer a correct semantic interpretation of the
equation.

Let us consider the trapezoidal fuzzy equation (2, 5, 7, 9)+X = (6, 7, 8, 9). There
is no traditional fuzzy number X which is a solution of the equation. However, using
quantified trapezoidal fuzzy numbers and the dual operator, it holds that:

X = (6, 7, 8, 9)− dual (2, 5, 7, 9) = (4, 2, 1, 0)

The solution X = (4, 2, 1, 0) is an improper trapezoidal fuzzy number. Moreover,
applying the semantic Theorem 16, we not only obtain the solution, but we can also
give its semantic interpretation. Thus, it follows ∀α ∈ [0, 1], that:

(∀a ∈ Aα) (∃b ∈ Bα) (∃x ∈ Xα) such that a+ x = b.
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Example 2 This second example solves and interprets the equation A + X = B, in
which A and B are improper trapezoidal fuzzy numbers

(8, 4, 2, 0) +X = (11, 8, 7, 10)

whose solution X = B − dual (A) is X = (3, 4, 5, 10): a proper trapezoidal fuzzy
number.

The semantic interpretation (Theorem 16) of the equation is ∀α ∈ [0, 1]:

(∀x ∈ Xα) (∀b ∈ Bα) (∃a ∈ Aα) such that a+ x = b.

Example 3 This application is based in the calculus of the amount obtained by invest-
ing a quantity C0 given by the proper trapezoidal fuzzy number:

C0 = (10100, 10150, 10250, 10400)

in a deposit which has an interest rate R, represented by the proper trapezoidal fuzzy
number:

R = (0.02, 0.024, 0.026, 0.03)

for a period of time T , represented by the improper trapezoidal fuzzy number:

T = (2.2, 2.05, 1.95, 1.8) .

The amount obtained is calculated using:

C = C0 ∗ (1 +R ∗ T ) .

When evaluating the expression R ∗ T it holds that:

R ∗ T = (0.02, 0.024, 0.026, 0.03) ∗ (2.2, 2.05, 1.95, 1.8)

and the fuzzy number obtained is not trapezoidal but must be converted to a quantified
trapezoidal fuzzy number preserving the inclusion and minimizing the distance ([19]),
to give a semantic interpretation (Theorem 16) of the final calculus. Thus, we obtain
the proper trapezoidal fuzzy number

(0.044, 0.0492, 0.05085, 0.05415)

Finally, the amount obtained is:

C =(10100, 10150, 10250, 10400) ∗
(1 + (0.044, 0.0492, 0.05085, 0.05415)) ,

which is not a trapezoidal fuzzy number (see Figure 5) and we will convert it to a
quantified trapezoidal fuzzy number:

CT = (10544.335, 10649.315, 10771.2125, 10963.16)

(see Figure 6) which preserves inclusion and minimizes the distance to C.
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1

10544.4 10649.38 10771.2125 10963.16

Figure 5: Representation of the fuzzy number C.

1

10544.335 10649.315 10771.2125 10963.16

Figure 6: Representation of the trapezoidal fuzzy number CT .

Thus,
C0 ∗ (1 + rt) ⊆ CT

and applying the semantic theorem (Theorem 16) bearing in mind the modality of the
initial values C0 (proper), R (proper), T (improper) and the modality of the result C
(proper), we obtain the semantic interpretation ∀α ∈ [0, 1]:(

∀c0 ∈ C
α

0

)(
∀r ∈ R

α
)(
∃c ∈ C

α

T

)
(∃t ∈ Tα)

such that c = c0 (1 + rt)

Example 4 This last application is based in image formation by thin lenses. If the
distances from the object to the lens and from the lens to the image are do and di
respectively (see Figure 7), for a lens of negligible thickness, in air, the distances are
related to the focal length f by the thin lens formula:

1

do
+

1

di
=

1

f

Let us assume that any distance between 49 and 51 millimeters produces a correct
vision and outside these margins, vision is less clear. We represent it by the improper
trapezoidal fuzzy number

Di = (52, 51, 49, 48) .

The distance do is represented by the proper fuzzy number

Do = (198, 200, 5000, 5025) .

When evaluating the focal length F as a quantified trapezoidal fuzzy number using the
expression

F =
1

1
Do

+ 1
Di

,
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Figure 7: Ray diagram for converging convex lenses.

The partial results 1
Do

, 1
Di

and F are not trapezoidal fuzzy numbers and must be con-
verted to quantified trapezoidal fuzzy numbers preserving the inclusion and minimizing
the distance ([19]). Thus

1

Do
⊆ (0.000199, 0.000199998, 0.005, 0.005050505)

1

Di
⊆ (0.0192289, 0.0196059, 0.0204082, 0.020834)

and finally we obtain

F ⊆ (38.630824, 39.354045, 50.489771, 51.472214)

and applying the Semantic Theorem (Theorem 16), we obtain ∀α ∈ [0, 1]:(
∀do ∈ D

α

o

)(
∃f ∈ F

α
)(
∃di ∈ D

α

i

)
such that f = 1

1
do

+ 1
di

6 Conclusions
In this paper we have linked modal intervals with fuzzy numbers, devising a new struc-
ture of quantified trapezoidal fuzzy numbers, which extends the concept of fuzzy num-
ber in its classical or traditional sense. This not only provides new potential for the
calculus, but also makes semantic sense of the calculations that are performed.

Quantified trapezoidal fuzzy numbers open the way to meaningful calculations that
were excluded from the classical structure of fuzzy numbers. Thus, we open up new
lines of research, such as the study of quantified fuzzy numbers without the trapezoidal
restriction and the study of extended quantified trapezoidal fuzzy numbers, accepting
that the core and the support of a quantified trapezoidal fuzzy number have not the same
modality, thus there will be the possibility to consider distinct modalities for different
α-cuts of the same fuzzy number. Moreover, it will be possible to extend the semantic
interpretation of a calculus using these modal fuzzy numbers efficiently.
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