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Modulation-Mode and Power Assignment in Broadband
MIMO Systems

Andreas Ahrens and Ćesar Benavente-Peces

Abstract: Since the capacity of multiple-input multiple-output (MIMO) systems in-
creases linearly with the minimum number of antennas at both, the transmitter as
well as the receiver side, MIMO schemes have attracted a lot of attention. However,
non-frequency selective MIMO links have reached a state of maturity. By contrast,
frequency selective MIMO links require substantial further research, leading in this
contribution to a joint optimization of the number of activated MIMO layers and the
number of bits per symbol along with the appropriate allocation of the transmit power
under the constraint of a given fixed data throughput. Our results show that in order
to achieve the best possible bit-error rate, not necessarily all MIMO layers have to be
activated.

Keywords: Multiple-Input Multiple-Output System, Singular-Value Decomposition,
Bit Allocation, Power Allocation, Wireless Transmission.

1 Introduction

IN order to comply with the demand on increasing available data rates in partic-
ular in wireless technologies, systems with multiple transmit and receive an-

tennas, also called MIMO systems (multiple-input multiple-output), have become
indispensable and can be considered as an essential part of increasing both the
achievable capacity and integrity of future generations of wireless systems[3, 4].
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In general, the most beneficial choice of the number of activated MIMO layers and
the number of bits per symbol along with the appropriate allocation of the trans-
mit power offer a certain degree of design freedom, which substantially affects the
performance of MIMO systems. The well-known water-filling technique is virtu-
ally synonymous with adaptive modulation [5–10] and it is used for maximizing
the overall data rate. However, delay-critical applications, such as voice or video
streaming transmissions, may require a certain fixed data rate. For these fixed-rate
applications it is desirable to design algorithms, which minimize the bit-error rate
(BER) at a given fixed data rate.

Assuming perfect channel state information, the channel capacity can only be
achieved by using water-pouring procedures. However, in practicalapplication
only finite and discrete rates are possible. Therefore in this contribution theef-
ficiency of fixed transmission modes is studied regardless of the channel quality.
However, non-frequency selective MIMO links have attracted a lot of research and
have reached a state of maturity [11]. By contrast, frequency selectiveMIMO links
require substantial further research, where spatio-temporal vector coding (STVC)
introduced by RALEIGH seems to be an appropriate candidate for broadband trans-
mission channels [12, 13]. Here it can be shown that multipath propagation isno
longer a limiting factor in data transmission [14].

Against this background, the novel contribution of this paper is that we demon-
strate the benefits of amalgamating a suitable choice of activated MIMO layers and
number of bits per symbol along with the appropriate allocation of the transmit
power under the constraint of a given data throughput.

The remaining part of this paper is organized as follows: Section 2 introduces
the system model and the considered quality criteria are briefly reviewed in section
3. The proposed solutions of bit and power allocation are discussed in section 4,
while the associated performance results are presented and interpreted insection 5.
Section 6 provides some concluding remarks.

2 Broadband MIMO System Model

When considering a frequency selective SDM (space division multiplexing) MIMO
link, composed ofnT transmit andnR receive antennas, the block-oriented system
is modelled by

u = H ·c+w . (1)

In (1), c is the (NT × 1) transmitted signal vector containing the complex input
symbols transmitted overnT transmit antennas inK consecutive time slots, i. e.,
NT = K nT. This vector can be decomposed intonT antenna-specific signal vectors
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cµ according to

c =
(

cT
1 , . . . ,cT

µ , . . . ,cT
nT

)T
. (2)

In (2), the(K × 1) antenna-specific signal vectorcµ transmitted by the transmit
antennaµ (with µ = 1, . . . ,nT) is modelled by

cµ =
(

c1µ , . . . ,ckµ , . . . ,cK µ
)T

. (3)

The(NR×1) received signal vectoru, defined in (1), can again be decomposed into
nR antenna-specific signal vectorsuν (with ν = 1, . . . ,nR) of the lengthK +Lc, i. e.,
NR = (K +Lc)nR, and results in

u =
(

uT
1 , . . . ,uT

ν , . . . ,uT
nR

)T
. (4)

By taking the(Lc+1) non-zero elements of the resulting symbol rate sampled over-
all channel impulse response between theµth transmit andν th receive antenna into
account, the antenna-specific received vectoruν has to be extended byLc elements,
compared to the transmitted antenna-specific signal vectorcµ defined in (3). The
((K +Lc)×1) signal vectoruν received by the antennaν (with ν = 1, . . . ,nR) can
be constructed, including the extension through the multipath propagation, asfol-
lows

uν =
(

u1ν ,u2ν , . . . ,u(K+Lc)ν
)T

. (5)

Similarly, in (1) the(NR×1) noise vectorw results in

w =
(

wT
1 , . . . ,wT

ν , . . . ,wT
nR

)T
. (6)

The vectorw of the additive, white Gaussian noise (AWGN) is assumed to have a
variance ofU2

R for both the real and imaginary parts and can still be decomposed
into nR antenna-specific signal vectorswν (with ν = 1, . . . ,nR) according to

wν =
(

w1ν ,w2ν , . . . ,w(K+Lc)ν
)T

. (7)

Finally, the(NR×NT) system matrixH of the block-oriented system model, intro-
duced in (1), results in

H =







H11 . . . H1nT
...

. ..
...

HnR 1 · · · HnR nT






, (8)

and consists ofnR · nT single-input single-output (SISO) channel matricesHν µ
(with ν = 1, . . . ,nR and µ = 1, . . . ,nT). The system description, called spatio-
temporal vector coding (STVC) was introduced by RALEIGH and can also be seen
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as an extension of the data directed estimation (DDE) introduced by HSU [15].
Each of theses matricesHν µ with the dimension((K + Lc)× K) describes the
influence of the channel from transmit antennaµ to receive antennaν including
transmit and receive filtering. The channel convolution matrixHν µ between the
µth transmit andν th receive antenna is obtained by taking the(Lc + 1) non-zero
elements of resulting symbol rate sampled overall impulse response into account
and results in:

Hν µ =



































h0 0 0 · · · 0

h1 h0 0 · · ·
...

h2 h1 h0 · · · 0
... h2 h1 · · · h0

hLc

... h2 · · · h1

0 hLc

... · · · h2

0 0 hLc · · ·
...

0 0 0 · · · hLc



































. (9)

Throughout this paper, it is assumed that the(Lc + 1) channel coefficients, be-
tween theµth transmit andν th receive antenna have the same averaged power and
undergo a Rayleigh distribution. Furthermore, a block fading channel model is ap-
plied, i. e., the channel is assumed to be time invariant for the duration of one SDM
MIMO data vector.

The interference between the different antenna’s data streams, which isintro-
duced by the off-diagonal elements of the channel matrixH, requires appropriate
signal processing strategies. Common strategies for separating the data streams are
linear equalization at the receiver side or linear pre-equalization at the transmitter
side. Unfortunately, linear equalization suffers from noise enhancement and lin-
ear pre-equalization of the transmit signal from an increase in the transmit power.
Both schemes only offer poor power efficiency. Therefore, other signal process-
ing strategies have attracted a lot of interest. A popular technique is based on the
singular-value decomposition (SVD) [16] of the system matrixH, which can be
written asH = S·V ·DH, whereS andDH are unitary matrices andV is a real-
valued diagonal matrix of the positive square roots of the eigenvalues of the matrix
HH H sorted in descending order1. The SDM MIMO data vectorc is now multiplied
by the matrixD before transmission. In turn, the receiver multiplies the received
vectoru by the matrixSH. Thereby neither the transmit power nor the noise power
is enhanced. The overall transmission relationship is defined as

y = SH (H ·D ·c+w) = V ·c+ w̃ . (10)

1The transpose and conjugate transpose (Hermitian) ofD are denoted byDT andDH, respectively.
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Fig. 1. Resulting layer-specific SDM MIMO system model (withℓ = 1,2, . . . ,L andk = 1,2, . . . ,K)

As a consequence of the processing in (10), the channel matrixH is transformed
into independent, non-interfering layers having unequal gains.

3 Quality Criteria

In general, the quality of data transmission can be informally assessed by using the
signal-to-noise ratio (SNR) at the detector’s input defined by the half vertical eye
opening and the noise power per quadrature component according to

ρ =
(Half vertical eye opening)2

Noise Power
=

(UA)2

(UR)2 , (11)

which is often used as a quality parameter [17]. The relationship between the
signal-to-noise ratioρ = U2

A/U2
R and the bit-error probability evaluated for AWGN

channels andM-ary Quadrature Amplitude Modulation (QAM) is given by [18,19]

PBER =
2

log2(M)

(

1−
1

√
M

)

erfc

(
√

ρ
2

)

. (12)

When applying the proposed system structure, the SVD-based equalization leads
to different eye openings per activated MIMO layerℓ (with ℓ = 1,2, · · · ,L) at the
timek (with k = 1,2, · · · ,K) within the SDM MIMO signal vector according to

U (ℓ,k)
A =

√

ξℓ,k ·Usℓ , (13)

whereUsℓ denotes the half-level transmit amplitude assumingMℓ-ary QAM and
√

ξℓ,k represents the corresponding positive square roots of the eigenvalues of the
matrix HH H (Fig. 1). Together with the noise power per quadrature component,
the SNR per MIMO layerℓ at the timek becomes

ρ(ℓ,k) =

(

U (ℓ,k)
A

)2

U2
R

= ξℓ,k
(Usℓ)

2

U2
R

. (14)

Using the parallel transmission overL ≤ min(nT,nR) MIMO layers, the overall
mean transmit power becomesPs = ∑L

ℓ=1Psℓ, where the number of readily separable
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layers2 is limited by min(nT,nR). Considering QAM constellations, the average
transmit powerPsℓ per MIMO layerℓ may be expressed as [21,22]

Psℓ =
2
3

U2
sℓ (Mℓ−1) . (15)

Combining (14) and (15), the layer-specific SNR at the timek results in

ρ(ℓ,k) = ξℓ,k
3

2(Mℓ−1)

Psℓ

U2
R

. (16)

In order to transmit at a fixed data rate while maintaining the best possible integrity,
i. e., bit-error rate, an appropriate number of MIMO layers has to be used, which
depends on the specific transmission mode, as detailed in Tab. 1. In general, the
BER per SDM MIMO data vector is dominated by the specific transmission modes
and the characteristics of the singular values, resulting in different BERsfor the
different QAM configurations in Tab. 1. An optimized adaptive scheme would now
use the particular transmission modes, e. g., by using bit auction procedures [23],
that results in the lowest BER for each SDM MIMO data vector. This would lead
to different transmission modes per SDM MIMO data vector and a high signaling
overhead would result. However, in order to avoid any signalling overhead, fixed
transmission modes are used in this contribution regardless of the channel quality.
The MIMO layer specific bit-error probability at the timek after SVD is given
by [17]

P(ℓ,k)
BER =

2
(

1− 1√
Mℓ

)

log2(Mℓ)
erfc

(
√

ξℓ,k

2
·
Usℓ

UR

)

. (17)

The resulting average bit-error probability at the timek assuming different QAM
constellation sizes per activated MIMO layer is given by

P(k)
BER =

1

∑L
ν=1 log2(Mν)

L

∑
ℓ=1

log2(Mℓ)P(ℓ,k)
BER . (18)

TakingK consecutive time slots into account, needed to transmit the SDM MIMO
data vector, the aggregate bit-error probability per SDM MIMO data vectoryields

PBERblock=
1
K

K

∑
k=1

P(k)
BER . (19)

When considering time-variant channel conditions, rather than an AWGN channel,
the BER can be derived by considering the different transmission block SNRs.

2It is worth noting that with the aid of powerful non-linear near Maximum Likelihood (ML) sphere
decoders it is possible to separatenR > nT number of layers [20].
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Table 1. Investigated transmission modes

throughput layer 1 layer 2 layer 3 layer 4

8 bit/s/Hz 256 0 0 0

8 bit/s/Hz 64 4 0 0

8 bit/s/Hz 16 16 0 0

8 bit/s/Hz 16 4 4 0

8 bit/s/Hz 4 4 4 4

Assuming that the transmit power is uniformly distributed over the number of
activated MIMO layers, i. e.,Psℓ = Ps/L, the half-level transmit amplitudeUsℓ per
activated MIMO layer results in

Usℓ =

√

3Ps

2L(Mℓ−1)
. (20)

The layer-specific signal-to-noise ratio at the timek, defined in (14), results together
with (20) in

ρ(ℓ,k) = ξℓ,k
3

2L(Mℓ −1)

Ps

U2
R

= ξℓ,k
3

L(Mℓ −1)

Es

N0
, (21)

with
Ps

U2
R

=
Es

N0/2
. (22)

Finally, the MIMO layer-specific BER at the timek is now given by:

P(ℓ,k)
BER =

2
(

1− 1√
Mℓ

)

log2(Mℓ)
erfc

(

√

3ξℓ,k

2L(Mℓ−1)

Es

N0

)

. (23)

The resulting average bit-error probability taking the different number ofactivated
MIMO layer at the timek into account, is obtained as

P(k)
BER =

2
R

L

∑
ℓ=1

(

1−
1

√
Mℓ

)

erfc

(

√

3ξℓ,k

2L(Mℓ −1)

Es

N0

)

, (24)

with

R=
L

∑
ℓ=1

log2(Mℓ) (25)
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Fig. 2. Resulting layer-specific system model including MIMO-layer PA

describing the number of transmitted bits at the timek. Finally, the aggregate bit-
error probability per SDM MIMO data block can be calculated by taking (19)into
account.

4 Adaptive MIMO-layer Power Allocation

In systems, where channel state information is available at the transmitter side,the
knowledge about how the symbols are attenuated by the channel can be used to
adapt the transmit parameters. Power allocation can be used to balance the bit-
error probabilities in the activated MIMO layers. Adaptive power allocation(PA)
has been widely investigated in the literature [5,6,9,17,24,25].

The BER of the uncoded MIMO system is dominated by the specific layers
having the lowest SNR’s. As a remedy, a MIMO-layer transmit PA scheme is
required for minimizing the overall BER under the constraint of a limited total
MIMO transmit power. The proposed PA scheme scales the half-level transmit
amplitudeUsℓ of theℓth MIMO layer by the factor

√
pℓ,k. This results in a MIMO

layer-specific transmit amplitude ofUsℓ
√

pℓ,k for the QAM symbol of the transmit
data vector transmitted at the timek over the MIMO layerℓ (Fig. 2). Applying
MIMO-layer PA, the half vertical eye opening per MIMO layerℓ at the timek
becomes

U (ℓ,k)
PA =

√
pℓ,k ·

√

ξℓ,k ·Usℓ . (26)

Now the layer-specific signal-to-noise ratio, defined in (21), is changedto

ρ(ℓ,k)
PA =

(

U (ℓ,k)
PA

)2

U2
R

= pℓ,k ·
3ξℓ,k

L(Mℓ−1)

Es

N0
= pℓ,k ·ρ(ℓ,k) . (27)

Using (12) and (27), along with the MIMO detector’s input noise power, the resul-
tant layer-specific BER at the timek can be calculated according to

P(ℓ,k)
BERPA =

2
(

1− 1√
Mℓ

)

log2(Mℓ)
erfc

(

√

3pℓ,k ξℓ,k

2L(Mℓ−1)

Es

N0

)

. (28)
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Finally, the BER at the timek, applying MIMO-layer PA, results in

P(k)
BERPA =

2
R

L

∑
ℓ=1

(

1−
1

√
Mℓ

)

erfc

(

√

3pℓ,k ξℓ,k

2L(Mℓ −1)

Es

N0

)

. (29)

The aggregate bit-error probability per SDM MIMO data block can be calculated
by taking (19) into account.

Applying MIMO-layer PA, the information about how the symbols are attenu-
ated by the channel, i. e., the singular-values, has to be sent via a feedback channel
to the transmitter side and leads to a high signalling overhead that is contradictory
to the fix transmission modes that require no signalling overhead. However,as
shown in [26] a vector quantizer (VQ) can be used to keep the signalling overhead
moderate. Besides, a VQ for the power allocation parameters instead of the singular
values guarantees a better adaption at a given codebook size, since thepower level
vectors has less or equal dimensions than the singular-value vectors [26]. More-
over, its elements are much smaller digits ranged from 0 to 1, rather than from 0to
+∞ in the singular-value vector case. Hence, the entropy of the power levelvectors
is smaller, which benefits the quantization accuracy and the feedback overhead.

The aim of the forthcoming discussions is now the determination of the values
√

pℓ,k for the activated MIMO layers. A common strategy is to use the Lagrange
multiplier method in order to find the optimal value of

√
pℓ,k for each MIMO layer

ℓ and timek needed to transmit the SDM MIMO data vector. The Lagrangian cost
functionJ(p1,k, · · · , pL,k) may be expressed with (29) as

J(p1,k, · · · , pL,k) = P(k)
BERPA+λ BL , (30)

whereλ is the Lagrange multiplier [9]. The parameterBL in (30) describes the
boundary condition taking the transmit power restriction per time slot into account
and results in

BL =
L

∑
ℓ=1

pℓ,k−L = 0 . (31)

Unfortunately, the Lagrange multiplier method often leads to excessive-complexity
optimization problems [17]. Therefore, suboptimal power allocation strategies hav-
ing a lower complexity are of common interest [9, 17]. A natural choice is to opt
for a PA scheme, which results in an identical signal-to-noise ratio

ρ(ℓ,k)
PAequal=

(

U (ℓ,k)
PAequal

)2

U2
R

= pℓ,k ·ρ(ℓ,k) (32)

for all activated MIMO layers at the timek, i. e., in

ρ(ℓ,k)
PAequal= constant ℓ = 1,2, · · · ,L . (33)
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The power to be allocated to each activated MIMO layer at the timek can be shown
to be calculated as follows [17]:

pℓ,k =
(Mℓ−1)

ξℓ,k
·

L
L
∑

ν=1

(Mν−1)
ξν ,k

. (34)

The only difference between the optimum PA and the equal SNR PA is the consid-
eration of the factor(1−1/

√
Mℓ) by the optimum PA. Taking (34) and (20) into

account, for each symbol of the SDM MIMO data vector, transmitted at the timek
over the number of activated MIMO layers, the same half vertical eye opening of

U (ℓ,k)
PAequal=

√
pℓ,k ·

√

ξℓ,k ·Usℓ =

√

√

√

√

√

3Ps

2
L
∑

ν=1

(Mν−1)
ξν ,k

(35)

can be guaranteed (ℓ = 1, · · · ,L), i. e.,

U (ℓ,k)
PAequal= constant ℓ = 1,2, · · · ,L . (36)

When assuming an identical detector input noise variance for each channel output
symbol, the above-mentioned equal quality scenario (33) is encountered,i. e.,

ρ(ℓ,k)
PAequal=

(

U (ℓ,k)
PAequal

)2

U2
R

=
Es

N0

3
L
∑

ν=1

(Mν−1)
ξν ,k

. (37)

Analyzing (37), nearly the same BER can be achieved on all activated MIMO layers
at a given timek. However, different BERs arise for theK consecutive time slots
needed to transmit a given SDM MIMO data vector. Therefore, the BER per SDM
MIMO signal vector is mainly dominated by the symbol positions having the lowest
SNR’s. Furthermore, taking the time-variant nature of the transmission channel
into account, different BERs arise for different SDM MIMO data blocks. In order
to overcome this problem, the number of transmit or receive antennas has to be
increased or coding over the different data blocks should be used.

5 Results

In this contribution the efficiency of fixed transmission modes is studied regardless
of the channel quality. Assuming predefined transmission modes, a fixed data rate
can be guaranteed. The obtained BER curves are depicted in Fig. 3 and 4for
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Fig. 3. BER when using the transmission modes introduced in Tab. 1 and transmitting 8 bit/s/Hz
over frequency selective channels withLc = 1

the different QAM constellation sizes and MIMO configurations of Tab. 1,when
transmitting at a bandwidth efficiency of 8 bit/s/Hz within a given bandwidth3.
Assuming a uniform distribution of the transmit power over the number of activated
MIMO layers, it turns out that not all MIMO layers have to be activated in order to
achieve the best BERs. More explicitly, our goal is to find that specific combination
of the QAM mode and the number of MIMO layers, which gives the best possible
BER performance at a given fixed bit/s/Hz bandwidth efficiency. TheEs/N0 value
required by each scheme at BER 10−4 was extracted from Fig. 3 and 4 and the
best systems are shown in bold in Tab. 1. Comparing the results depicted in Fig. 3
and 4, it can be seen that a high delay spread is quite beneficial for a good overall
performance.

Further improvements are possible by taking the adaptive allocation of the
transmit power into account. The differences between the optimal and the sub-
optimal equal SNR PA, as investigated in [11], show a negligible performance gap
between the optimal and the equal SNR PA. The only difference between theopti-
mum PA and the equal SNR PA is the consideration of the factor(1−1/

√
Mℓ) by

the optimum PA. However, their influence, introduced by the layer-specificQAM
constellation sizes, is by far too small to generate remarkable differences inthe per-
formance. Furthermore, from Fig. 5 and 6 we see that unequal PA is onlyeffective
in conjunction with the optimum number of MIMO layers. Using all MIMO lay-

3The expression lg(·) is considered to be the short form of log10(·).
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Fig. 4. BER when using the transmission modes introduced in Tab. 1 and transmitting 8 bit/s/Hz
over frequency selective channels withLc = 4

ers, our PA scheme would assign much of the total transmit power to the specific
symbol positions per MIMO layer having the smallest singular values and hence
the overall performance would deteriorate.
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Fig. 5. BER with PA (dotted line) and without PA (solid line) when using the transmission modes
introduced in Tab. 1 and transmitting 8 bit/s/Hz over frequency selective channels withLc = 1
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Fig. 6. BER with PA (dotted line) and without PA (solid line) when using the transmission modes
introduced in Tab. 1 and transmitting 8 bit/s/Hz over frequency selective channels withLc = 4

However, the lowest BERs can only be achieved by using bit auction procedures
leading to a high signalling overhead [23]. Analyzing the probability of choosing
a specific transmission mode by using optimal bitloading, as depicted in Tab. 2,
it turns out that only an appropriate number of MIMO layers has to be activated,
e. g., the(16,4,4,0) QAM configurations. The results, obtained by using bit auc-
tion procedures justify the the choice of fixed transmission modes regardless of the
channel quality as investigated in the contribution.

Table 2. Probability of choosing specific transmission modes at a fixed data rate by using optimal
bitloading (10· lg(Es/N0) = 10 dB andLc = 1)

mode (16,4,4,0) (16,16,0,0) (64,4,0,0) (4,4,4,4)

pdf 0.881 0.112 0.007 0

6 Conclusion

Bit and power loading in broadband MIMO systems were investigated. It turned
out, that the choice of the number of bits per symbol as well as the number of
activated MIMO layer substantially affects the performance of a MIMO system,
suggesting that not all MIMO layers have to be activated in order to achieve the
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best BERs. The main goal was to find that specific combination of the QAM mode
and the number of MIMO layers, which gives the best possible BER performance
at a given fixed bit/s/Hz bandwidth efficiency. TheEs/N0 value required by each
scheme at BER 10−4 was extracted from computer simulations and the best systems
are shown in bold in Tab. 1.
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