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We are interested in a class of stochastic fuzzy recurrent neural networks with multiproportional delays and distributed delays. By
constructing suitable Lyapunov-Krasovskii functionals and applying stochastic analysis theory, Ito’s formula and Dynkin’s formula,
we derive novel sufficient conditions for mean-square exponential input-to-state stability of the suggested system. Some remarks
and discussions are given to show that our results extend and improve some previous results in the literature. Finally, two examples

and their simulations are provided to illustrate the effectiveness of the theoretical results.

1. Introduction

Since the theory and application of cellular neural networks
was proposed by L.O. Chua and L. Yang in 1998, neural
networks have become a hot topic. They can be applied to the
analysis of static images and signal processing, optimization,
pattern recognition, and image processing. Usually, a neural
network is an information processing system. Its characteris-
tic is local connections between cells, and its output functions
are piecewise linear. Clearly, it is easy to realize large-scale
nonlinear analog signals in real time and parallel processing,
which improves the running speed. As is well-known, the
stability is an important theoretical problem in the field of
dynamics systems (e.g., see [1-24]). Thus, it is interesting to
investigate the stability of nonlinear neural networks.

On one hand, the switching speed of amplifier is limited
and the errors occur in electronic components. As a con-
sequence, delays happen to dynamics systems, and the delays
often destroy the stability of dynamics systems, even cause
the heavy oscillation (e.g., see [25-35]). So it is significant to
study the stability of delayed neural networks. For example,

[36] discussed the global stability analysis for a class of
Cohen-Grossberg neural network models. A new compar-
ison principle is firstly introduced to study the stability of
stochastic delayed neural networks in [37]. Global asymptotic
stability analysis for integrodifferential systems modeling
neural networks with delays was investigated in [38]. In [39],
Zhu et al. considered the robust stability of Markovian jump
stochastic neural networks with delays in the leakage terms.
For more related results we refer the authors to [25, 40-43]
and references therein. It is worthy to point out that all of
the works aforementioned were focused on the traditional
types of delays such as constant delays, time-varying bounded
delays, and bounded distribute delays. However, delays in real
lives may be unbounded. In this case, a class of so-called
proportional delays can be used to describe the model of
human brain, where delays give information of history and
the entire history affects the present. Thus, it is interesting
to study the stability of neural networks with proportional
delays.

On the other hand, all of the works mentioned above
were focused on the traditional neural networks models,
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which did not consider fuzzy logic. But in the factual opera-
tions, we always encounter some inconveniences such as
the complicity and the uncertainty or vagueness. In fact,
vagueness always opposite to exactness. Therefore, vagueness
can not be avoided in the human way of regarding the world.
So fuzzy theory is regarded as the best suitable setting to
take vagueness into consideration. It is reported that there
have appeared many results on the stability analysis of fuzzy
neural networks in the literatures. For example, Li and Zhu
introduced a new way to study the stability of stochastic
fuzzy delayed Cohen-Grossberg neural networks [44]. They
used Lyapunov functional, stochastic analysis technique and
nonnegative semimartingale convergence theorem to solve
the problem. In [45], Balasubramaniam and Ali studied the
robust exponential stability of uncertain fuzzy Cohen-Gross-
berg neural networks with time-varying delays. However, to
the best of our knowledge, until now, there have been no
works on the stability of fuzzy neural networks with propor-
tional delays.

Motivated by the above discussion, in this paper we
investigate the problem of the input-to-state stability analysis
for a class of the stochastic fuzzy delayed recurrent neu-
ral networks with multiproportional delays and distributed
delays. Some novel sufficient conditions are derived to ensure
the mean-square exponential input-to-state stability of the
suggested system based on constructing suitable Lyapunov-
Krasovskii functionals and stochastic analysis theory, Ito’s
formula and Dynkin’s formula. Several remarks and discus-
sions are presented to show that our results extend and im-
prove some previous results in the literature. Finally, two
examples and their simulations are given to show the effec-
tiveness of the obtained results.

The rest of the paper is as follows. In Section 2, we intro-
duce the model, some necessary assumptions, and prelimi-
naries. In Section 3, we investigate the mean-square expo-
nential stability of the considered model. In Section 4, we pro-
vide two examples to illustrate the effectiveness of the ob-
tained results. Finally, we conclude the paper in Section 5.

2. Model Formulation and Preliminaries

Let C([p,1];R") denote the family of continuous func-
tions ¢ from [p, 1] to R” with the uniform norm [|¢] =
suppgegll(/)(@)l. Denote by gzgo([p, 1];R") the family of all
F , measurable, C([p, 1]; R") valued stochastic variables ¢ =
¢(s) : p < s < 1 satisfying I; E|¢(s)|2ds < 00, and C([-7, 1];
R") valued stochastic variables ¢ = ¢(s) : -7 < s < 0

satisfying J’i E|¢(s)|2ds < 00, in which E stands for the
correspondent expectation operator with respect to the given
probability measure P. [ denotes the class of essentially
bounded functions u from [1,00) to R with [ul,, =
esssup,. |u(t)] < co, R denotes real number. R" denotes n
dimensions Euclidean space.

In this section, we consider the following class of stochas-
tic fuzzy delayed recurrent neural networks with multipro-
portional delays and distributed delays:
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n
dx;(t) = | —dx; (t) + /\aijfj (xj (f))
j=1

n n ¢
+ A\big; (x5 (pit)) + e J h; (x; () ds
=1 i1 )

+\dyf; (x; @) + \Veyg; (x; (pit)) 1)
=1 =1

n t
+ \/f,] J; ( )hj (xj (s)) ds+u;(t) | dt
j=1 T(t

+ 205 (0, x; (pst)) dw; (),

j=1

x () =¢; (), p<t<O, )

forall t > 0,i = 1,2,...,n, where x;(t) represents the state
variable of the ith neuron at time #;d; is the self-feedback
connection weight strength. The constants aij,bij, cij,dij,eij,
and f;; are the connection weights of the jth neuron to the ith
neuron at time ¢ or p;t. fj(xj(t)), gj(xj(pjt)), and hj(xj(t))
are the jth neuron activation functions at time f or p;t. u;(t)
is the control input of the ith neuron at time ¢, and u =
(uy (1), uy(2), . .., u,(t)) € lo,. /\ and \/ denote the fuzzy AND
and fuzzy OR operation, respectively. The noise perturbation
0;; : RxR isa Borel measurable function,and w;(t), j 2 0, j =
1,2,...,nare scalar standard Brownian motions defined on a
complete probability space (), &%, P) with a natural filtration
{Z}11- The constants p;,j = 1,2,...,n are proportional
delay factors and satisfy 0 < p;t = t — (1 — p;)t, where
(1 = p;)t are time-varying continuous functions that satisfy
1- pj)t — 400 ast — +ooand p; # 1. 7(t) is the time-
varying delay, which satisfies 0 < 7(f) < Tand 7(t) < § < L.

Throughout this paper, we assume that the following
conditions are satisfied.

Assumption 1. There exist positive constants L; and M; such
that

|fi ) = fiW] < Lilu=vl,

()
|9: W) = g; V)] < M [u—v],
forallu,v e Randi=1,2,...,n.
Assumption 2. There exist nonnegative constants y;;, ;;, and
8;j such that
AN E
[0 (%, 3,2) =0 (x5, 2')] @
4

g x=2) oy (=) 0, (e

forall x,x', y,y',2z,2 € Rand i, j=1,2,...,n
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Assumption 3.

fj(o)=gj(0)=hj(0)=”j(0)=0,

Uij(O,O) =0, 4,j=12,...,n

)

Obviously, under Assumptions 1-3 we see that there exists
a unique solution of system (1)-(2). Let x(¢, ¢) denote the
solution from the initial data x(s) = ¢(s) ons € [p,1] in
3290([‘0, 1];R"™). 1t is clear that system (1)-(2) has a trivial
solution or zero solution x(t;0) = 0 corresponding to the
initial data ¢(s) = 0. By applying the following variable
transformations y;(t) = x;(e"),v,(t) = ui(et),fﬁj(t) =
wj(et),gbi(t) = ¢,(e"), then system (1)-(2) is equivalently
transformed into the following stochastic recurrent neural
networks with constant delays and time-varying coeflicients

dy; (t) = ¢ |:_diyi )+ /\aijfj (yj (t))
j=1

+ Noyg; (0 (e = 7)) + Ny L ()hj (3 (9))ds
j=1 j=1 T
n n 6
+ \/ldijfj ()/j (t)) + \/leijgj (yj (t - TJ')) ©
= i

\fy L(t) h (7, ) ds +, (t)} dt+ Yo,
.

i1

(3 0.y (¢~ 7)) dm, (1), t=0,

BB =40, -T<t<0, ?)
where
T = —logpj,

j=L12,...,n T:max{imaxr},
(8)

1<j<n J

¢; (t) € C([-7,0]5R),

¢(t) = (¢1 (t)>¢2 (t)>-"’¢n (t))T € C([_T’O] ;Rn)‘

3. Main Results

In this section, we will discuss the mean-square exponential
input-to-state stability of the trivial solution for system (1)-(2)
under Assumptions 1-3.

Theorem 4. Let Assumptions 1-3 hold. The trivial solution
of system (1)-(2) is mean-square exponentially input-to-state
stable, if there exist positive scalars n;, o;, B, (i = 1,2,...,n),
A > 1 such that

n n
2nd; 2 (L+ M)y + oy + 7 + Zﬂjﬂji + Zﬂj |aji' L;
ot =

+ ﬂiz Jag| L + ’71‘2 6| M
j=1 j=1
iy 'Cij| Nj+ Y |dﬁ|Li ©)
= =
1) || L+ 03 Jes| M
j=1 J=1
+ ’71'21 'fij| Nj’
iz

n n
o = Y v+ e [b| M;
L L
j j (10)

n
At
+ 2. jle| M
=

Bi = r‘[& (Zﬂj 'Cji|Ni + Zﬂj 'fji|Ni>’ (11)
j=1 j=1

Proof. Since system (6)-(7) is equivalent to system (1)-(2), we
only need to prove that the trivial solution of system (6)-(7) is
mean-square exponentially input-to-state stable. To this end,
weleto(t) = (oij(t))nxn, 0 = Gij(yj(t), yj(t— Tj)), for the sake
of simplicity.

V(ty®)= e(A-l)th:myf ) + Jt
i=1 -

t—T;

e’\SZai y? (s)ds
i=1 (12)

0 t n
As 2
+ e -y (s)ds.
Jr(t) Le ;ﬁ,y, %

Then by It6’s formula, we have the following stochastic
differential equation:

av (t,y () = LV (t,y (t)) dt

(13)
+V, (ty®)o ) dw(t),

where Vy(t, y(1)) = OV (L, y())/0y,, ..., 0V(t, y(t))/dy,) and
& is the weak infinitesimal operator such that

LV (Ly ) =A-1) e“‘”’imyf ()

i=1

n
+2e4 N iy (€ | —diyi (1)

i=1



Aty Oy )+ A O 6= 5) + A

j=1

. er hy (7 (5)) ds + \/dijf ()

j=1

Ve On(e=5)) VA [y 9) s

p4 )
n n

+;(t) | + e(A_l)tZ’/]iZUiZj (J’j ), y; (t - Tj))
=1 j=1

+ e)”Zociyi2 (t) - e’\(t_T)Z(xiyiz (t—1)+7(t)

i=1 i=1

'“Zﬁ,y, (t)-(1- r(r»e“L Zﬁ,y, (5) ds

< MMZ’%-)’,-Z () - ZBMZﬂidiyf (t) + Ze“Zniy,- (t)

i=1 i=1 i=1

' ,/_n\l“ijf i (7 ®) + Zehgn;wi (®)

-/\ 19 05 (1=5)) + 26T, 0 /\
' LU) By (3;(5)) ds + 26“271,% (t)

’ >Zdijf i (7 ®)+ 26’“2,71% ()

\eya; (v (e = 7)) + 2 Yy 0\ 1
i=1 j=1

Jj=1

' J; (t) hj (yj (s)) ds + ZeMZniyi ®) v (1)

i=1

+ eMZ”iZ["UYJZ' * eMZWiZ’/ij)/JZ- (f - Tj)

=1 j=1 =1 j=1

n n
+ eMZociyiz (t) - e’\(t_T)Zociyiz (t-1)

+ TeMZﬁz)’, ®-@1-9) eM J Z,BI)/I (s)ds

t—7(t)

o
=
B

j=1

<—2’7idi +An; + Z’Ij#ji o+ Tﬁi) J’iz (t)

+ ZeMZUi |y; ()] /\ |aij| 'f; (yj (f)) - f; (0)'
i=1 j=1
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+ 26 Y |y O A\ [by |95 (5 (= 77)) = 9, 0)]
i=1 ':1

- 26“271, |y,

j (@) ds

0

+ ZEMZ’%‘ |)’i (f)l \/ 'dij| 'f; (yj (f))
i=1 j=1
— £;0)]+2¢" Y |y 01\ ey g (3 (- 7;))
i1 j=1
-9 (0)' + ZEMZ’%' ly: )] \/ |fu|
i=1 j=1

n
+ ZEMZ’%' ly: ()]

1N (@) ds =10

i=1 =1

@]+ ey (‘e_h“z‘ + Zﬂj”ﬁ) yi (t-7)

At
+e" (60— L Zﬁ,yl (s)ds

(1) =1

<e Z < -2n,d; + An; + 217];4], +o; + T,B,) yi (1)
i=1 j=1
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i=1 =1
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i=1 =1

T ZeMZm |y,
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+2" Y iy (O] ) Je] M5 |3, (£ - 7))

-1 =1
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+ ZCMZ’L' ly; O] | ()] + eMZ <—e_)L
i=1

+ ZU;’”ji) yi(t-1)+e" - L Z/D)z)’,
i 7(t) j=1
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n n
< eMZ <—2’7idi +An; + Z’Wji o+ Tﬁi) yiz (t)
i=1

i1

+e' Y Y nilag| L (b/i ®OF +|y, (t)|2)

i=1j=1

+ Yy s by M, (lyi OF +|; (£ - Tj)'z)

i=1j=1

+eMZZml 5| N (Iy, @ + 2)

i=1 j=1

t
J yj(s)ds
t—1(t)

* eMZZ’Iz’ 'dij| L; (l)’i @[ + 'yj (t)|2)

i=1j=1

" Sl 0y (1 0F + 3, (=)

i= ]_

AWV AVA N (Iy,- OF +

i=1j=1

)

t
J ;i (s) ds
t—1(t)

i=1

+ & Yy @ + prof +eY, (
i=1
* Z’Wﬁ) yi(t-1)+ MG -1)
&

L Zﬁ,yl (s)ds

—(t) =1

1<j<n

< —¢" min [217de My, — Z’ka i~ TP;
- ’712 Jaje| L - gﬂk Jag| L - Z’%‘ | M
Zm| 3| Ni - mZ|d1k|Lk an | L
- Solsln- Sulrdvn| S0

— ¢ min [e ;= anvk] an |bk]'M

1<j<n

-7)-é" m1n(1—6)

Skl | St

j: Z,Bkyk (s)ds + e mm <Zl/]k 'Ck]| N;

() k=1

5
n n t 2
+Z’7k 'fkj'Nj>Z<J )’k(s)d5>
k=1 k=1 \Jt=T(®)
+ et max; I,
(14)

Letting 3 = min f;, then we obtain

n
2V (ty () < -ehlrgl]ig [%‘dj = M= D it
- k=1

;- ’b‘Z || Lic - Z"k || L
= 2115 |y M~ Zmi | N = mZ e L
k=1
= Do |dig| L - Z’h Jeje| My~ Z”j | fie| N
k=1 k=1 k=1
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Zyk (s)ds
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—e" rmn(l 6)/3]
t—

1<j<n
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- <Z’7k lews| N+ D i | Nj) T]
k=1 k=1

t n
J i(s) ds+e’“max 1 ||v||io.
t—1(t) =1 1<j<n

(15)
Now we define a Markov time as follows:
p=inf{s>0:|x(s)|] > k}. (16)
By using the Dynkin formula, we have
EV (t Ape y (t A pe)) —EV (0, (0))
EApPk (17)
:E[J .SfV(s,y(s))ds],
0
which implies
EV (tApoy (EApL))
(18)

=EV(0,y(0)) +E [mek PV (s, y(5)) ds] .

Letting k — co on both sides (18), it follows from the mono-
tone convergence theorem, (9), (10), and (12) that

t
EV (¢, y(t)) <EV(0,x(0)) + ||v||f)O max 7); J elsds

<jsn 0

L. 2 At
< EV (0,x(0)) + 1 715, P;ja;qj (e - 1)

n 0 n
= Z’%‘E)/iz 0) + J Ecz)“Z()ci)/i2 (s)ds
i=1 T i=1

i

+0

0 t n

+ J J Ee’\SZﬁiyiz (s)ds 19)
—7(t) Jt =1

+ 1 |12 max #; (eM - 1)
)L oo 1<j<n ]

2
< <1r2]a§l 4 Tlrél]jas);ocj +Tlr2]a§l[3])E||</>||

I At
+ 5 DI max (e -1).

On the other hand, from the definition of V (¢, x(t), we have

EV (y (b)) 2 Ee“‘”fimyf (t)
i1 (20)

> ¢V min nE|y (t)|2 .

1<i<n

Combining (19) and (20), the following inequation holds:
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2
E|y ()
< max; ., #; + T mMaX, .., & + TMaxX; ;o B
B min, e, 4; @1
_(=1)t 2 MaAX e, 1 2
e MVE P+ —=E )2,

A max, e, ;

From (21) we see that the trivial solution of system (6)-(7)
is mean-square exponentially input-to-state stable. The proof
of Theorem 4 is completed. O

Corollary 5. Assume that all the conditions of Theorem 4 hold.
Then the trivial solution of system (1)-(2) with u(t) = 0 is mean-
square exponentially stable.

Remark 6. If we ignore the effects of delays, then system (1)-
(2) becomes a stochastic recurrent neural network without
delays. The results obtained in this paper are also applicable
to the case of stochastic recurrent neural networks without
delays.

Remark 7. Compared with the result in [44], our model is
more general than that in [44]. In fact, multiproportional
delays and distributed delays are considered in this paper and
they yield much difficulty in the proof of our result, whereas
only a simple constant delay was discussed in [44].

Remark 8. Compared with the result in [46], our model is
also more general than that in [46] since distributed delays
and fuzzy factor in this paper were ignored in [46].

4, Ilustrative Examples

In this section, we will use two examples to show the effective-
ness of the obtained result.

Example I (2-dimension case). Consider the case of 2-dimen-
sion stochastic recurrent neural networks with multipropor-
tional delays

2
dx; (t) = |:_dixi () + /\aijfj (xj (t))
=1

J

2
+ /\lbijgj (x; (pjt)) +
L

2
=1

t
Gj L_T(t) hj (xj (s)) ds

2 2 (22)
+ \/ldijf i (% 0) + \/leijgj (x; (1))
= Jj=
2 t 2
+VﬁjJ h; (xj (s))ds+u,~ (t) | dt+ Zaij
j=1 t—1(t) j=1
(%@ (pjt)) dw; (),
x;(H)=¢;t), p<t<l,i=1,2, (23)
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where
0.1x, if x <0,

f(x)=g(x)=h(x) = {
0.1tan (x),

if x>0, (24)
u(t) = 0.08sin (£),
and
(5 (x; ) (pst))
0.4x, (t)  0.2(x, () + x, (p,1)) 25)
- (o.le (pyt) 0.1(x, () + x, (Pzt))).

Other parameters of system (22)-(23) are given as follows:

0.5 0.3
(), = (0.4 )

(26)
2><2 ( )
4 0.3
2><2 ( 0.2 05)
(27)
5 0.7
2><2 ( 0.3 08)
4 0.6
2><2 < 0.5 03)

(28)

(o )

d, =9,d, =8 Take p, = p, = 05,A = 1.1,y = 0.5,1, =
0.5,ay =2.6,x, = 1.6, 3; = 1.3, 3, = 1.7, and from the defini-
tion of 7, we obtain 7 = 0.6931. It is easy to check that
Assumptions 1-3 are satisfied. Moreover, a simple computa-
tion yields

2md, =9

2
>A+)m +og +1p + Zﬂjﬂjl
i1

2 2
2 milan| Lo+ m ) fay| L
=1 =1

S|, .
1

2
1) by| M; +
= =

2 2
+ 2 mldn | L+ Y |dy| L
=1 =1

2 2
+ 7112 |@1j' M; + 7112 |f1j| N; =5.14103,
j=1 j=1

2n,d, =8

2
>+ M) +o, + 16+ Zﬂjﬂjz
i1

+ Z”J 'a12| Ly+ ’722 'aZJ' L;
j=1

2 2 (30)
11, by Mj + 1) || N
= =

2 2
2 |d| Ly + 1) |doy| L
= =

2 2
+1 ) Jey| M+, ) | oy N = 4.39327,
j=1 j=1

o, =2.6

2 2
AT AT
> Y v+ e b My
= s

(31)
2

+ Y e, |en| M, = 0.889511,
=1

o, =1.6

2 2
> At . At vl m
2 j;e 1% j2 +j;e ’71| 12' 2 (32)

2
+ )" |ejn| M, = 0.471548,
j=1
ﬁl = 13
T 2 2
(1-9) (ZIWJ'CJI'NI+ZI’7j'fj1|N1> (33)
j= =

= 0.1581,

B, =17

2 2
e (Zm el Mo + 1| £ N2> (34)
j=1 j=1

= 0.1581.

Hence, all the conditions of Theorem 4 are satisfied. System
(22)-(23) is mean-square exponentially input-to-state stable.
Obviously, system (22)-(23) is mean-square exponentially
stable when u(t) =0

Example 2 (3-dimension case). Consider the case of 3-
dimension stochastic recurrent neural networks with multi-
proportional delays
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3 3 t
dx; (t) = |:—dix,~ () + /\aijfj (xj (t)) + \/f,] J; o hj (xj (s)) ds+u;(t) | dt
j=1 jer e

3
3 3 t
+ Nosa (s () + N |y (3,9) s * 2.0 (3 0, (1)) dw; 0,
- - t—1(t) =
= = (35)
3 3
+\/d i (x; ) + \eyg; (x; (pit)) 5O=@@, telpl]i=123 (36)
= = where
f(x)=g(x)=h(x)=02tanh (x),
37
u(t) =0.1sin(t), 47
0.2x, (1) 0.2 (x, (pyt)) 0.3x; (1)
(0"1')3><3 = | 0.4, (p,t) 0.4(x, (t) + x, (pyt)) 0.2x; (ps () ) (38)
0.2x, (1) 0.1x, (¢) 0.4 (x5 (t) + x5 (p; 1))

the definition of 7 that 7 = 0.6931. It is easy to check that
Assumptions 1-3 are satisfied. A direct computation gives

Other parameters of system (22)-(23) are given as follows:

~0.8 0.5 0.5 2md, =64
(a),,=1 09 03 05 |, ,
02 06 -0.3 ) >(1+/\)’71+0‘1+T/31+Z;’7j/4j1
e
04 03 -02
b)) =(05 08 04 |, > >
() <09 03 0.6 +er1j|aj1|L1+le|a1j|Lj
. —VU. . j= j=
0.6 —0.4 0.5 3 3 (42)
()5 = < 03 02 03 ], +’7IJZ1 by M; +’7IJZ1 Jeuj| N
~06 02 05
(40) 3 3
070405 + i ldp| Ly +m )y |dy| L
(dyj),,=| 06 02 03 |, j=1 j=1
0.3 0.2 0.4 , ,
0.5 02 0.2 +’71j; |611'Mj+’71j; | /1] NV, = 5.60903,
(e),., = <0.4 0.3 05 |,
" \o7 01 03 2y =72
0.5 0.3 0.2 “ >
503 0. L »
(fij)3x3 _ <0.4 01 02 | >+ M)+ + 16, +];’711412
0.3 0.4 0.3
3 3
+ 205 lan| Lo+ m Y las| L
d = 8d, = 9d, = 10. Take p; = p, = p, = = =

051 = 13,7, = 04,1, = 04,13 = 04, = 14,0y, =
13,0, = 14,5, = 1.3,3, = 1.2, 3; = 1.1, and it follows from

3 3
+ Uzz |b2j' M; + 7722 |le| N;
= i
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3 3
+ 20 | Lo+ ) || L
j=1 j=1
3 3
1) Jey| M+, Y | fof| N; = 5.46372,
=1 =1

215d; = 8

3
>+ A)n +o5+ 765+ Zﬂj”ﬁ
=1

3 3
+ 2 Milan| Ly + 15 ) fay| L
i =
3 3
115 [y My + 5 ) Jess| N
=1 =1
3 3
+ i ld | Ly + 13 ). [d| L
=1 =1

3 3
#1130 |esi| M+ 13 ) | fj N; = 5.59841,
j=1 j=1

3 3
2 Y+ Y €y b My
=1
3
+ Y ' |en| M, = 1.08332,
=1
a; =14
: At 2 At
2 Y ey + ) ey b M
=1 j=1
3
+ Y " |ejs| M; = 1.31969,
=1
B, =13

3 3
= ﬁ (;’71' |CJ'1|N1 +]Z;rlj'fjl'N1>

=0.48781,

(43)

(44)

(45)

(46)

(47)

(48)

B, =12

3 3
= f Zﬂj |Cj2|N2+Z’7j'sz'Nz (49)
-9\ & )2
=0.28908,

By =11

3 3
> — = Yoy lea| Nyt Yol fulNs | 50)
(1-9) =1 j=1

=0.36134.

Hence, all the conditions of Theorem 4 are satisfied.
System (35)-(36) is mean-square exponentially input-to-state
stable. Obviously, system (22)-(23) is mean-square exponen-
tially stable when u(t) = 0.

Remark 3. Obviously, the obtained results in [44, 46] do not
apply to Examples 1 and 2 since many factors such as fuzzy
logic, multiproportional delays, and distributed delays are
considered in Examples 1 and 2.

5. Concluding Remarks

In this paper, we have studied mean-square exponential
input-to-state stability of a class of stochastic fuzzy recur-
rent neural networks with multiproportional delays and
distributed delays. A key characteristics of this paper is that
the nonlinear transformation y(t) = x(e") is employed to
transform the considered system into stochastic recurrent
neural networks with constant delays and variable coeffi-
cient, which overcomes the difficulty from multiproportional
delays. Moreover, we also consider the effects of distributed
delays and fuzzy. In our future works, we will apply the
method developed in this paper to study some other impor-
tant problems such as the stability of multiagent systems.

Data Availability

The data used to support the findings of this study are avail-
able from the corresponding author upon request.
Conlflicts of Interest

The authors declare that there are no conflicts of interest re-
garding the publication of this paper.

Acknowledgments

This work was jointly supported by the National Natural Sci-
ence Foundation of China (61773217 and 61374080), the Nat-
ural Science Foundation of Jiangsu Province (BK20161552),
and Qing Lan Project of Jiangsu Province.



10

References

[1] G. Wang, “Existence-stability theorems for strong vector set-
valued equilibrium problems in reflexive Banach spaces,” Jour-
nal of Inequalities and Applications, vol. 239, pp. 1-14, 2015.

[2] Y. Bai and X. Mu, “Global asymptotic stability of a generalized
SIRS epidemic model with transfer from infectious to suscepti-
ble,” Journal of Applied Analysis and Computation, vol. 8, no. 2,
pp. 402-412, 2018.

[3] L. Gao, D. Wang, and G. Wang, “Further results on exponential
stability for impulsive switched nonlinear time-delay systems
with delayed impulse effects,” Applied Mathematics and Com-
putation, vol. 268, pp- 186-200, 2015.

[4] Y.Li, Y. Sun, and E Meng, “New criteria for exponential stability
of switched time-varying systems with delays and nonlinear
disturbances,” Nonlinear Analysis: Hybrid Systems, vol. 26, pp.
284-291, 2017.

[5] L. G. Wang, K. P. Xu, and Q. W. Liu, “On the stability of a mixed
functional equation deriving from additive, quadratic and cubic
mappings,” Acta Mathematica Sinica, vol. 30, no. 6, pp. 1033-
1049, 2014.

[6] L. G. Wang and B. Liu, “Fuzzy stability of a functional equation
deriving from additive, quadratic, cubic and quartic functions,”
Acta Mathematica Sinica, vol. 55, no. 5, pp. 841-854, 2012.

[7] E.LiandY. Bao, “Uniform stability of the solution for a memory-
type elasticity system with nonhomogeneous boundary control
condition,” Journal of Dynamical and Control Systems, vol. 23,
no. 2, pp. 301-315, 2017,

[8] Y.-H. Feng and C.-M. Liu, “Stability of steady-state solutions
to Navier-Stokes-Poisson systems,” Journal of Mathematical
Analysis and Applications, vol. 462, no. 2, pp. 1679-1694, 2018.

[9] J. Hu and A. Xu, “On stability of F-Gorenstein flat categories,”
Algebra Colloquium, vol. 23, no. 2, pp. 251-262, 2016.

[10] Q. X. Zhu and Q. Y. Zhang, “Pth moment exponential stabil-
isation of hybrid stochastic differential equations by feedback
controls based on discrete-time state observations with a time
delay,” IET Control Theory ¢ Applications, vol. 11, no. 12, pp.
1992-2003, 2017.

[11] W. W. Sun, “Stabilization analysis of time-delay Hamiltonian
systems in the presence of saturation,” Applied Mathematics and
Computation, vol. 217, no. 23, pp. 9625-9634, 2011.

[12] X. Zheng, Y. Shang, and X. Peng, “Orbital stability of soli-
tary waves of the coupled Klein-Gordon-Zakharov equations,”
Mathematical Methods in the Applied Sciences, vol. 40, no. 7, pp.
2623-2633, 2017.

[13] C.LiuandY.-]. Peng, “Stability of periodic steady-state solutions
to a non-isentropic Euler-Maxwell system,” Zeitschrift fiir Ange-
wandte Mathematik und Physik, vol. 68, no. 5, Art. 105, 17 pages,
2017.

[14] Q.Zhuand H. Wang, “Output feedback stabilization of stochas-
tic feedforward systems with unknown control coefficients and

unknown output function,” Automatica, vol. 87, pp. 166-175,
2018.

[15] Q. Zhu, “Razumikhin-type theorem for stochastic functional
differential equations with Lévy noise and Markov switching,”
International Journal of Control, vol. 90, no. 8, pp. 1703-1712,
2017.

[16] Y. Yu, M. Meng, J.-e. Feng, and P. Wang, “Stabilizability analysis
and switching signals design of switched Boolean networks,”
Nonlinear Analysis: Hybrid Systems, vol. 30, pp. 31-44, 2018.

Mathematical Problems in Engineering

[17] M. Li and J. Wang, “Representation of solution of a Riemann-
Liouville fractional differential equation with pure delay,” Ap-
plied Mathematics Letters, vol. 85, pp. 118-124, 2018.

[18] S. Jiao, H. Shen, Y. Wei, X. Huang, and Z. Wang, “Further re-
sults on dissipativity and stability analysis of Markov jump gene-
ralized neural networks with time-varying interval delays,” Ap-
plied Mathematics and Computation, vol. 336, pp. 338-350, 2018.

[19] J. Zhang and J. Wang, “Numerical analysis for Navier-Stokes
equations with time fractional derivatives,” Applied Mathemat-
ics and Computation, vol. 336, pp. 481-489, 2018.

[20] X.Caoand]. Wang, “Finite-time stability of a class of oscillating
systems with two delays,” Mathematical Methods in the Applied
Sciences, vol. 41, no. 13, pp. 4943-4954, 2018.

[21] L.Li, W. Qi, X. Chen, Y. Kao, X. Gao, and Y. Wei, “Stability anal-
ysis and control synthesis for positive semi-Markov jump sys-
tems with time-varying delay;,” Applied Mathematics and Com-
putation, vol. 332, pp. 363-375, 2018.

[22] J. Wang, B. Zhang, Z. Sun, W. Hao, and Q. Sun, “A novel con-
jugate gradient method with generalized Armijo search for effi-

cient training of feedforward neural networks,” Neurocomput-
ing, vol. 275, pp. 308-316, 2018.

[23] J. Wang, Y. Wen, Z. Ye, L. Jian, and H. Chen, “Convergence anal-
ysis of BP neural networks via sparse response regularization,”
Applied Soft Computing, vol. 61, pp. 354-363, 2017.

[24] X. Zheng, Y. Shang, and X. Peng, “Orbital stability of periodic
traveling wave solutions to the generalized Zakharov equa-
tions,” Acta Mathematica Scientia, vol. 37, no. 4, pp. 998-1018,
2017.

[25] Y. Guo, “Mean square global asymptotic stability of stochastic
recurrent neural networks with distributed delays,” Applied
Mathematics and Computation, vol. 215, no. 2, pp. 791-795, 2009.

[26] Q.Zhu,S.Song, and T. Tang, “Mean square exponential stability
of stochastic nonlinear delay systems,” International Journal of
Control, vol. 90, no. 11, pp. 2384-2393, 2017.

[27] W. Sun and L. Peng, “Observer-based robust adaptive control
for uncertain stochastic Hamiltonian systems with state and in-
put delays,” Lithuanian Association of Nonlinear Analysts. Non-
linear Analysis: Modelling and Control, vol. 19, no. 4, pp. 626
645, 2014.

[28] L.G.Wangand B. Liu, “The Hyers-Ulam stability of a functional
equation deriving from quadratic and cubic functions in quasi-
B-normed spaces,” Acta Mathematica Sinica, vol. 26, no. 12, pp.
2335-2348, 2010.

[29] Y. Guo, “Nontrivial periodic solutions of nonlinear functional
differential systems with feedback control,” Turkish Journal of
Mathematics, vol. 34, no. 1, pp. 35-44, 2010.

[30] L. Li, F. Meng, and P. Ju, “Some new integral inequalities and
their applications in studying the stability of nonlinear integro-
differential equations with time delay;” Journal of Mathematical
Analysis and Applications, vol. 377, no. 2, pp. 853-862, 2011.

[31] M. Liand ]. Wang, “Exploring delayed Mittag-Leffler type mat-
rix functions to study finite time stability of fractional delay
differential equations,” Applied Mathematics and Computation,
vol. 324, pp. 254-265, 2018.

[32] G. Liu, S. Xu, Y. Wei, Z. Qi, and Z. Zhang, “New insight into
reachable set estimation for uncertain singular time-delay sys-
tems,” Applied Mathematics and Computation, vol. 320, pp. 769-
780, 2018.

[33] W. Sun, Y. Wang, and R. Yang, “L2 disturbance attenuation for
a class of time delay Hamiltonian systems,” Journal of Systems
Science & Complexity, vol. 24, no. 4, pp. 672-682, 2011.



Mathematical Problems in Engineering

[34] Y. Guo, “Globally robust stability analysis for stochastic Cohen-
Grossberg neural networks with impulse and time-varying
delays,” Ukrainian Mathematical Journal, vol. 69, no. 8, pp.
1049-1060, 2017.

[35] W. Qi, Y. Kao, X. Gao, and Y. Wei, “Controller design for time-
delay system with stochastic disturbance and actuator satura-
tion via a new criterion,” Applied Mathematics and Computa-
tion, vol. 320, pp. 535-546, 2018.

[36] Y. Guo, “Global stability analysis for a class of Cohen-Grossberg
neural network models,” Bulletin of the Korean Mathematical
Society, vol. 49, no. 6, pp. 1193-1198, 2012.

[37] D. Li and Q. Zhu, “Comparison principle and stability of sto-
chastic delayed neural networks with Markovian switching,”
Neurocomputing, vol. 123, pp. 436-442, 2014.

[38] Y. Guo, “Global asymptotic stability analysis for integro-differ-
ential systems modeling neural networks with delays,” Zeit-
schrift fiir Angewandte Mathematik und Physik, vol. 61, no. 6,
pp. 971-978, 2010.

[39] Q.Zhu,]. Cao, T. Hayat, and E. Alsaadi, “Robust stability of Mar-
kovian jump stochastic neural networks with time delays in the
leakage terms,” Neural Processing Letters, vol. 41, no. 1, pp. 1-27,
2013.

[40] Y. Guo, “Mean square exponential stability of stochastic delay
cellular neural networks,” Electronic Journal of Qualitative
Theory of Differential Equations, vol. 34, pp. 1-10, 2013.

[41] Q. Zhu and J. Cao, “Exponential stability of stochastic neural
networks with both Markovian jump parameters and mixed
time delays,” IEEE Transactions on Systems, Man, and Cybernet-
ics, Part B: Cybernetics, vol. 41, no. 2, pp. 341-353, 2011.

[42] Q. Zhu and J. Cao, “Stability analysis of markovian jump sto-
chastic BAM neural networks with impulse control and mixed
time delays,” IEEE Transactions on Neural Networks and Learn-
ing Systems, vol. 23, no. 3, pp. 467-479, 2012.

[43] Y. Guo, “Exponential stability analysis of travelling waves solu-
tions for nonlinear delayed cellular neural networks,” Dynami-
cal Systems. An International Journal, vol. 32, no. 4, pp. 490-503,

2017.

[44] Q. Zhu and X. Li, “Exponential and almost sure exponential
stability of stochastic fuzzy delayed Cohen-Grossberg neural
networks,” Fuzzy Sets and Systems, vol. 203, pp. 74-94, 2012.

[45] P. Balasubramaniam and M. S. Ali, “Robust exponential stability
of uncertain fuzzy Cohen-Grossberg neural networks with time-
varying delays,” Fuzzy Sets and Systems, vol. 161, no. 4, pp. 608-
618, 2010.

[46] L. Zhou and X. Liu, “Mean-square exponential input-to-state
stability of stochastic recurrent neural networks with multi-pro-
portional delays,” Neurocomputing, vol. 219, pp. 396-403, 2017.

11



Advances in Advances in . Journal of The Scientific Journal of
Operations Research Decision Sciences  Applied Mathematics World Journal Probability and Statistics

|nternational
Journal of
Mathematics and
Mathematical
Sciences

Journal of

Optimization

Hindawi

Submit your manuscripts at
www.hindawi.com

International Journal of
Engineering
Mathematics

International Journal of

Analysis

Journal of : Advances in ] Mathematical Problems International Journal of Discrete Dynamics in
Complex Analysis Numerical Analysis in Engineering Differential Equations Nature and Society

International Journa!

of
Stochastic Analysis Mathematics Function Spaces Applied Analysis Mathematical Physics

Journal of Journal of Abstract and ; Advances in



https://www.hindawi.com/journals/jmath/
https://www.hindawi.com/journals/mpe/
https://www.hindawi.com/journals/jam/
https://www.hindawi.com/journals/jps/
https://www.hindawi.com/journals/amp/
https://www.hindawi.com/journals/jca/
https://www.hindawi.com/journals/jopti/
https://www.hindawi.com/journals/ijem/
https://www.hindawi.com/journals/aor/
https://www.hindawi.com/journals/jfs/
https://www.hindawi.com/journals/aaa/
https://www.hindawi.com/journals/ijmms/
https://www.hindawi.com/journals/tswj/
https://www.hindawi.com/journals/ana/
https://www.hindawi.com/journals/ddns/
https://www.hindawi.com/journals/ijde/
https://www.hindawi.com/journals/ads/
https://www.hindawi.com/journals/ijanal/
https://www.hindawi.com/journals/ijsa/
https://www.hindawi.com/
https://www.hindawi.com/

