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We investigate an imbalance between the sensitivity of the common state measures—fidelity, trace distance,
concurrence, tangle, von Neumann entropy, and linear entropy—when acted on by a depolarizing channel.
Further, in this context we explore two classes of two-qubit entangled mixed states. Specifically, we illustrate
a sensitivity imbalance between three of these measures for depolarized (i.e., Werner-state-like) nonmaximally
entangled and maximally entangled mixed states, noting that the size of the imbalance depends on the state’s
tangle and linear entropy.
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I. INTRODUCTION

Because the outcome of most quantum-information protocols hinges on the quality of the initial state, pure maximally
entangled states are often the optimal inputs. However, decoherence and dissipation inevitably decrease the purity and
entanglement of resource states, yielding partially entangled
mixed states. The most common measure used to benchmark
a starting state resource is the fidelity [1], as used, e.g., in
entanglement purification [2,3] and optimal mixed state teleportation [4]. Likewise, the success of these procedures is
often judged using the fidelity of the output state with some
target, as is the case, for example, in quantum cloning [5].
Recently it was found that, for the specific case of maximally
entangled mixed states [6–8] (MEMS), using the fidelity to
compare an experimentally produced state and a target state
was a less sensitive way of assessing experimental agreement
than comparing the tangle [9,10] and the linear entropies [11]
of those states [12]. Because one needs to understand the
best way to benchmark states for quantum-information protocols, here we examine the fidelity for more general entangled two-qubit mixed quantum states and note its behavior in relation to the common state measures of linear and
von Neumann entropy, tangle and concurrence, and trace distance.
After some general calculations for depolarized states, we
consider explicitly two classes of two-qubit entangled states
acted on with depolarizing channels: nonmaximally entangled states and maximally entangled mixed states. The
effect of a depolarizing channel is to make the states we
study similar to the Werner states (an incoherent combination
of a pure maximally entangled state and completely mixed
state) [13,14], which have been realized with polarized photons [15,16]. These two classes of states were chosen because they allow us to study mixed-state entanglement for
states of current interest, and also to understand how these
states change under uniform depolarization. Such a uniform
depolarization model is applicable to many examples of real
experimental decoherence.

using generic depolarized density operators. The depolarized
N-level system (N = 2 for a qubit, N = 4 for two qubits, etc.) is

 → ⬘ = 共1 − ⑀兲 +
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共1兲

where ⑀ is the strength of depolarization.
A. Fidelity

For direct comparison of two mixed states, e.g., t and  p,
for target and perturbed states, respectively, we first discuss
the fidelity introduced by Jozsa [1]:
F共t,  p兲 ⬅ 兩Tr共冑冑t p冑t兲兩2 .

共2兲

In the simpler case of two pure states 兩t典 and 兩 p典, F reduces
to 円具 p 兩 t典円2. It is also important to note that some researchers, as in [17], use an amplitude version of the fidelity: f
⬅ 冑F. In either case, the fidelity is zero for orthogonal states
and 1 for identical states.
Because we wish to consider small perturbations in the
fidelity, the “amplitude version” f should be less sensitive
because it lacks the square. We consider a generic state 
with eigenvalues 兵i其, depolarized by ⑀. The amplitude fidelity f between the output state ⬘ and the input  is

冑

f共, ⬘兲 = Tr

=

兺i

冑

共1 − ⑀兲2 +

共1 − ⑀兲2i +

⑀

N

共3兲

⑀
i .
N

共4兲

We assume ⑀ is small such that ⑀ Ⰶ N / 兩1 − N兩, where  is
the smallest nonzero eigenvalue. Thus, we can expand the
above expression to second order in ⑀:
f⬇

兺 i
 ⫽0
i

II. GENERAL SENSITIVITIES OF MEASURES

=1−

Before considering specific examples of entangled mixed
states, we examine general sensitivities for several measures
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where n 丢 is the number of nonzero eigenvalues of . When 
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is of full rank (i.e., n 丢 = N), the first order term vanishes, and
the fidelity is sensitive only to second order in the small
depolarizing parameter. If  is not full rank, f is sensitive to
first order, but becomes less so as the rank becomes higher.
Squaring the result (5) in fact gives the same order of sensitivity for F.
B. Trace distance

Another possible measure used to compare two states is
the trace distance [17], given by
1
D共t,  p兲 ⬅ Tr兩t −  p兩.
2

共6兲

⌬S ⬇ −
−

冉
冊

n0
n 丢 n0
+
ln N
⑀ ln ⑀ + ⑀ 1 − SV共兲 −
N
N N
1
ln i ,
N i⫽0

兺

共11兲

where n 丢 共n0兲 is the number of nonzero (zero) eigenvalues of
, and n 丢 + n0 = N. When  is not a full rank matrix (i.e., n0
⫽ 0), the von Neumann entropy is, to leading order, sensitive
in ⑀ ln ⑀ (stronger than order ⑀). As the rank become higher,
this ⑀ ln ⑀ sensitivity decreases. When  is of full rank (i.e.,
n0 = 0 and n 丢 = N), the von Neumann entropy is linearly sensitive in ⑀ unless SV = −共1 / N兲兺i ln i, which is again possible
only when i = 1 / N, i.e., for the fully mixed state  = 1N / N.

Evaluating the trace distance using Eq. (1) gives
1
D共, ⬘兲 =
2

兺i

冏 冏

1
i −
.
N

E. Concurrence and tangle

共7兲

Here the 1 / N term comes from the N ⫻ N mixed state
共1N / N兲 used to depolarize  to create ⬘ [Eq. (1)]. Thus, we
see that the trace distance is always linearly sensitive to the
strength of depolarization, except for  = 1N / N, i.e., the fully
mixed state. Consequently, the difference between two similar states will in general be less apparent when using f (or F)
than when using D.

Here we examine two ways of quantifying the entanglement of a system, restricting our attention to two-qubit states.
We will first derive the variation of the concurrence for an
entangled state acted on by a depolarizing channel, then use
this to find the result for the tangle, which is the concurrence
squared.
1. Concurrence

The concurrence is given by [9]
C共兲 ⬅ max兵0, 冑1 − 冑2 − 冑3 − 冑4其,

C. Linear entropy

To quantify the mixedness of a given state , we first
consider the linear entropy 共SL兲, which is based on the purity,
and for an N-level system is
S L共  兲 ⬅

N
关1 − Tr共2兲兴.
N−1

共8兲

The linear entropy is zero for pure states and 1 for completely mixed states, i.e., SL = 1 for the normalized N-qubit
identity 1N / N. The change in the linear entropy under a depolarizing channel is
⌬SL ⬅ SL共⬘兲 − SL共兲 = 共2⑀ − ⑀2兲共1 − SL兲.

共9兲

Therefore, the linear entropy is always linearly sensitive in ⑀,
except when SL共兲 = 1, namely, when  is the fully mixed
state 1N / N. Thus, the linear entropy is, in general, more sensitive to the depolarizing channel than the fidelity, as was
previously shown for the specific case of any depolarized
linear pure single-qubit state [18].
D. von Neumann entropy

Another frequently encountered entropy measure is the
von Neumann entropy:
SV共兲 ⬅ − Tr共 ln 兲.

˜ in nonincreasing order by
where i are the eigenvalues of 
magnitude. Here we define ˜ ⬅ 共2 丢 2兲 * 共2 丢 2兲 with
2 = 共 0i −i0 兲.
Suppose 兵i其 are arranged in nonincreasing order, and the
state  is entangled, so that C共兲 = 冑1 − 冑2 − 冑3 − 冑4. (If 
is unentangled, ⬘, which has additional noise, is still unentangled.) To find the concurrence of ⬘, we have to evaluate
the eigenvalues of the matrix

⑀
⑀2
˜ + 共1 − ⑀兲共 + ˜兲 + 14 .
⬘˜⬘ = 共1 − ⑀兲2
16
4

共13兲

We can treat the last two terms as perturbations and evaluate
the eigenvalues to leading order:

⑀
⑀2
⬘i ⬇ 共1 − ⑀兲2i + 共1 − ⑀兲具 + ˜典i + ,
16
4

共14兲

具 + ˜典i ⬅ 具i兩共 + ˜兲兩i典.

共15兲

where

For ⑀ ⬍ , where  is the smallest nonzero value of 兵i其, we
have, to leading order,

冑i⬘ ⬇ 共1 − ⑀兲冑i +

共10兲

Using Eq. (1) and evaluating ⌬S ⬅ SV共⬘兲 − SV共兲 to first order gives

共12兲

⑀

具 + 典i .
8 冑 i
˜

共16兲

Hence, the change in concurrence 关⌬C ⬅ C共⬘兲 − C共兲兴 is
given by
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The variation of concurrence is thus first order in ⑀ except for
the unlikely case that
C共兲 =

具 + ˜典1
8 冑 1
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MEMS II =

r
2

0 1−r 0 0
0

0

0 0

r
2

0

0

Using the result for variation in concurrence, the variation of
tangle can now be expressed as T⬘ − T ⬇ 2C⌬C. Thus, the
tangle is also typically sensitive in the first order to depolarizing perturbations.
In summary, we have thus far shown that, under the influence of a small depolarizing channel, the fidelity is not as
sensitive as the change in trace distance, linear entropy, von
Neumann entropy, concurrence, and tangle. Next we shall
illustrate this fact for specific states and investigate the situation for larger depolarization and for variable entanglement.
III. INVESTIGATION FOR SPECIFIC STATES

The first state we consider is similar to the classic Werner
state, but we allow arbitrary entanglement through the use of
a variable nonmaximally entangled pure state component in
addition to the mixed-state dilution:

⑀
1共⑀, 兲 ⬅ 共1 − ⑀兲兩⌿共兲典具⌿共兲兩 + 14
4

共20兲

兩⌿共兲典 ⬅ cos 2兩00典 + sin 2兩11典,

共21兲

with

where the parameter  controls the entanglement and ⑀ the
mixedness. We choose this parametrization for simplicity
and because the entropy and the entanglement of the state are
somewhat uncoupled from each other. In this case, the concurrence is C(1共⑀ , 兲) = max兵0 , 2共1 − ⑀兲cos 2 sin 2 − ⑀ / 2其
(assuming cos 2 sin 2 艌 0) and the linear entropy depends
only on ⑀, SL(1共⑀ , 兲) = 2⑀ − ⑀2. In a similar way, we depolarize a maximally entangled mixed state according to
共22兲

where the MEMS, using the parametrizations of concurrence
(or equivalently tangle) and linear entropy, is given by [8]

2
艋 r 艋 1,
3

冢 冣
0

1
0 0
3

,

2
0艋r艋 ;
3

1
r
0 0
3
2

To characterize a state’s entanglement, one may also use
the tangle [9,10], i.e., the concurrence squared:
共19兲

,

r
2

0 0 0 0

2. Tangle

⑀
2共⑀,r兲 ⬅ 共1 − ⑀兲MEMS共r兲 + 14 ,
4

0

1
r
0 0
3
2

when  is full rank.

T共兲 = C共兲2 .

0

the parameter r is the concurrence of the MEMS.
With these parametrizations, we may map out constant
fidelity curves between a target state and a perturbed state in
the linear-entropy–tangle plane [we choose these particular
measures for calculational simplicity and because Eqs. (20)
and (22) cover the entire physically allowed region of the
plane]. It is our purpose to use these curves to gain insight as
to how the entanglement and mixedness may vary over a
constant fidelity curve and how this variation may in turn
depend on the amount of entanglement and mixedness. To do
this, we calculate the fidelity between a target state 1共⑀t , t兲
and a perturbed state 1共⑀ p ,  p兲. Specifically, the parameters
⑀ p and  p are varied to create perturbed states of all possible
tangle and entropy values as long as the perturbed state has a
given fidelity with the target. Likewise, the process is repeated for 2共⑀t , rt兲, but instead varying the parameters of
2共⑀ p , r p兲.
In the pure, maximally entangled limit, both Eqs. (20) and
(22) reduce to the maximally entangled state 兩+典 ⬅ 共兩00典
+ 兩11典兲 / 冑2. Therefore, this is a natural state with which to
start our discussion. Because Eqs. (20) and (22) occupy different regions of the entropy-tangle plane, it is not surprising
that we need to use both equations to map out the constant
fidelity curves for 兩+典, as shown in Fig. 1. The horizontal
curves in the region bounded above by the Werner state
curve are traced out by computing the fidelity of 兩+典 with
Eq. (20). This fidelity is F = 共1 + 冑T兲 / 2 and, surprisingly, does
not explicitly depend on the depolarization of the perturbed
state. The maximal fidelity of any two-qubit state with maximally entangled pure states was found by Verstraete and Verschelde [19] to be bounded above by 共1 + 冑T兲 / 2. The twoqubit states (20) saturate this bound (as does any two-qubit
pure state). Any entangled state that saturates this bound apparently has F ⬎ 1 / 2, thus allowing concentration of entanglement via the scheme of Bennett et al. [2] without requiring local filtering [20]. Another consequence of this
simple fidelity expression is that, when comparing Eq. (20)
with 兩+典, the fidelity by itself cannot distinguish between
pure nonmaximally entangled states and Werner states of the
same tangle. For example, both the nonmaximally entangled
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FIG. 1. (Color online) Constant fidelity curves for the maximally entangled state 共兩00典 + 兩11典兲 / 冑2 (star, upper left corner). Also
shown are the Werner state curve (dotted line) and, bounding the
gray region of nonphysical entropy-tangle combinations, the
MEMS curve, which is solid for  MEMS I and dashed for  MEMS II.
The (horizontal) constant fidelity curves below the Werner state
curve are swept out by comparing the starting state with states of
the form 1共⑀ , 兲, Eq. (20), while the (nearly vertical) curves above
the Werner state line are generated by varying the parameters of
2共⑀ , r兲 given by Eq. (22). For comparison, the pure product state
兩00典 (lower left corner) has fidelity of 0.5 with this target.

pure state 1共0 , 11.25° 兲 and the Werner state
1共0.19525, 22.5° 兲 have tangle equal to 0.5, and each has
fidelity 0.854 with 兩+典.
To trace the curves above the Werner state line, we calculate the fidelity of 兩+典 with Eq. (22). In this case, the analytic expression for the fidelity does not provide much insight, so we only present numerical results, yielding the
nearly vertical curves shown in Fig. 1. Notice that the vertical curves scale in nearly the same way as the horizontal
curves. Thus, when comparing 兩+典 with states created using
Eqs. (20) and (22) that each separately have the same fidelity
with 兩+典, the linear entropy and tangle for Eqs. (20) and (22)
change by about the same amount when the fidelity changed.
So both Eqs. (20) and (22) display approximately the same
fidelity insensitivity.
Next we consider the effect of depolarizing target maximally entangled mixed states. In this case, we calculate the
0.99-fidelity curve for several target states, shown as stars in
Fig. 2. Note that the 0.99-fidelity curve encloses a much
larger area for any of the MEMS targets than it does for the
兩+典 calculation (Fig. 1). We attribute this to the fact that
depolarizing a pure state changes the fundamental character
(as measured with the fidelity) of the state more than does
depolarizing an already mixed state. Also shown in Fig. 2 are
the results of a numerical Monte Carlo simulation, where we
assumed an ideal starting state, and then calculated the pre-

FIG. 2. (Color online) Constant 0.99-fidelity curves for several
starting MEMS, plotted as stars. The constant fidelity curves are
calculated by comparing the target state with 2共⑀ , r兲 where ⑀ and r
are varied to give different tangles and linear entropies. The dark
gray regions are 20 000 points per initial MEMS, corresponding to
numerically generated density matrices that have fidelity of 0.9900
or higher with the target.

dicted counts one would expect to measure in an experiment
if there were no measurement noise or fluctuations. These
ideal counts are then perturbed in a statistical way to give a
variation one might expect in an experimental measurement
for a total collection of ⬃2000 counts [21]. Note that the
sizes and shapes of the simulation and the constant fidelity
curves are similar but not identical. As the simulation is random, it behaves somewhat like a depolarizing channel, adding uniform noise (explaining some of the similarity); however, random fluctuations are not enough to mimic the
extreme changes along the MEMS curve, as the MEMS density matrices possess a very specific form.
The two previous cases dealt with states that have the
highest entanglement values, i.e., they are bounded by the
edges of the physically allowed regions of the entropy-tangle
plane. To investigate the behavior “on the open plane,” we
examine an entangled mixed target state that is a specific
example of (20):

1共⬃0.225, ⬃ 11.57°兲

=

冢

0.7113

0

0

0.2800

0

0.0564

0

0

0

0

0.0564

0

0.2800

0

0

0.1760

冣

,

共23兲

which is shown as a star in Fig. 3. Note that the 0.99-fidelity
region is much larger than for any of the previous target
states, including the MEMS. This result is particularly astonishing when viewed in light of what is typically considered
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FIG. 3. (Color online) Constant fidelity curves for a nonmaximally entangled mixed state 关2共⑀ = 0.225,  = 11.57° 兲兴 compared
with states calculated by varying ⑀ and . In the case of this mixed
entangled state, the constant fidelity regions are surprisingly large:
for example, a 0.9 fidelity with this starting state could arise from a
nearly pure entangled state or from an unentangled near fully mixed
state. The 0.9 and higher fidelity region covers ⬃60% of the physically allowed region of the linear-entropy–tangle plane.

“high fidelity” experimentally for entangled states: 0.9 to
0.99 depending on the particular two-qubit implementation
(although some single-qubit fidelities have been reported at
the 0.999 level [22]). Consider the 0.9-fidelity curve in Fig.
3. This level of fidelity with the target states could mean one
has a nearly pure maximally entangled state (SL ⬵ 0.07, T
⬵ 0.79) or a nearly completely mixed unentangled state (SL
⬵ 0.85, T = 0).
The extreme insensitivity of the fidelity for the target state
(23) is consistent with Eq. (5), which indicates that fidelity
sensitivity drops off as the rank of a state increases. In this
case Eq. (23) has rank 4 while the MEMS have rank either 2
or 3 (and the maximally entangled pure state 兩+典 is rank 1);
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