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Abstract
We propose a new approach for vision based longitudinal and lateral vehicle control. The novel
feature of this approach is the use of binocular vision. We integrate two modules consisting of a
new, domain-speci c, ecient binocular stereo algorithm, and a lane marker detection algorithm,
and show that the integration results in a improved performance for each of the modules.
Longitudinal control is supported by detecting and measuring the distances to leading vehicles
using binocular stereo. The knowledge of the camera geometry with respect to the locally planar
road is used to map the images of the road plane in the two camera views into alignment. This
allows us to separate image features into those lying in the road plane, e.g. lane markers, and those
due to other objects which are dynamically integrated into an obstacle map. Therefore, in contrast
with the previous work, we can cope with the diculties arising from occlusion of lane markers by
other vehicles. The detection and measurement of the lane markers provides us with the positional
parameters and the road curvature which are needed for lateral vehicle control. Moreover, this
information is also used to update the camera geometry with respect to the road, therefore allowing
us to cope with the problem of vibrations and road inclination to obtain consistent results from
binocular stereo.


This work is to be presented at the International Conference On Computer Vision, Boston, in June of 1995.

1 Introduction
We propose an approach and develop a system for vision based longitudinal and lateral vehicle control
which makes extensive use of binocular stereopsis. Novel aspects include (a) exploitation of domain
constraints to simplify the search problem in nding binocular correspondences (b) temporal integration
of the results of the stereo analysis to build a reliable depth map of obstacles (c) dealing with crowded
trac scenes where substantial segments of the lane boundaries may be occluded (d) on-line updating
of the external camera calibration with respect to the road. The vision system is designed to interface
in a modular fashion with the use of non-visual sensors such as magnetic sensors for lateral position
measurement and active range sensors (e.g. Doppler radar) for an integrated approach to vehicle control
such as that being investigated in the California PATH project.
Longitudinal control | i.e. maintaining a safe, constant distance from the vehicle in front | is
supported by detecting and measuring the distances to leading vehicles using binocular stereopsis. A
known camera geometry with respect to the locally planar road is used to map the images of the road
plane in the two camera views into alignment. Any signi cant residual image disparity then indicates an
object not lying in the road plane and hence a potential obstacle. This approach allows us to separate
image features into those lying in the road plane, e.g. lane markers, and those due to other objects. In
the absence of this separation, image features due to vehicles which happen to lie in the search zone for
lane markers would corrupt the estimation of the road boundary contours. This problem has not yet
been addressed by any lane marker based vehicle guidance approach, but has to be taken very seriously,
since usually one has to cope with crowded trac scenes where lane markers are often obstructed by
vehicles.
The features which lie on the road are stationary in the scene and appear to move only because
of the egomotion of the vehicle. Measurements on these features are used for dynamic update of (a)
the camera parameters in the presence of camera vibration and changes in road slope (b) the lateral
position of the vehicle with respect to the lane markers. Lane markers are detected and used for lateral
control, i.e. following the road while maintaining a constant lateral distance to the road boundary.
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For that purpose we model the road and hence the shape of the lane markers as clothoidal curves, the
curvatures of which we estimate recursively along the image sequence. These curvature estimates also
provides desirable look-ahead information for a smooth ride in the car.

1.1 Related Research
By far the most important and impressive work on a visually guided AVCS has been done in the group
of Dickmanns (see [8] and the references cited therein). Their work resulted in a demonstration in 1987
of their 5-ton van, the VaMoRs running autonomously on a stretch of the Autobahn at speeds of up
to 100 km/h. Vision was used to provide input for both lateral and longitudinal control on free roads.
Further development of this work has been in collaboration with von Seelen's group in Bochum [27] and
the Daimler Benz VITA project [32]. For collision avoidance with vehicles in one's lane, model-based
techniques are used which exploit heuristics such as symmetry of the bounding box of the vehicle. It
seems to us that these techniques are not as reliable and precise as those using binocular stereopsis.
Other examples of the numerous sites where research in this area is being conducted include the
CMU NavLab project [28] which is the key university-based project on this theme. The currently
favored lane following algorithm in the Navlab project seems to be the ALVINN system [24]. ALVINN
is based on training a neural network with input a 30x32 low resolution image and output the desired
steering command. The best performance cited is that of a 21.2 mile run at speeds of up to 55 miles per
hour. The network performs reasonably well if it is trained with similar road conditions. In order to
overcome the problem on which network to use, they recently proposed a connectionist superstructure |
MANIAC | which incorporates multiple ALVINN networks, each of which is pretrained for a particular
road type ([13]).
A more recent project on road following in the US is a collaboration between NIST and Florida
Atlantic University[25]. Lateral control is based on sensing the optical ow at a certain tangent point
on the lane and steering so as to make it have no horizontal component. There may be diculties if
the tangent point is occluded.
3

A basic module in any of the visually guided vehicle control algorithms has to be the detection and
tracking of lane boundaries. A leading project is the LANELOK system developed at GM Research.
Continuing work has resulted in a real-time implementation reported in [1].
The use of binocular stereopsis for vehicle control has been successfully demonstrated by JPL's
planetary robotic vehicle [20] and Nissan's PVS vehicle [23]. Both systems realize a tradeo between
performance time and density of a depth map. For obstacle detection it is actually not necessary to
compute a dense depth map neither is it necessary to perform the depth map computation at video
rate. A trinocular stereo system is used by [26], where the third camera actually serves as a mean to
con rm and re ne the results obtained from two cameras.
Research closest related to our obstacle detection approach is described in [33]. They perform rst
a recti cation of the stereo images to achieve zero vertical disparity, before they estimate the disparity
by comparing the variances of the di erence in a window of the recti ed left and right image. Although
they exploit the full camera geometry, they do not use the knowledge of the ground plane disparity to
reduce the search space, neither does their approach apply to lane marker detection. They furthermore
admit that their approach is quite computationally expensive.
Other, more classical approaches for obstacle detection are based on motion stereo or optical ow
interpretation ([9, 4]). The key idea of these approaches is to predict the optical ow eld model
for a moving observer under constraint motion (e.g. planar motion). Obstacles are then detected by
a signi cant di erence between the predicted and the actual observed optical ow eld. The major
drawbacks of these approaches are (a) computational expense and (b) the lack of reliable and accurate
optical ow elds and the associated 3D data caused by strong vertical motions a car usually experience
while driving on a highway.
A combination of stereo and optical ow is suggested in [5] in order to perform a temporal analysis
of stereo image sequences of trac scenes. They do not explicitly address the problem of obstacle
detection in the context of vehicle guidance, but the general problem of object identi cation. They
extract and match contours of signi cant intensity changes in (a) stereo image pairs for 3D information
and (b) subsequent frames to obtain their temporal displacement ([22]). In order to distinguish between
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obstacles and road boundaries or lane markers, they also exploit some heuristics like horizontally and
vertically aligned contour segments as well as 3D information extracted from the stereo data ([21]).
While the most successful lane marker based approaches for lane following perform quite well in
uncrowded trac scenes, where lane markers are clearly visible and not obstructed by other vehicles,
we expect them to fail or at least to perform not so well in crowded trac scenes, where lane markers
are obstructed by other vehicles. On the other hand we expect our approach to perform reasonable well
even in crowded scenes, since we explicitly distinguish and reason about lane markers and obstacles,
lying in the search region for lane markers.

1.2 Control using lane ow
In order to deal with lateral control of the car, we have to obtain an estimate of its motion relative
to the road. The approaches based on optical ow are computationally expensive and sensitive to the
vertical vibration induced by the car suspension. We study instead a method relying on the global
relative motion of the lane markers. If the car is on a straight portion of the road or a a circular arc,
the extend of lateral misalignment from the correct trajectory is indicated by the rate and extend of
slewing and side-slipping of the lane markers [11]. One of the big advantages of this framework is that it
enables us to formulate the problem of road following as one of nulling deviation from the steady state
by using visual information that is easy to extract directly from the image (generalizing the approach
of [25]). In the coordinate system linked to the car, this is:

 the di erence in horizontal o set of the lane marker
 the di erence in orientation of the lane marker
In addition to these parameters, we also take into account road curvature (like [8, 15]). Its allows us
to improve the control strategies in the sense that predictions for control variables are available that
provide a smooth and safe ride.
A model featuring these parameters has already been successfully used by Dickmanns and al [8], but
there is a substantial di erence between our approach and his. Dickmanns approach relied heavily on an
5

integrated dynamic model with a large number of parameters including vehicle dynamics and implicit
control laws. Since such a model includes already most of the relevant information, the perception
phase needed only to be minimal: the vision system just had to consider a window containing the novel
section of the road to update the dynamic parameters. This approach therefore required only very
little computational resources. By contrast, our approach is to rst estimate the lane ow, and then to
apply a control system. The computation of lane ow require that at each time the measurement of the
entire lane, and not just a small portion of it. Therefore, our approach requires more computational
resources. On the other hand, it has a number of advantages. First, since we do a global detection
of the lane, and since we are able to use stereopsis, we expect that by exploiting the redundancy, our
approach will be more robust. In particular, it deals properly with occlusions caused by other cars, an
issue that was not previously addressed. Second, we decouple the problem of estimating lane ow and
curvature (which is visual positional information) from the estimation of other dynamical parameters.
Therefore, we can experiment with di erent control strategies, since they form an independent module.
Moreover, the vision module can be considered just as one of the sensors (together with magnets and
Doppler radars also used in the PATH project), and di erent multisensorial integration approaches can
be considered.

1.3 Outline of our approach
In this section, we describe brie y our approach, and refer to subsequent sections of the paper for more
details on the individual aspects of our system. It is to be noted that for reasons of space, we are not
able to give all the technical details (some of them are in [17]) and rather try to give a description which
is sucient for the reader to understand what we are doing.
The idea behind our approach is to build a reliable and ecient system by exploiting a number of
geometric constraints which arise from the con guration of our stereo rig, and from the fact that the
road can be modeled locally as a plane. These geometric constraints are detailed in Sec. 2.
At each new instant, we rst compute the stereo disparity using an ecient algorithm based on the
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Figure 1: The ow of information in our integrated approach
Helmholtz shear (Sec. 3). The disparity map is used in two ways. First, a 3D obstacle map is dynamically
updated over time by tracking identi ed vehicles and introducing new vehicles which appear. (Sec. 4).
This provides the information needed for longitudinal control, ie measuring the distances to leading
vehicles. Second, the areas of the image belonging to the ground plane are identi ed. This ensures that
the search area for lane markers (which is de ned using the parametric description of the lane markers
which was found at the previous instant) is not corrupted by occlusions. Within this area, the lane
markers are localized by a specialized feature detector (Sec. 5). From the image positions of the lane
markers, we can update the geometric parameters of the stereo rig (Sec. 6) The new parameters will be
used to compute the stereo disparity at the next instant, and to map the lane markers to the ground
plane, where a parametric description is obtained for them (Sec. 5). This parametric description provides
the information needed for lateral control, ie maintaining a constant distance to the road boundary.
The ow of information that we just described is summarized in Fig. 1.
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2 The geometrical model
2.1 A stereo rig viewing a plane
In our application, the vision system consists of a binocular stereo rig. The road surface plays an
important role, since it contains the lane markers to be tracked for lateral control, and since every
object which lies above it is to be considered as a potential obstacle. Our key assumption is that this
surface can be locally modeled as a plane.
The camera is modeled as a pinhole camera. A 3-D point of world coordinates X , Y , Z is projected
to a 2-D point of pixel coordinates u and v according to the equation:
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In this equation A is a 3  3 matrix containing the camera intrinsic parameters. The image center is
the point [u0; v0], and if we suppose that the aspect ratio of the image is 1, then the scale factors u and
v are identical, and proportional to the focal length f . Rw and Tw are the rotation and translation
mapping the world coordinate system to a particular coordinate system attached to the camera, called
the camera coordinate system. Its origin is the center of projection, the Z-axis is perpendicular to the
image plane, the X-axis is parallel to the horizontal directions of the image, and the units are such that
the distance between the center of projection and the image plane is 1. Therefore, in this coordinate
system, a 2-D point [x; y] is associated to the optical ray [x; y; 1]. The intrinsic parameters matrix
A allows us to obtain normalized coordinates from pixel coordinates, and vice-versa. They can be
determined by camera calibration [30], and we will generally assume in the sequel of the paper that this
is the case.
It is known that (except in some degenerate cases) there is a one-to-one correspondence between
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the image plane R1 and a given plane , and that this correspondence is given by the homography:

m1 = H1M
where m1 are the projective coordinates of a point of R1 and M are the projective coordinates of a
point of . This operation allows us to map every measurement of the image of the ground plane into
a point of the ground plane.
In the case of two cameras, an identical relation holds for each of the cameras, and therefore, by
composition, we get that the two images m1 and m2 of a point M on a given plane  are related by
the homographic relation:
m2 = H12m1
This relation means that if we observe the projection m1 in the rst image of a point M of the plane
, we are then able to predict the position of the projection of M into the second image.

2.2 The Helmholtz shear
In a particular case, this relation reduces to what we call the Helmholtz shear, a con guration where
the process of computing the stereo disparity is tremendously simpli ed. We have chosen this term
to acknowledge the fact that this insight is due to Helmholtz [12] more than a hundred years ago.
Helmholtz observed that objectively vertical lines in the left and the right view perceptually appear
slightly rotated. This led him to the hypothesis that the human brain performs a shear of the retinal
images in order to map the ground plane to zero disparity. The mathematical reasoning is as follows:
Under the viewing geometry of parallel axes, disparity for points on the ground plane has a zero value
on the horizon and increases linearly with the image plane coordinate in the vertical direction. By
applying a constant shear (the amount is a function of the distance between the eyes and height above
the ground plane) one can map all points on the ground plane to have zero disparity. Then, any object
above the ground plane will have non-zero disparity. This is very convenient because the human visual
9

system is most sensitive around the operating point of zero disparity. A related approach has been
presented in [19].
In the most general situations where the Helmholtz shear applies, the correspondence between two
views of a point of the road plane can therefore be described by the relation:
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which means that the matrix H12 takes the special form:
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It is known that the expression for the general homography is:

H12 = A0(R + d1 tn )A?1
T

(3)

In this expression, A (resp A0) is the matrix of intrinsic parameters of the rst (resp. second) camera.
The motion parameters R and T describe the displacement between the two cameras in the rst camera
normalized coordinate system. The equation of plane  is nT M = d, where n is the unit normal vector
of the plane and d the distance of the plane to the origin. From this expression, one can easily see that
the correspondence H12 is a Helmholtz shear, if and only if:

 the intrinsic parameters A and A0 are the same1
 the rotation R is the identity
 the translation T has only a component along the X-axis
Actually with the exception of the parameters u0 and u00 which may di er. In the sequel, we will just suppose that
A and A0 are totally identical.
1
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 the component of the normal n along the X-axis is zero
In such a situation, described in Fig. 2, the stereo rig is entirely characterized by the following
parameters:

 intrinsic parameters of the rst camera A
 baseline b
The position of the plane with respect to the stereo rig can be described by two parameters (that we
will call the geometric parameters), for instance:

 the height of the stereo rig with respect to the road plane d
 the angle of tilt of the stereo rig with respect to the road plane
The mapping from the image plane to the ground plane can then be expressed as:
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where: is the angle of rotation (along the X-axis) mapping plane frame to camera frame, and tw is
the translation from plane frame to camera frame. Note that the choice of twx and twy is arbitrary,
whereas twz is the distance d just mentioned. Let us now consider a system of two cameras which are in
a con guration where the Helmholtz shear applies. All the parameters which appear in (4) have to be
identical, except twx and t0wx whose di erence is the baseline b. By combining H1 and H2 as obtained
from (4), we get the expression of the coecients of the correspondence H12:
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(5)

3 Binocular Stereopsis
The major task of our longitudinal control module is to extract distance and relative velocity measurements of objects appearing in front of the car from stereo image pairs. Although proposed algorithms
in the literature for computing binocular stereopsis are quite computationally expensive we are able to
reduce the complexity considerably by using region-of-interest processing and exploitation of domain
constraints.
Using the extracted information for the depth and velocity we can formulate obstacle hypotheses
that will be veri ed by temporal integration, as described in Sec. 4.

3.1 Ground Plane Alignment
Computing the stereo disparity requires solving some correspondences of image features in the left
and right view. The process of computing the stereo disparity is tremendously simpli ed by using
the Helmholtz shear described in Sec. 2. After applying this very simple transformation to the image,
obstacles get mapped to points of non-zero disparity making them very easy to detect. See Fig. 3 where
(a) and (b) are a stereo image pair, and (c) and (d) show the points of interest on the sheared left
and on the right image. Signi cant disparities correspond to obstacles. From the residual disparity at
a certain image location we obtain the 3D location of the point. Furthermore, the epipolar lines are
horizontal lines which makes the procedure for establishing correspondences especially simple.

Disparity Computation We perform the residual disparity computation2 on a reduced set of pointsof-interest on horizontal scanlines in the image. These points-of-interest are simply the locations in
the image with signi cant horizontal grey value changes. The disparity is found by computing the
normalized correlation between small horizontal windows in the two images at the locations of the
For the sake of performance we actually do not compute a sheared image according to the ground plane disparity but
use the amount of the shearing as a predisplacement of the search area.
2

12

Left Image Plane

Zw

Ol



b

x0l

yl0

Or

zl0

P = (X; Y; Z )

h

x0r
yr0

zr0

Right Image Plane



Xw

Yw

Figure 2: A general view of a stereo camera set-up where the baseline b is parallel to the ground plane
and the optical axes of the cameras are parallel with an inclination angle towards the normal of the
ground plane.
points-of-interest. The normalized correlation for disparity shift  , at horizontal image location x is:

2 (x + ; x)
x( ) =  (x + l;r; x +  ) (x; x)
l;l
r;r

(6)

where the correlations i;j (x; y) are approximated by summations
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which are calculated over a window of size W .
2 is above a threshold.
Points-of-interest are those locations in the right image where the value of r;r
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The normalized correlation function is calulated only in those regions. If the maximal value of the
function ( ) is above a threshold (set at 0:9 in our experiments) we assume that the disparity can
be calculated. Sub-pixel disparities are obtained by quadratic interpolation of the function about the
maximum  .
To illustrate the results from stereo correspondence, the maximum correlation disparity and corresponding depth computation for a single stereo image pair are shown in Fig. 3.

a)

b)

c)
d)
Figure 3: a) left and b) right view; c) disparity map and d) depth map.
Computing the disparity in this way is relatively computationally inexpensive. Finding the points
of interest involves a simple convolution and summation which can be performed at frame rate using
processors which support vector operations such as DSPs. In addition, computing the correlation
function only over a subset of feature points reduces the amount of computation.

3.2 Obstacle Detection
Residual disparities | which appear in the image after the ground plane disparity has been mapped
to zero | indicate objects which appear above the ground plane. A simple threshold can be used to
distinguish between features lying on the ground plane (e.g. lane markers or other stu painted on the
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road) and features due to objects lying above the ground plane (which may become future obstacles).
To make the ground plane/ above ground plane distinction we label those points with residual disparity
above a given threshold as existing above the ground plane while those with disparity delow the threshold
are assumed to lie on the ground plane. Figure 4 shows the result on a single frame. Objects detected
as above the ground plane are colored red and those on the ground plane are colored green. Black
regions indicate regions where the disparity could not be accurately recovered. Notice that the tires of
the other vehicles as well as their shadows are detected as being located on the road surface.

a)
b)
Figure 4: a) left image and b) green indicates objects were detected to be on the road surface, red
indicated objects are above the road surface.
The process for obstacle detection is sketched in Fig. 5.

4 Temporal integration
Computing depth from just a pair of images is known to be sensitive to noise. In addition, correctly
dealing with occlusion at depth discontinuities may require a computationally expensive algorithm
[3]. One can improve the accuracy of the depth estimation by exploiting the temporal integration of
information with time using the expected dynamics of the scene. For the case of an autonomous vehicle,
the input consists of two video signals providing 30 frames per second. In addition we can exploit the
physical constraints of the environment. We can assume we are interested in connected, rigid objects.
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Disparity
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Depth Map / 3D points
for Obstacles (Disparity > 0 )
Figure 5: Obstacle detection by detecting residual disparities: to detect obstacles we compare a precomputed disparity according to features on the ground plane and the measured disparity. Any signi cant
di erences are due to features lying above the ground plane and are potential candidates for projected
features of an obstacle which may preclude the course of the vehicle.
This would allow us to use spatial coherence in identifying objects from the depth map. Also, objects of
interest will be assumed to be either other vehicles on the road or stationary objects connected to the
road plane. Since we are anticipating certain dynamics, Kalman Filters can be used to track objects
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with time.
We utilize the spatial coherence of objects in order to segment the depth map into objects of interest.
First, connected components are found in a 3D space consisting of the two image dimensions plus the
depth dimension. In the two image dimensions, points are connected if they are one of the 4 nearest
neighbors. In the depth dimension they are connected if the di erence in depth is less than the expected
noise in the depth estimates. This expected noise is simply the variation in depth due to a uniform
uncertainty of 0:5 pixel in disparity. Thus more distance objects will have larger uncertainty. Figure 7
gives an example of two objects which are connected in this image/depth 3D space.
Image y

Depth

Image x

Figure 6: Connected components in image/depth space consist of those pixels which are nearest neigbhors in image coordinates as well as having depth di erences less than depth uncertainty.
These connected components form the basis of potential objects which are to be tracked with time.
If the same object appears in two consecutive frames, we can initialize a Kalman lter to track its
position and velocity with respect to our vehicle. For each frame that the object is visible, the accuracy
of our knowledge about that object will improve. Figure 7 show the objects found by this method. The
objects have colored boxes around them. The connected components are the colored pixels within the
boxes. On the right side of the image is a view from above the road surface showing the locations of the
identi ed objects with respect to our vehicle. Only those objects which are within the lanes of trac in
the same direction as our vehicle are shown. Other vehciles in the opposite direction as well as trac
signs are detected but not shown.
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Figure 7: Objects identi ed as being in the same lanes of trac as the test vehicle. On the right side of
the image is a \birds-eye-view" from above the road surface showing the relative position of the tracked
objects with respect to the test vehicle. Other objects such as cars in the other lanes and road signs
were identi ed but are not shown to reduce clutter.
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5 Lane marker detection and tracking
The goal of lane marker detection and tracking is to provide us with the information needed for lateral
control. In the coordinate system linked to the car, this is:

 the horizontal o set of the lane marker
 the orientation of the lane marker
All the identi cation is done in a 3D reference coordinate system attached to the car, rather than a 3D
coordinate system attached to the road. This allows us to obtain parameters which are directly relevant
in terms of control actions. In addition to these parameters, we also take into account road curvature
that we want to detect as far ahead as possible.
In order to reduce the computational cost, we use only predetermined sampled positions along
vertical axis. These positions are uniformly sampled in the image, so that the density in the ground
plane is proportional to the precision of reconstruction.

5.1 Initialization and control structure
When the system is started (or reinitialized in case of detected unconsistencies), we assume that we are
in the most usual con guration where the car is on a straight portion of the road. We search for the
position of potential line markers as straight lines, using the fact that they are roughly parallel. The
image of Gaussian derivatives is back-projected to the ground plane. We select by a voting procedure
the common orientation of line markers, and by a clustering procedure the o sets of line markers. The
algorithm is fast, since the image of Gaussian derivatives is already available, since it was computed to
nd the features during disparity computation. An example of lines detected by the algorithm is shown
Fig. 9.
In the steady state mode, the tracking is based on a predict and verify procedure. The following
loop continually executes:
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 Predict new parameters for each lane marker. This is done by a locally constant velocity model
for each of the parameters.

 De ne horizontals search bands in the image (an example is given Fig. 9) based on the predicted
parameters, their uncertainties, and the previous homography matrices. The information provided
by stereopsis is used here to exclude points which are images of obstacles.

 Localize within the search zone the center of line markers, using a model of the image intensity
produced by these line markers (bright bars). An example of the points found is shown Fig. 9,
and details are given Sec. 5.2.

 By comparing the positions of the feature points in the left and right image, update the values of
the homography matrices for each image, as explained in Sec. 6.

 Backproject the points just found to the ground plane using the updated homography matrices
and the predicted parameters. Fit a new clothoid model to the backprojected points. An example
of a portion of clothoid found is shown in Fig. 10, details are given Sec.5.3.

 Update the model parameters

5.2 The 2-D feature detector
The localization of the lane markers is done in two stages. First, we localize the center of the marker
by performing a local convolution with an approximation of the elongated 2D lter:

 In the direction perpendicular to the predicted position of the lane marker, the lter is a second
derivative of a Gaussian, its width being matched to the expected width of the marker.

 In the direction parallel to the lane marker, the lter is a Gaussian.
For reasons of eciency, this scheme has been slightly modi ed, in that the image window around the
lane is warped (like in [2]) to align the expected orientation with the vertical, instead of using a rotated
lter. This allows us to use a separable lter and therefore to avoid having to do 2D convolution.
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The candidate positions are obtained as local maxima of the responses. To select the nal position,
we then use a model-based approach. Within the expected interval of width, we compare the brightness
value and variance of the bar and of the background. This allows us to select the nal position, as well
as to obtain a measure of uncertainty based on contrast, and variance ratio.

5.3 The 3-D road model
The road model that we use is based on the the actual road layouts widely used in civil engineering
to produce high-speed roads. Each of the line markers detected is modeled as a plane curve which is
characterized by the N + 2 parameters illustrated by Fig. 8:

 O: lateral o set of the line in the car's coordinate system
 : angle between the direction of the line at the closest position and the line of sight of the car
 C1 : : :CN curvature at predetermined positions, the rst one being the closest and the last one
the farthest of the zone being processed.
The clothoid model, which is used in road designing, consists in assuming that the curvature along the
road is a continuous function of arc length , with a piecewise constant variation ai: C (s) = C1 + ais.
The constant is supposed to change only at the predetermined positions, and therefore the depth band
that we are processing is split into a number of sections of constant curvature variation. The model
can represent accurately straight lines, arc of circles, and the transitions between them. In spite of the
small number of parameters, and of these simpli cations, the model is more accurate than assuming
just zero curvature [31, 6, 14] or parabolic sections [16]. In order to avoid unstabilities in the portions
of low curvature, the sign of the curvature is constrained to be identical along the di erent segments.
The computation of the actual 3D points from the values of the model parameters is quite expensive,
since curvature is a second-order quantity and therefore, two integral calculations would be required in
the exact case. Even using the rst-order approximation [8] is not fast enough, and thus to have a fast
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access to the curve from its parameters we use a look-up-table which is precomputed. This look-up
table describe a single arc of clothoid with positive curvatures (the negative curvatures are obtained
symmetrically) and is indexed by values of orientations, initial curvature and nal curvature.
The tting procedure is based on a non-linear minimization of an error criterion of the form:
X

min
O;;C1 :::C

N

i

fwi(xi(O; ; C1 : : :CN ) ? xi(measured))2g + 

N
X
j

=0

Cj

where the xi are the lateral positions at each vertical sample, the wi are the con dence measures
computed at the feature detection phase, and  is the relative weight of a regularization term which
favors low curvatures. The minimization is done using a gradient approach. Since the variation from
frame to frame is small, it usually converges quite fast.
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Figure 8: The model of line markers
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5.4 Examples
The algorithm has been tested in typical road scenes. The results that we have obtained so far seem
satisfactory, even if we have not yet been able to compare them with the ground truth. Although we
have not yet introduced any further hypothesis on the line markers such as parallelism, the results of
curvature estimation are fairly consistent with what could be expected, as can be seen in Fig. 10. As
shown in Fig. 11, occlusion of lane markers might lead to spurious values of the curvature parameters.
Removing the occluded points using using the residual disparity with respect to the ground plane
enables us to nd that the lane being tracked is straight.

Figure 9: The initialization of the algorithm is done by detection of portions of straight lines of common orientation (top
left). Within the search zone predicted (top right), a precise localization of line markers points if performed (bottom).

6 Determining the camera geometry
So far, we have supposed that the camera geometry with respect to the road is known, and xed.
However, the movements of the car's suspension and the change in vertical road curvature can a ect
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parameter
lateral o set (m)
orientation (degrees)
initial radius of curvature C11 (m)
nal radius of curvature C12 (m)

left
0.73
90.6
2074
309

right
4.57
90.0
3910
297

Figure 10: Estimated parameters, top view, and reprojected view of the tted clothoids. The zoom shows that the t
is quite precise, in spite of the large distance and curvature variation.
parameter
all points occlusion removal
lateral o set (m)
2.14
2.10
orientation (degrees)
-0.67
-0.45
initial radius of curvature C11 (m)
10000
10000
intermediate radius of curvature C12 (m) 10000
10000
1
nal radius of curvature C3 (m)
250
10000

Figure 11: Estimated parameters and zoom showing the feature points (green) and the tted lane markers (red). Left:

all the feature points are used. Right: the spurious feature points (purple) are removed using the residual disparity with
respect to the ground plane
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this geometry. Indeed, it has been reported [7] that a small di erence in the assumed and actual camera
tilt angle with respect to the ground a ects the 3D reconstruction signi cantly. Moreover, the operation
of mapping the ground plane disparity to zero is very sensitive to this parameter, as a small error in
the inclination angle will cause a signi cant error on the localization of the ground plane. Therefore,
we need a way to update the camera geometry relative to the ground plane.
The idea is to use the measurements of the image of the road to compute the external parameters.
Since this turns out to be a most critical task for our application, we describe three di erent solutions
that we have implemented.

6.1 Using residual disparity
The camera parameters most a ected by movement of the car's suspension and change in vertical road
curvature are the inclination angle and camera height, h (refer to gure 2). The points-of-interest
which exhibit small residual disparities are assumed to lie on the ground plane. This residual disparity
can be used to update the inclination angle and height h. The idea is to minimize with respect to
and h the sum of squares of di erences between these measured disparities and the disparity under
the ground plane assumption. The values of and h are then continuously updated over time using
a linear Kalman Filter based on the dynamics of and h. For example, the height h is modeled as a
damped harmonic oscillator driven by noise. This is a model consistent with the suspension system of
the car. Details can be found in Appendix A.
There are essentially two origins for variations in and h: a short term variation due to camera
vibrations, which requires a large process noise, and a long term variation caused by a change in the
slope of the road, which can be captured using a small process noise. An example of the results obtained
from a sequence of 210 frames recorded during freeway driving is shown in gure 12.
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Figure 12: Camera inclination angle and camera height estimated from ground plane disparities for a freeway driving

sequence. The 210 frames are from 7 seconds of video.

6.2 Using the binocular correspondence of lane markers
One way to identify features that actually lie on the road plane, is to consider the lane markers. The
advantage is that the lane markers are detected and localized in each view using a model-based approach.
Moreover, the positional parameters are obtained from several measurements. Therefore, we are able
to identify points of the road plane in a precise and reliable way, in each camera.
In the most general case, the correspondence of at least four di erent points is needed to compute
the homography H12 between the two images [18]. The homography can then be used to separate the
obstacles from the ground plane. Moreover, the knowledge of the intrinsic parameters allows one to
decompose the homography matrix according to (3) and to get the relative position and orientation
of the two cameras, as well as the position of the plane with respect to the cameras [29]. From these
parameters, the homographies between the images and the ground plane H1 and H2 can be obtained.
In the situations where the Helmholtz shear applies, the calculations are more simple, and this is what
we describe next.
When the Helmholtz shear applies, the correspondence between two views of a point of the road plane
can be described by the two parameters h12 and h13 as in (2). Therefore, having the correspondence of
two points which lie on the ground plane is sucient to determine this correspondence. In practice, we
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want to exploit redundancy in data, and there are two ways to do so. The rst way is to compute the
coecients of the correspondence from the global parameters describing a lane marker. Each of these
global parameters are obtained by a least-squares t, and therefore are more reliable than individual
points.
In the (often encountered) case of straight lines markers, the computation is particularly easy. If the
line of equation u = Av + B in the rst image is in correspondence with the line of equation u = A0v + B 0
in the second image, then, we obtain:

h12 = A ? A0 ; h13 = B ? B 0
This method allows us to compute the homography between the two images of the ground plane.
Please note that this does not assume at this stage any camera calibration, which was to be expected,
since the identi cation of a plane is an operation which can be done in un-calibrated perspective images,
a fact already exploited for obstacle detection by [10].
However, to obtain the metric information (consisting of position and orientation of markers, and
curvature) which is required for lateral control requires the knowledge of the internal parameters of the
stereo rig, as well as the geometric parameters: height and angle of tilt of the stereo rig with respect
to the road plane. The geometric parameters can be computed from the correspondence if the internal
parameters are known. In our model, these parameters are the intrinsic parameters of each camera, and
the baseline b, and we can assume that their variation can be neglected compared to the variation of
the geometric parameters. They are related to the correspondence coecients h12 and h13 introduced
previously by (5). Therefore:
q

= atan(h12=h13) ; twz = b= h212 + h213
We then obtain the homographies mapping the image plane to the ground plane by (4).
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6.3 Using monocular clues
The geometric parameters can also be determined from a single view, provided that we have some a
priori knowledge about the lane markers. We have studied one situation which is of practical importance
because it happens often in the context of road following. In this particular situation, we view at least
two lane markers which are parallel lines.
and suppose that their separation is also known.
The set of parallel lines intersect at a vanishing point v. The homography between the image plane
and the road plane maps this vanishing point to a point which must lie at in nity on the road plane,
which means that the third component of H?1v must be zero. Writing this relation using (4) yields the
value of the vanishing point as a function of the camera intrinsic parameters and the tilt angle :

v = [0; ?1= tan ]

T

The determination of the camera height tz can be done if further knowledge is introduced. For
instance, if the separation of two parallel lane markers is known, then we can obtain tz by solving a
quadratic equation.

7 Conclusion
We have proposed an integrated approach for vision based longitudinal and lateral vehicle control. In
this approach, the vision module provides the following information to be used for any control system:

 detection of the leading vehicles and measurement of their distance,
 estimation of the ow of lane markers and of road curvature at a distance
The main originality of our approach is the extensive use of binocular stereopsis, and its integration
with lane marker detection.
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We have presented a new stereo algorithm which exploits domain constraints to achieve eciency
in computing the instantaneous disparity map, as well as a new method to update dynamically a 3-D
obstacle map, which is well suited to the nature of our problem. Our results illustrate the fact that by
combining these two algorithms, it is possible to obtain a reliable and relatively dense obstacle map at
a small computational cost.
We have then shown that the lane tracking task, which is traditionally carried on monocularly, can
bene t signi cantly from a stereo based-approach. In particular, we are able to deal with crowded trac
scenes where substantial segments of the lane markers may be occluded. The binocular measurement
of the lane markers enables us to perform an on-line updating of the external geometric parameters of
the stereo rig with respect to the road. We can therefore deal with change in slope of the road, as well
as variations in inclination of the car caused by bumps or accelerations and decelerations.
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A Dynamical Camera Update Using Residual Disparity
In Section 6 we outlined how the camera geometry can be updated with time as it changes with road
surface and vehicle suspension dynamics. One of the ways to track camera geometry parameters is
through the disparity of objects known to lie on the ground plane.
From equations (2) and (5) we saw that the disparity, x0, for objects on the ground plane can be
written as a function of screen position y0 and camera geometry. Camera geometry is de ned by the
inclination angle , height of the cameras tz , baseline b and focal length f . We assume that the cameras
remain horizontal and the the baseline and focal length are xed. The angle and height h however
can be a ected by vehicle motions. The disparity for ground plane objects is:
0
x0 = b f tcos ? b sin
y
tz
z

(8)

We assume that variations from this are due to noise in the estimates of the camera geometry. We write
an error function E ( ; tz ) which we want to minimize with respect to and tz :

E ( ; tz ) =

X
i

kx0i + tb (yi0 sin ? f cos )k2:
z

(9)

The summation is carried out over all feature points which are assumed to be on the ground plane.
We take partial derivatives of this cost function with respect to both camera parameters and set
them equal to zero. This assumes that the values of and tz are very close to their correct values since
we are linearizing a non-linear function.
Di erentiation with respect to tz produces an equation polynomial in t?z 1:

@E = ? 2b F ? 2b G
@tz
t3z
t2z
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(10)

where

F =

X

G =

X

i

i

yi02 sin2 + f 2 cos2 ? 2fyi0 sin cos
x0i(yi0 sin ? f cos )

(11)

Under the assumption that tz is non zero, equating the partial derivative to zero gives:

G
tz = ? bF

(12)

Di erentiation E ( ; tz ) with respect to and setting to zero yields the following trigonometric equation:

A cos + B sin + C sin 2 + D cos 2 = 0;

(13)

with

A =

X

B =

X

i

i

x0iyi0;
x0if;

2
X
X
C = 12 tb (yi02 ? f 2) = 2bt yi02 ? b2tf N;
z
z i
z
i

D = ?

X
i

f b y0:
tz i

where N is the number of measurement points.
In order to solve this nonlinear equation in we linearize it using a Taylor expansion of the trigonometric functions around an initial value 0, which we obtain from the static camera calibration This is
equivalent to solving this nonlinear equation using the rst iteration of the Newton-Raphson method.
We set:
= 0+
(14)
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and approximate:
sin( ) = sin( 0 +  )  sin

0+

cos 0;

cos( ) = cos( 0 +  )  cos

0?

sin 0;

and obtain the solution for  :
cos 0 + B sin 0 + C sin(2 0 ) + D cos(2 0) :
 = AA sin
0 ? B cos 0 ? C cos(2 0 ) + D sin(2 0 )

(15)

The inclination angle and camera height tz are then consistently updated over time using linear
Kalman Filters. The model dynamics for the angle are based on the assumption that is constant
with a small random process noise term. The variable tz is assumed to be a damped harmonic oscillator
driven by a small noise term. This is a valid approximating model for a car's suspension system. The
natural frequency of the suspension was set to 2:038Hz. This value came from nding the dominant
spectral component of the camera's height as a function of time from sensor data. It is also consistent
with the expected dynamics of the test vehicle's suspension.
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