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Abstract: Phase unwrapping (PU) represents a key step in the reconstruction of digital elevation
models (DEMs) and the monitoring of surface deformation from interferometric synthetic aperture
radar (InSAR) data. Compared with single-baseline (SB) PU, multi-baseline (MB) PU can resolve the
phase discontinuities caused by noise and phase layover induced by terrain undulations. However,
the MB PU performance is limited primarily by its poor robustness to measurement bias and
noise. To address this problem, we propose a refined 2-D MB PU method based on the two-stage
programming approach (TSPA). The proposed method uses the unscented Kalman filter (UKF) to
improve the performance of the second stage of the original TSPA method. Specifically, the proposed
method maintains the first stage of the TSPA to estimate the range and azimuth gradients between
neighbouring pixels. Then, median filtering is slightly used to reduce the effects of the noise gradients
on the estimated phase gradients. Finally, the UKF model is used to unwrap the interferometric
phases using an efficient quality-guided strategy based on heap-sort. This paper is the first to integrate
the UKF into the TSPA framework. The proposed method is validated using bistatic and monostatic
MB InSAR datasets, and the experimental results show that the proposed method is effective for MB
PU problems.

Keywords: Phase unwrapping (PU); Multi-baseline 2-D PU; Two-stage programming approach;
Median filter; UKF PU; Robustness

1. Introduction

Digital elevation models (DEMs) have been widely used in military, civil and economic
development. Interferometric synthetic aperture radar (InSAR) constitutes one of the main methods
employed for DEM production [1–3]. InSAR technology is based on the relationship between the
absolute phase and the terrain height, where the absolute phase is obtained by conjugating two SAR
images. However, the absolute phase is wrapped in the interval (−π, π]; thus, the absolute phase
must be unwrapped using a process known as phase unwrapping (PU) before further use. Therefore,
PU represents a key step in InSAR data processing that can directly affect the accuracy. Traditional
single-baseline (SB) PU is based on the phase continuity assumption, which states that the difference
between adjacent pixels cannot exceed π. Accordingly, the SB PU method can obtain achieves better
results in flat terrain and phase continuous regions. However, the phase continuity assumption is not
applicable in steep mountains and urban regions; consequently, it is difficult for the traditional SB PU
method to obtain good results in discontinuous regions. In contrast, based on the baseline diversity,
multi-baseline (MB) PU can combine the information associated with multiple interferograms with
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different normal baseline lengths, thereby increasing the ambiguity intervals of the absolute phases.
Under these conditions, MB PU will be more effective on terrain exhibiting phase layover and phase
undersampling issues; as a result, the MB PU method has received increasing attention in recent years.

Several MB PU methods have been proposed over the past couple of decades [4–6]. From a
pattern recognition perspective, MB PU methods can be roughly divided into two categories [1].
The first category is the parametric phase estimation method represented by maximum likelihood
(ML) estimation [4,7,8] and maximum a posteriori (MAP) estimation [9–13]. The ML phase estimation
approach first uses the InSAR probability density function to build the likelihood function of the
absolute phase, after which a statistical framework is formulated through the ML to estimate the
absolute phase. However, the ML method requires a large number of qualified interferograms to
obtain the satisfied noise robustness. MAP estimation techniques [9–13] are similar to the ML method
insomuch that they estimate the absolute phase based on the probability density function. However,
although the MAP technique has a better robustness than the ML approach, the MAP method requires
iterative calculations and is thus limited by the computational efficiency and optimization steps.
The shortcomings of the ML and MAP methods were analysed in [14,15], and corresponding improved
methods were proposed. The second category of MB PU methods consists of nonparametric phase
estimation methods, which directly estimate the absolute phase by MB wrapped phase data sets
without using the InSAR probability density function. For example, in [16], H. Yu proposed an MB
PU method based on cluster analysis (CA) that translates the PU problem into an unsupervised
learning problem and then utilizes the CA technique to estimate the absolute phase by establishing
a formulation between interferometric phases with different baselines. Afterwards, according to the
advantages and disadvantages of the CA method, several improved CA methods were proposed
by [17,18]. In addition to the aforementioned MB PU methods, an MB PU method based on the Chinese
remainder theorem (CRT) was proposed in [19] that estimates the ambiguity numbers of different
baselines by solving the congruence equations. The CRT can accurately obtain the absolute phase
when the interferometric phases are free of noise; accordingly, this method is particularly susceptible
to noise, and thus, a small amount of measurement bias will result in significant PU errors. Therefore,
many methods have been proposed to improve the robustness of the CRT method [20–22]. In Ref. [23]
Thompson proposed a recursive MB PU method that guides the PU of long-baseline interferometric
phases by utilizing short-baseline interferometric phases based on the relationship between the long-
and short-baseline interferometric phases. In 2016, Yu and Lan proposed a robust two-dimensional PU
method for a two-stage programming approach (TSPA) [1]. This method proposed a novel framework
that combines SB PU with MB PU to solve the PU problem. First, the ambiguity numbers were
estimated from the interferometric phases of different baselines by the CRT method, after which PU
was performed according to the gradients estimated by the SB PU method. By combining SB PU with
MB PU, this method improves the robustness of the entire process by improving the robustness of
the SB PU method; nevertheless, the robustness and efficiency of this 2-D PU method still needs to
be further improved. In summary, because it does not need to obey the phase continuity assumption,
MB PU has a wider application scope than SB PU in areas with strong terrain variations. However,
the MB PU technique is limited mainly by its noise robustness and efficiency due to the following
reasons: (i) its mathematical foundation, i.e., the CRT, is excessively sensitive to measurement biases
and thus cannot be applied directly; and (ii) in the MB PU method, multiple interferograms need to be
processed simultaneously.

The Kalman filter PU technique is famous for its strong noise robustness in the SB PU domain
because it allows PU to be performed simultaneously with noise filtering [24–26]. Due to its robust
PU accuracy, the unscented Kalman filter (UKF) technique has been widely used in SB PU. In [27],
Xie and Pi proposed an MB UKFPU approach that unwraps the interferometric phases of different
baselines and then weights the PU results. Consequently, the potential of UKFPU has been thoroughly
investigated by some researchers. For example, in [28], Xie proposed a new gradient estimation method
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that uses a short-baseline PU result to estimate the gradient of the long-baseline interferometric phase
and then performs UKFPU on the long-baseline interferometric phase.

In this paper, a refined TSPA method referred to as TSPA-UKFPU is proposed. Using the
framework, TSPA-UKFPU transplants the UKF technique into the MB PU domain. The proposed
method uses the first stage of the traditional TSPA to estimate the phase gradients. Then, a median
filtering algorithm equipped with information characterized by better details is used to filter the range
and azimuth gradients slightly, thereby reducing the effect of the noise gradient on the PU results.
Finally, the UKF model is used for PU and filtering simultaneously based on an efficient quality-guided
strategy. This paper uses two simulated data sets and two real experimental data sets to validate the
proposed approach. The results show that the TSPA-UKFPU method exhibits a better noise robustness
and a higher efficiency than the traditional TSPA method.

The remainder of this paper is organized as follows. In Section 2, a review of the traditional
TSPA PU method is provided. Then, the design of the TSPA-UKFPU method is illustrated in Section 3.
In Section 4, the performance of the TSPA-UKFPU method is investigated by experiments with both
simulated and real InSAR data sets. In Section 5, the advantages and limitations of the proposed
method are further discussed. Finally, the summary and conclusions are provided in Section 6.

2. Review of the TSPA

2.1. Mathematical Foundation of MB PU

MB PU can resolve the phase discontinuity issues caused by phase layover and phase
undersampling using the baseline diversity. In other words, the MB PU technique is particularly
applicable to regions with terrain exhibiting steep fluctuations. The wrapped interferometric phase is
obtained by conjugating two SAR images [29,30] with the following:

Φ(k) = a(k) exp(j · ϕ(k)) (1)

where Φ(k) is the complex interferometric measurement after conjugation multiplication of the kth
pixel, a(k) is the interferometric amplitude of the kth pixel, and ϕ(k) is the wrapped interferometric
phase of the kth pixel. The measured wrapped interferometric phase has the following relationship
with the absolute phase:

ϕ(k) = ψ(k)− 2n(k)π (2)

where ψ(k) is the absolute phase of the kth pixel. According to Equation (2), the purpose of PU is to
determine the absolute phase from the wrapped phase. If the interferometric phase is free of noise,
then the absolute phase ψ(k) can be obtained by finding the ambiguity number n(k). Based on the
InSAR geometry, the terrain height can be calculated from the absolute phase:

h(k) =
λ · r(k) · sin(θ)

B · 4π
· ψ(k) (3)

where h(k) is the terrain height of the kth pixel, λ is the wavelength, r(k) is the slant range of the target
from the master channel of the kth pixel, θ is the incidence angle, and B is the normal baseline (i.e.,
the perpendicular baseline). Because the terrain height of the corresponding pixel is the same, taking
the dual-baseline case as an example, we can combine the absolute phases of two interferograms with
different baseline lengths that can be expressed as follows:

B2 · (ϕ1(k) + 2n1(k)π) = B1 · (ϕ2(k) + 2n2(k)π) ( f lattened) (4)

where Bi(i = 1, 2) represents the baseline length of interferogram i, ni(k)(i = 1, 2) is the ambiguity
number of the kth pixel in interferogram i, and φi(k)(i = 1, 2) is the wrapped interferometric phase of
the kth pixel in interferogram i. The term “flattened” means that the flat-earth phases of n1(k) and
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n2(k) have been compensated in Equation (4); these flat-earth terms, which are integers, constitute the
two unknowns in Equation (4). Theoretically, we cannot solve n1(k) and n2(k) simultaneously using
only Equation (4) (as two unknowns cannot be solved with one equation). However, because both
n1(k) and n2(k) are integers, we know from the CRT that some special combinations of Bi(i = 1, 2)
enable us to solve n1(k) and n2(k) using only Equation (4).

2.2. TSPA

Since Equation (4) uses the information of only one pixel (i.e., the kth pixel) to obtain the absolute
phase, Equation (4) contains excessive measurement bias and thus cannot be used in practice [1].
To address this issue, the TSPA uses the information of all the pixels in an interferogram. If we pick a
neighbouring pixel k− 1 of pixel k, according to Equation (4), we will have:

B2 · (ϕ1(k− 1) + 2n1(k− 1)π) = B1 · (ϕ2(k− 1) + 2n2(k− 1)π) (5)

By subtracting Equation (5) from Equation (4), we can obtain:

B2 · (ϕ1(k)− ϕ1(k− 1) + 2(n1(k)− n1(k− 1))π) = B1 · (ϕ2(k)− ϕ2(k− 1) + 2(n2(k)− n2(k− 1))π) (6)

If we allow n1(k)− n1(k− 1) = ∆̂n1(k, k− 1) and n2(k)− n2(k− 1) = ∆̂n2(k, k− 1), Equation (6)
can be further rewritten as:

B2 · (ϕ1(k)− ϕ1(k− 1) + 2(∆̂n1(k, k− 1))π) = B1 · (ϕ2(k)− ϕ2(k− 1) + 2(∆̂n2(k, k− 1))π) (7)

In Equation (7), only ∆̂n1(k, k− 1) and ∆̂n2(k, k− 1) are unknown, and they can be considered
as the gradient information between neighbouring pixels. Moreover, ∆̂n1(k, k− 1) and ∆̂n2(k, k− 1)
are integers; therefore, we can use the CRT to solve Equation (7) as well (Equations (4) and (7) share
the same mathematical conditions). If we allow R(∆̂n1(k, k− 1),∆̂n2(k, k− 1)) = B2 · ((ϕ1(k)− ϕ1(k−
1))+ 2(∆̂n1(k, k− 1))π)− B1 · ((ϕ2(k)− ϕ2(k− 1))+ 2(∆̂n2(k, k− 1))π), the gradient of the ambiguity
numbers ∆̂n1(k, k− 1) and ∆̂n2(k, k− 1) can be obtained by the CRT-based optimization model:

arg min
∆̂n1(k,k−1)

∆̂n2(k,k−1)

∣∣R(∆̂n1(k, k− 1), ∆̂n2(k, k− 1))
∣∣, ∆̂n1(k, k− 1), ∆̂n2(k, k− 1) ∈ integer (8)

Step 2 of the TSPA is an SB PU framework. According to [1], the traditional TSPA adopts the SB
L1-norm PU method:

argmin
ni(k)

∑
(k,k−1)

∣∣ni(k)− ni(k− 1)− ∆̂ni(k, k− 1)
∣∣ (9)

where ∆̂ni(k, k− 1) is the estimated absolute phase difference between pixel k and pixel k− 1, and
Equation (9) is the SB L1-norm PU model.

3. TSPA-UKFPU Method

The traditional TSPA PU method can be divided into two steps: (1) estimating the gradient
information of the ambiguity number and (2) unwrapping the phase using the SB L1-norm PU model.
From Figure 1c,d, we can see that the gradients obtained by the SB PU method are limited to the
interval (−π, π]. From Figure 1e,f, the gradients obtained by the TSPA are evidently not limited to the
interval (−π, π]. However, as described above, the CRT possesses remarkably poor noise robustness
and thus cannot be used in practice directly. Hence, although stage 1 of the TSPA does not need to obey
the phase continuity assumption, the obtained gradient information could be very noisy (as shown
in Figure 1e,f). Under this condition, a PU methodology with an extra adaptive filtering function
would be preferred in stage 2. UKFPU is representative of one such filtering-based SB PU method.
The residuals are the key problem of PU. However, the residuals can be considered as noise in the
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interferograms. UKFPU is unwrapped based on the gradient estimation variance and the observed
variance of the pixels. Moreover, the result of the pixel to be unwrapped is obtained by weighting the
unwrapped pixel points among the eight pixels around it. These result in the UKFPU model having
better noise robustness. Therefore, UKFPU cannot only suppress the effect of residuals on the PU
results, but also filter out the residuals. Accordingly, in the following sections, we will refine the SB
UKFPU model and transplant it into stage 2 of the TSPA framework.
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Figure 1. (a) Simulated interferogram with long normal baseline. (b) Simulated interferogram with
short normal baseline. (c) Horizontal gradient obtained by the single-baseline (SB) phase unwrapping
(PU) of (b). (d) Vertical gradient obtained by the SB PU of (b). (e) Horizontal gradient obtained by the
two-stage programming approach (TSPA) of (b). (f) Vertical gradient obtained by the TSPA of (b).

3.1. Estimating the Phase Gradient

Estimating the phase gradient constitutes one of the key steps in both SB PU and MB PU. However,
under the SB situation, almost all PU methods adopt the phase continuity assumption, which limits
the range of the phase gradient. The gradient information can be obtained by:

∆̂ψ(k, k− 1) =


ϕ(k)− ϕ(k− 1) |ϕ(k)− ϕ(k− 1) | ≤ π

ϕ(k)− ϕ(k− 1)− 2π ϕ(k)− ϕ(k− 1) > π

ϕ(k)− ϕ(k− 1) + 2π ϕ(k)− ϕ(k− 1) < −π

(10)

where ∆̂ψ(k, k − 1) is the estimated absolute phase difference between pixel k and pixel k − 1.
The indexes k and k− 1 are general descriptions of the relationships between neighbouring pixels.
There are two directions, i.e., horizontal and vertical, for neighbouring pixels. Unfortunately, the noise
and absolute phase frequently fail to observe the phase continuity assumption in practice. In this
paper, we use the result from stage 1 of the TSPA to estimate the gradient, where the phase continuity
assumption does not need to be obeyed. The gradient estimation method is as follows:

Figure 2 shows an interferometric phase with M× N pixels. According to Equation (2), we can
estimate the wrapped range and azimuth gradients. In Figure 2, the coordinates of a pixel are (m, n).
According to the relationship between a point and its neighbours, we can obtain the range and azimuth
gradients of the pixel as follows: {

siV = ϕi(m + 1, n)− ϕi(m, n)
siH = ϕi(m, n + 1)− ϕi(m, n)

(m, n) ∈ (M, N)

(11)

where φi(m, n) is the wrapped value of pixel (m, n) in interferogram i, and siV and siH are the range
and azimuth wrapped phase gradients, respectively, of φi(m, n). Equation (11) can calculate the range
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and azimuth wrapped phase gradients of an interferogram. Similarly, the absolute phase gradient can
be expressed as: {

δiV = ψi(m + 1, n)− ψi(m, n)
δiH = ψi(m, n + 1)− ψi(m, n)

(m, n) ∈ (M, N)

(12)

where ψi(m, n) is the absolute phase value of pixel (m, n) in interferogram i, and δiV and δiH are the
range and azimuth absolute phase gradients, respectively, of ψi(m, n). Step 1 of the traditional TSPA
method can estimate the ambiguity numbers of these gradients. The ambiguity numbers ∆̂ni(k, k− 1)
can be calculated in Equation (8). Therefore, according to Equations (2), (8), (11), and (12), we can
obtain the estimated gradients when the phase is discontinuous as follows:

δiV = ψi(m + 1, n)− ψi(m, n) = ϕi(m + 1, n)− ϕi(m, n) + 2 · π · ∆̂niV
= siV + 2 · π · ∆̂niV
= siV + 2 · π · ∆niV + ωiV

δiH = ψi(m, n + 1)− ψi(m, n) = ϕi(m, n + 1)− ϕi(m, n) + 2 · π · ∆̂niH

= siH + 2 · π · ∆̂niH

= siH + 2 · π · ∆niH + ωiH

(13)

where δiV and δiH are the medians of all the range and azimuth gradient elements, respectively, in
the window centred on (m, n) in interferogram i, ∆̂niV and ∆̂niH are the range and azimuth gradient
ambiguity numbers, respectively, obtained according to Equation (8), siV and siH are the noise-free
wrapped gradients of the range and azimuth, respectively, of pixel (m, n) in interferogram i, ∆niV and
∆niH are the noise-free range and azimuth gradient ambiguity numbers, respectively, of pixel (m, n) in
interferogram i, and ωiV and ωiH are the range and azimuth gradient estimation errors, respectively, of
pixel (m, n) in interferogram i. Equation (13) demonstrates that the gradients estimated in this paper
are free from the limitation of the phase continuity assumption; that is, the estimated gradients can be
greater than π or less than −π.Remote Sens. 2018, 10, x FOR PEER REVIEW  6 of 19 
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3.2. UKFPU Algorithm

UKFPU can perform PU and filtering simultaneously, thereby obtaining a dynamic linear state
equation based on the relationships between adjacent pixels. The observation equation obtains the
characteristics of the complex interferometric phase from the data. The UKF unwraps the pixels
one by one; to facilitate this process, the PU component of the UKFPU algorithm is illustrated as a
one-dimensional model. Thus, we can obtain the following:
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ψi(k) = ψi(k− 1) + δi(k− 1) + ωi(k− 1)

= fi[ψi(k− 1)] + ωi(k− 1)

φi(k) =

{
sin(ψi(k))
cos(ψi(k))

}
+

{
vi1(k)
vi2(k)

}
= hi[ψi(k)] + vi(k)

(14)

where ψi(k− 1) represents the true unwrapped value of the k− 1th pixel in interferogram i, δi(k− 1)
is the true phase gradient, ωi(k − 1) is the phase gradient estimation error of the k − 1th pixel in
interferogram i, fi[ψi(k− 1)] is the evolution model from pixel k− 1 towards pixel k in interferogram
i, hi[ψi(k)] and ψi(k) are the ideal observation vector and its corresponding noisy observation vector,
respectively, at the kth pixel in interferogram i, and vi1(k) and vi2(k) are the observation variances at
the kth pixel in interferogram i. The sigma points of the state estimate at pixel k− 1 can be expressed as:

ξ0(k− 1) =
→
ψ i(k− 1)

ξ j(k− 1) =
→
ψ i(k− 1) +

{√
(nψ + λ)Piψψ

(k− 1)
}

j j = 1, 2, . . . , nψ

ξ j(k− 1) =
→
ψ i(k− 1)−

{√
(nψ + λ)Piψψ

(k− 1)
}

j j = nψ + 1, nψ + 2, . . . , 2nψ

(15)

where
→
ψ i(k− 1) and Piψψ

(k− 1) represent the state estimate and its corresponding state estimation
covariance, respectively, of the k− 1th pixel in interferogram i, nψ represents the dimension of the state
variable (i.e., nψ = 1), and λ = ω2(nψ + κ

)
− nψ, ω, l, and κ are parameters used to adjust the sigma

points. In this paper, ω = 0.01, l = 2, and κ = 0. Assuming that the one-step predicted value of the
unwrapped phase at the kth pixel in interferogram i and its corresponding prediction error covariance

matrix are
→
ψ
−
i (k) and P−iψψ

(k), respectively, the one-step prediction equation is:

χ−j (k) = fi
[
ξ j(k− 1)

]
→
ψ
−
i (k) =

2nψ

∑
i=0

bm
j χ−j (k)

P−iψψ
(k) =

2nψ

∑
i=0

bc
j

[
χ−j (k)−

→
ψ
−
i (k)

][
χ−j (k)−

→
ψ
−
i (k)

]T
+ Qi(k− 1)

(16)

where χ−j (k) represents the predicted values of the sigma points, Qi(k− 1) represents the variance of
the phase error of the k− 1th pixel in interferogram i, and bm

j and bc
j refer to the weight factors, which

are given as follows: 
bm

0 = λ/(nψ + λ)

bc
0 = λ/(nψ + λ) + (1−ω2 + l)

bm
j = bc

j = 1/2(nψ + λ) j = 1, 2, · · · , 2nψ

(17)

According to Equation (14), we can obtain the sigma points ξ j(k) of the predicted values. φ−i (k)
and P−iφφ

(k) represent the predicted values of the unwrapped phase at the kth pixel in interferogram i
and its corresponding prediction error covariance matrix, respectively, which are given as follows:

ξ−j (k) = hi

[
χ−j (k)

]
φ−i (k) =

2nψ

∑
j=0

bm
j ξ−j (k)

P−iφφ
(k) =

2nψ

∑
j=0

bc
j [ξ
−
j (k)− φ−i (k)] · [ξ−j (k)− φ−i (k)]T + Ri(k)

(18)

We let the unwrapped phase estimate at pixel k in interferogram i and its corresponding estimate
error variance be ψi(k) and Piψψ

(k), respectively. Thus, we can obtain the following:
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P−iψφ
(k) =

2nψ

∑
j=0

bc
j [χ
−
j (k)− ψ−i (k)] · [ξ−j (k)− φ−i (k)]T

`i(k) = P−iψφ
(k)/P−iφφ

(k)

ψi(k) =
→
ψ
−
i (k) + `i(k) · [φi(k)− φ−i (k)]T

Piψψ
(k) = P−iψψ

(k)− `i(k) · P−iψφ
(k) · `i(k)

T

(19)

In Equation (19), P−iψφ
(k) represents the covariance of the predicted value of the kth pixel in

interferogram i, φi(k) and φ−i (k) are the actual and predicted values, respectively, `i(k) denotes the gain
matrix of the kth pixel, and ψi(k) and Piψψ

(k) represent the state estimate of the interferometric pattern
of the kth pixel in interferogram i and its corresponding variance of the estimation error, respectively.

Equations (14)–(19) represent the one-dimensional UKFPU model. The unwrapped pixels in the
two-dimensional PU model are obtained by optimizing the weighted values calculated from the eight
neighbouring pixels. The coordinate pair (m, n) takes the place of k in the one-dimensional model, and
thus, Equation (16) is rewritten as follows:

χ−j (m, n) = ∑
(a,s)∈(G∩L)

di(a, s)[χ−j (m, n)|(a, s) ]

→
ψ
−
i (m, n) =

2nψ

∑
j=0

bm
j χ−j (m, n)

P−iψψ
(m, n) =

2nψ

∑
j=0

bc
j

[
χ−j (m, n)−

→
ψ
−
i (m, n)

]
·
[

χ−j (m, n)−
→
ψ
−
i (m, n)

]T
+ ∑

(a,s)∈(G∩L)
di(a, s)Qi(a, s)

(20)

where G is a set of eight neighbours adjacent to pixel (m, n), L is a whole unwrapped phase image,
Qi(a, s) is the phase gradient estimation error covariance matrix at pixel (a, s), and χ−j (m, n) is the

sigma point prediction at pixel (m, n). [χ−j (m, n)|(a, s) ] is the evolution model applied in the direction
from pixel (a, s) towards pixel (m, n):

[χ−j (m, n)|(a, s) ] = ξ j(a, s) + δiV (m− a) + δiH (n− s) (21)

In Equation (21), ξ j(a, s) is the sigma point of the unwrapped phase at pixel (a, s), and di(a, s) is
the weight of pixel (a, s) given as follows:

di(a, s) =

[
Piψψ

(a, s)× 1
SNRi(a,s)

]−1
· gi(a, s)

∑
(a,s)∈(G∩L)

([
Piψψ

(a, s)× 1
SNRi(a,s)

]−1
· gi(a, s)

) (22)

SNRi(a, s) =
γi(a,s)

1− γi(a,s)
(23)

gi(a, s) =

{
1, (a, s) pixel − unwrapped

0, (a, s) pixel − wrapped
(24)

In Equations (23) and (24), Piψψ
(a, s) is the estimation error covariance of the unwrapped phase at

pixel (a, s) in interferogram i, SNRi(a, s) is the signal-to-noise ratio (SNR) of pixel (a, s) in interferogram
i, and γi(a,s) is the coherence coefficient for pixel (a, s) in interferogram i.

3.3. Analysis of the Time Complexity

The efficiency of MB PU represents one of the main research objects of this method. It is not
difficult to ascertain that step 2 of the traditional TSPA, that is the L1-norm PU step, is particularly
time consuming. The time complexity of the L1-norm SB PU method is super nonlinear with the
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number of pixels in the input interferogram [3]. However, step 2 of the TSPA-UKFPU method is
based on the UKFPU framework, which is an efficient quality-guided strategy based on heap-sort.
The time complexity of the TSPA-UKFPU is approximately O(log2(M)), where M is the number of
pixels. Hence, the time efficiency of TSPA-UKFPU is much better than that of the TSPA. A schematic
representation of the proposed TSPA-UKFPU method is shown in Figure 3.Remote Sens. 2018, 10, x FOR PEER REVIEW  10 of 19 
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Figure 3. Schematic representation of the proposed two-stage programming approach (TSPA)-
unscented Kalman filter phase unwrapping (UKFPU) method.

According to Figure 3, the PU of the TSPA-UKFPU method contains the following steps:
Step 1: According to step 1 of the traditional TSPA, the information of the interferometric phases

of different baselines is combined, and the ambiguity number gradients of each interferogram are
estimated by using the CRT.

Step 2: According to the obtained ambiguity number gradients estimated in step 1, the absolute
phase gradients of each interferogram can be calculated by Equations (2), (8) (12) and (13).

Step 3: The PU seed points of the long- and short-baseline interferograms are selected according
to the InSAR quality map.

Step 4: Taking the obtained seeds as the initial points, the range and azimuth gradients estimated
in step 2 are introduced into the UKF model and are unwrapped by an efficient quality-guided strategy
based on heap-sort.

Step 5: Repeat step 3 and step 4 until all the pixels are unwrapped.
In the following section, we will validate the performance of the proposed TSPA-UKFPU method

by a set of experiments.

4. Experiments

In this section, the performance of TSPA-UKFPU is tested from different aspects using a simulated
InSAR data set and a realistic data set. To evaluate the performance quantitatively, the normalized
root-mean-square error of the reconstruction accuracy is defined as:

τ =

√√√√‖ĥ− h‖2

‖h‖2 (25)

where h is the vector collected from the reference terrain height, ĥ is the vector collected from the
estimated terrain height, and ‖ · ‖2 is the quadratic norm.
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4.1. Validation Using Simulated Data

In the first experiment, the performance of the TSPA-UKFPU method is tested against the
traditional TSPA on a simulated InSAR data set. Figure 4a displays the simulated DEM without
noise. Figure 4b shows the simulated noise-free interferogram of Figure 4a with a long baseline,
whereas Figure 4c shows a simulated noise-free interferogram of Figure 4a with a short baseline.
The major interferometric parameters of these simulated data are listed in Table 1. Figure 4d illustrates
the terrain height of Figure 4b obtained by the traditional TSPA method, while Figure 4e illustrates
the terrain height of Figure 4b obtained by the TSPA-UKFPU method. It is worth mentioning that,
to effectively and fairly compare the PU results, the same reference point, scale, and color range are
used in the PU results obtained by the traditional TSPA method and the TSPA-UKFPU method of each
pair of corresponding PU results to the maximum pixel value of those (the same approach is adopted
hereinafter in experiments 2, 3 and 4). Figure 4d,e demonstrate that the TSPA and TSPA-UKFPU
methods can obtain better DEM results when there is no noise. However, obvious differences are
observable in the areas where the interferometric fringe changes drastically. Figure 4f shows the errors
between Figures 4d and 4a, and Figure 4g shows the errors between Figures 4e and 4a. Figure 4f,g
indicates that the TSPA-UKFPU method can obtain better results than the traditional TSPA method
because the TSPA-UKFPU technique contains a gradient correction function that can effectively correct
the gradient error estimated by the CRT. The τ values in Figure 4f,g are 0.21 and 0.18, respectively.
TSPA-UKFPU clearly has a significantly higher PU accuracy than the traditional TSPA. In addition,
TSPA-UKFPU uses only 7.28 s, and thus, it is 57.30% more efficient than the TSPA. This test therefore
verifies that TSPA-UKFPU is more accurate and efficient than the traditional TSPA.
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Figure 4. (a) Employed Digital elevation model (DEM) (unit: m). (b) Simulated interferogram with
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estimated by the phase unwrapping (PU) result of the two-stage programming approach (TSPA)
method. (e) Terrain height estimated by the PU result of the TSPA- unscented Kalman filter (UKF) PU
method. (f) Errors between (d) and (a). (g) Errors between (e) and (a).
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Table 1. Major parameters of the simulated InSAR system.

Orbit Altitude Incidence Angle Wavelength

600 km 30◦ 0.24 m
Interferogram Figure 4b Figure 4c

Normal Baseline 389.20 m 112.10 m
Image Size 458 × 157 pixels 458 × 157 pixels

4.2. Robustness Analysis Using Simulated Data

In the second experiment, the robustness of the TSPA and TSPA-UKFPU is tested on the simulated
interferograms shown in Figure 4b,c. We add hypergeometrically distributed noise of −4.34 dB
and −0.25 dB to Figure 4b,c, respectively; the resulting interferometric noise phases are shown in
Figure 5a,b. Figure 5c,d illustrate the terrain heights of Figure 5a,b, respectively, obtained by the
traditional TSPA method. Similarly, Figure 5e,f illustrate the terrain heights of Figure 5a,b, respectively,
obtained by the proposed TSPA-UKFPU method. Figure 5g shows the errors between Figures 5c and
4a, whereas Figure 5h shows the errors between Figures 5e and 4a, Figure 5i shows the errors between
Figures 5d and 4a, and Figure 5j shows the errors between Figures 5f and 4a. Figure 5i,j shows that
the short-baseline results of both the TSPA and the TSPA-UKFPU method do not distribute the PU
error everywhere in the interferogram. In addition, TSPA-UKFPU exhibits a better noise robustness,
and thus, the terrain heights estimated by the TSPA-UKFPU PU results are cleaner than those estimated
by the TSPA. Figure 5g,h demonstrate that the PU errors of both the TSPA and the TSPA-UKFPU
method are distributed. However, the area over which the PU error from TSPA-UKFPU is spread
is smaller than that of the traditional TSPA method. The τ values in Figure 5g,h are 0.23 and 0.17,
respectively, whereas the τ values in Figure 5i,j are 0.20 and 0.09, respectively. Moreover, compared
with the TSPA, TSPA-UKFPU boasts a much faster execution speed. From the results of this test, we
conclude that the proposed TSPA-UKFPU method is a more robust and effective MB PU method.

4.3. Validation Using Real Data

4.3.1. The Monostatic Data Set

In the third experiment, the performance of the TSPA-UKFPU method is tested on an Advanced
Land Observing Satellite (ALOS) Phased Array-type L-band Synthetic Aperture Radar (PALSAR)
monostatic MB InSAR data set. The major interferometric parameters of this real data set are listed
in Table 2. Figure 6a provides a 3-D display of the PALSAR DEM of the study area in the Himalayan
mountain area. Figure 6b,c are filtered interferograms with different baseline lengths. Although the
interferograms are filtered by the adapted filtering algorithm supplied by GAMMA, the interferograms
still contain residual noise. In addition, the filtering algorithm may cause phase losses in the phase
fringes of areas with dense topography changes. Since there are several mountains and valleys in the
study area, the fringes of Figure 6b,c are complicated. Under these conditions, the phase continuity
assumption may not work very well in the study area, i.e., it is difficult for the SB PU method to be
effective in regions with steep fluctuations in the topography. Figure 6d,e show the PU results of
Figure 6b obtained by the TSPA and TSPA-UKFPU methods, respectively. From Figure 6d, the TSPA
will evidently produce significant PU errors in the phase fringes of dense topography changes and
areas with residual noise. To further compare the PU results, we investigate the corresponding A
and B regions in Figure 6d,e. Figure 6f,h show the corresponding A and B regions, respectively,
in Figure 6d, while Figure 6g,i show the corresponding A and B regions, respectively, in Figure 6e.
Figure 6f,h illustrate that the TSPA produces obvious PU errors and flaws due to pre-filtering and
residual noise. However, because the TSPA-UKFPU technique not only boasts a better noise robustness
but also contains a gradient correction function, the PU results in Figure 6g,i are smoother than those
in Figure 6f,h. In this experiment, the TSPA consumes 1840.41 s, while the TSPA-UKFPU method
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consumes only 66.97 s. Accordingly, we can conclude that the PU accuracy and effectiveness of
TSPA-UKFPU are better than those of the traditional TSPA method.
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Figure 5. (a) Simulated interferogram with long normal baseline. (b) Simulated interferogram
with short normal baseline. (c) Terrain height estimated result of (a) obtained by the two-stage
programming approach (TSPA) method. (d) Terrain height estimated result of (b) obtained by the TSPA
method. (e) Terrain height estimated result of (a) obtained by the TSPA–unscented Kalman filter phase
unwrapping (UKFPU) method. (f) Terrain height estimated result of (b) obtained by the TSPA–UKFPU
method. (g) Errors between Figures 4a and 5c. (h) Errors between Figures 4a and 5e. (i) Errors between
Figures 4a and 5d. (j) Errors between Figures 4a and 5f.

Table 2. Major parameters of the employed Advanced Land Observing Satellite (ALOS) Phased Array
type L-band Synthetic Aperture Radar (PALSAR) data.

Orbit Altitude Incidence Angle Wavelength

691.65 km 34.30◦ 0.2360 m
Interferogram Figure 6b Figure 6c

Normal Baseline 193.17 m 101.57 m
Image Size 800 × 800 pixels 800 × 800 pixels
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Figure 6. (a) 3-D display of the Advanced Land Observing Satellite (ALOS) Phased Array type L-band
Synthetic Aperture Radar (PALSAR) digital elevation models (DEM). (b) Real interferogram with long
normal baseline. (c) Real interferogram with short normal baseline. (d) PU result of (b) obtained by
two-stage programming approach (TSPA). (e) Phase unwrapping (PU) result of (b) obtained by TSPA-
unscented Kalman filter (UKF)PU. (f) PU solution of the rectangular A region in (d). (g) PU solution of
the rectangular A region in (e). (h) PU solution of the rectangular B region in (d). (i) PU solution of the
rectangular B region in (e).

4.3.2. The Bistatic Data Set

In this section, the bistatic TerraSAR-X add-on for Digital Elevation Measurement (TanDEM-X)
data are used to evaluate TSPA-UKFPU. Figure 7a illustrates a 3-D display of the TanDEM-X DEM of
the study area, which is located in the city of Weinan, Shanxi Province, China. The major interferometric
parameters of this real data set are listed in Table 3. Figure 7b,c show interferograms with different
normal baseline lengths. Figure 7b was obtained on October 21, 2012, while Figure 7c was obtained
from April 2, 2014. The white lines in Figure 7b,c are the Ice, Cloud, and Land Elevation Satellite
(ICESat) tracks (elevation accuracy of approximately 14 cm). We use 1849 ICESat data points to verify
the accuracies of the DEMs generated by different methods. To increase the PU difficulty, no filtering is
performed during this experiment. This study area is geographically characterized by a great deal of
rugged and mountainous terrain. In this case, the phase continuity assumption may not work very well;
accordingly, it will potentially be challenging for SB PU to obtain the correct result. Figure 7d,e shows
the absolute phases of Figure 7b,c, respectively, obtained by the TSPA method, whereas Figure 7f,g
shows the absolute phases of Figure 7b,c, respectively, obtained by the TSPA-UKFPU method. In this
experiment, we use the measurements obtained by ICESat as ground truth. To provide a clear display,
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we took 130 ICESat points and 200 ICESat points to show the results of the long and short baselines,
respectively. The estimated elevations extracted from the PU results of the TSPA and TSPA-UKFPU
methods are shown in Figure 7h,i. The elevations obtained by ICESat are also shown in Figure 7h,i.
Ideally, the profiles of the elevations estimated from the two MB PU methods should be parallel
with those acquired by ICESat, i.e., the more parallel the results are with the elevations measured by
ICESat, the better the MB PU performance is. The standard deviation of the difference between the
ICESat elevations and the TSPA-derived terrain heights are 3.25 m and 3.73 m for Figures 7b and 7c,
respectively, and that of the difference between the ICESat elevations and the TSPA-UKFPU-derived
terrain heights are 3.07 m and 3.04 m for Figures 7b and 7c, respectively. The estimated elevations
obtained by TSPA-UKFPU generally agree better with the ICESat-derived elevation values. Moreover,
the efficiency of TSPA-UKFPU in this experiment is 387.56 s, which is nearly 98.52% faster than the
efficiency of the TSPA, which required 26,156.58 s.
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difficult for the SB PU method to be effective in regions with steep fluctuations in the topography. 
Figure 6 (d) and (e) show the PU results of Figure 6 (b) obtained by the TSPA and TSPA-UKFPU 
methods, respectively. From Figure 6 (d), the TSPA will evidently produce significant PU errors in 
the phase fringes of dense topography changes and areas with residual noise. To further compare the 
PU results, we investigate the corresponding A and B regions in Figure 6 (d) and Figure 6 (e). Figure 
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Figure 7. (a) 3-D display of TerraSAR-X add-on for Digital Elevation Measurement (TanDEM-X) digital
elevation models (DEM). (b) Real interferogram with long normal baseline. (c) Real interferogram with
short normal baseline. (d) Phase unwrapping (PU) result of (a) obtained by two-stage programming
approach (TSPA). (e) PU result of (b) obtained by TSPA. (f) PU result of (a) obtained by TSPA-UKFPU.
(g) PU result of (b) obtained by TSPA- unscented Kalman filter (UKF)PU. (h) The ICESat elevation
results of (b) obtained by different method. (i) The portion elevation results of (c) obtained by
different methods.
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Table 3. Major parameters of the employed TerraSAR-X add-on for Digital Elevation Measurement
(TanDEM-X) data.

Orbit Altitude Incidence Angle Wavelength

514.8 km 36.60◦ 0.0320 m
Interferogram Figure 7a Figure 7b

Normal Baseline −370.46 m −127.79 m
Image Size 3040 × 2315 pixels 3040 × 2315 pixels

5. Discussion

The proposed method is useful in global mapping. For example, the TanDEM DEM generated by
the German Aerospace Center (DLR) uses the dual-baseline strategy to produce a global DEM. In 2011,
the DLR collected data for the first time with a short-baseline (~200 m) global coverage. Subsequently,
the DLR collected data globally for a second time in 2012 with a long baseline (~300 m) and then
performed dual-baseline PU to improve the TanDEM-X global DEM accuracy. This indicates that the
MB PU method has been applied in the reconstruction of high-precision DEMs. The MB PU method
proposed in this paper not only can resolve the problems associated with steep gradient changes
but also boasts a better noise robustness and contains a gradient estimation error correction function.
Therefore, TSPA-UKFPU can be applied to the data processing of global DEMs generated in the future.
Our results show that the research area of TanDEM-X that the area is mountainous and the terrain is
undulated. In this case, the phase continuity assumption may not work very well, and thus, it will
potentially be challenging for SB PU to obtain the correct result. In order to fairly compare the PU
result, we introduced the classic SB SNAPHU for experimental comparison. In addition, we selected the
corresponding ICESat data for accuracy evaluation. The standard deviation of the difference between
the ICESat elevations and the SNAPHU-derived terrain heights are 4.62 m and 3.74 m for Figures 7b
and 7c, respectively. Although the TSPA does not need to obey the phase continuity assumption,
the performance of this method is limited by its poor noise robustness and efficiency. Furthermore,
the accuracies of the DEMs generated by the TSPA and TSPA-UKFPU are verified by ICESat elevation
data; the long-baseline and short-baseline accuracies of the TSPA are 3.25 m and 3.73 m, respectively,
while higher corresponding accuracies of 3.07 m and 3.04 m are obtained with TSPA-UKFPU. It can
be seen that the elevations accuracies of TSPA and TSPA-UKFPU are significantly better than that
of SNAPHU.

In addition, the proposed method can be applied to city surveying and mapping.
The reconstruction of urban DEMs constitutes a research hotspot. Due to the large number and
density of buildings in urban areas, the SB PU method cannot accurately reconstruct DEMs of such
regions. Although some scholars have used the ML and MAP methods in the reconstruction of urban
DEMs, the accuracy and effectiveness of these two methods are not ideal. In contrast, TSPA-UKFPU
represents an MB PU method with a high noise robustness that can unwrap the interferometric phase
by an efficient quality-guided strategy based on heap-sort. The PU strategy of heap-sort guarantees
that the TSPA-UKFPU algorithm efficiently and accurately unwraps wrapped pixels along the paths
from the high-reliability regions to the low-reliability regions of wrapped phase images. This strategy
can enhance the reliability and efficiency of the PU method. Therefore, TSPA-UKFPU may be applied
to the reconstruction of urban DEMs in the future.

The proposed method also has the potential to resolve the phase discontinuities encountered in
surface deformation monitoring. Large gradient changes are common results of surface deformation;
thus, the SB PU method cannot obtain good results for regions where the surface is severely deformed.
However, the MB PU method does not need to obey the phase continuity assumption and may therefore
be applied to deformation monitoring in the future to solve problems associated with the processing of
data containing large gradient changes. TSPA-UKFPU not only boasts high noise robustness but also
contains a better gradient correction function; therefore, in surface deformation monitoring, which
commonly presents relatively high levels of noise, better results may be obtained.
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The TSPA-UKFPU method proposed in this paper is one of the spatial domain phase unwrapping
methods. There is another way to unwrap two sensitive phase maps which is temporal phase
unwrapping by phase difference of two close-sensitivity interferometric phases [31]. In 2018, Manuel
Servin et al. proposed a new temporal PU method. The method can use the non-wrapped phase
difference to unwrap their highly-wrapped phase. However, the main drawback of close temporal
phase-difference is that the phase-noise increases due to subtraction [32]. Moreover, one must take two
close-sensitivity phase-measurements and simply multiplying their wrapped phase. The temporal
method is a better PU method and has been well applied in the field of optics. We will try to apply the
temporal PU method to the InSAR technology DEM production in future research.

However, some problems still need further study. For example, the phase gradient could be more
accurately estimated with the CRT, and the UKF method could be employed to unwrap dense dead
spots. The authors are working on these problems and hope to resolve them in the near future.

6. Conclusions

In this paper, an improved TSPA PU method is proposed that combines the UKF with an efficient
quality-guided strategy based on heap-sort to improve the performance of the second stage of the
original TSPA method. The results of the experiments demonstrate that the proposed TSPA-UKFPU
method is an effective MB PU method. First, the proposed method uses step one of the TSPA to
estimate the phase gradient using the CRT. Then, the range and azimuth gradients are filtered slightly
using a median filter with better detail retention. Finally, the UKF model unwraps the interferometric
phase by an efficient quality-guided strategy based on heap-sort. This PU strategy cannot only reduce
the influence of noise on the unwrapped phase but also correct the PU errors caused by inaccurate
gradient estimations.

A simulated DEM is used to perform two sets of simulated data experiments. The TSPA-UKFPU
method contains a gradient correction function that can be employed to obtain better results, even in
areas exhibiting complicated gradient changes. Noisy analog data are also processed by the TSPA and
TSPA-UKFPU, and the results show that TSPA-UKFPU boasts a better noise robustness and gradient
correction ability than the TSPA.

From the results of processing ALOS PALSAR data, the traditional TSPA will produce obvious
flaws due to its poor noise robustness. However, the TSPA-UKFPU results are smoother than the TSPA
results. The TanDEM-X images are located in Weinan of Shanxi Province, China, where the topography
exhibits severe undulations. The accuracies of the DEMs generated by the different methods
are evaluated by employing ICESat terrain data as ground truth. The results of the experiments
demonstrate that TSPA-UKFPU represents an effective MB PU method. It is worth mentioning that, in
comparison with the traditional TSPA method, although the TSPA-UKFPU method contains an extra
filtering function, it cannot take the place of the traditional MB InSAR cascade processing framework.
In other words, the TSPA-UKFPU method still prefers filtered input interferograms.
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