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Summary. In this article we continue the formalization of concept lattices following
[6]. We give necessary and sufficient conditions for a complete lattice to be isomorphic to
a given formal context. As a by-product we get that a lattice is complete if and only if it
is isomorphic to a concept lattice. In addition we introduce dual formal concepts and dual
concept lattices and prove that the dual of a concept lattice over a formal context is isomorphic
to the concept lattice over the dual formal context.

MML Identifier: CONLAT_2.

WWW: http://mizar.org/JEM/Volll/conlat_2.html

The articles[[13],[[5],[117],[18],[[14],[[2],[112],[[18],[[9], 116],[[15],11] [[11],[[4],[[8],[[19],[17], and
[10] provide the notation and terminology for this paper.

1. PRELIMINARIES

LetC be a FormalContext and |€ be a strict FormalConcept &. The functor®C; yielding an
element of ConceptLatti€eis defined by:

(Def. 1) @C, =C;.

LetC be a FormalContext. Observe that ConceptLa@icebounded.
We now state four propositions:

(1) Forevery FormalConte&t holds_LconceptLatice = Concept— with — all — AttributesC and
T conceptLatice = Concept-with — all — ObjectC.

(2) Let C be a FormalContext an® be a non empty subset off@obiects o€ Then
(ObjectDerivatiorC) (D) = (N{(ObjectDerivatior€)(O); O ranges over subsets of the ob-
jects ofC: O € D}.

(3) Let C be a FormalContext an® be a non empty subset of@atributes o€ Then
(AttributeDerivatiorC)(|JD) = N{(AttributeDerivatiorC)(A); A ranges over subsets of the
attributes ofC: A€ D}.

(4) LetC be a FormalContext and be a subset of ConceptLattiCeThen ﬂcOnceptLamc@D
is a FormalConcept & and| |conceptLatice P IS @ FormalConcept of.

LetC be a FormalContext and IBtbe a subset of ConceptLatticeThe functor| |cD yielding
a FormalConcept df is defined as follows:

(Def.2) [JcD= ﬂConceptLatticé)D~
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The functor | D yielding a FormalConcept @ is defined as follows:

(Def- 3) |_|C D= |_|ConceptLattic€ D.
One can prove the following propositions:

(5) Forevery FormalContegtholds| | (@conceptLattice) = Concept- with — all — AttributesC
and| Ic(OconceptLatice) = Concept-with — all — Object<C.

(6) Forevery FormalContegtholds| |c(Qthe carrier ofConceptLattice) = Concept—with — all — ObjectC
and ﬂC(che carrier ofCOnceptLatUCe) == COI’]Cept— Wlth - a” - Attrlbutei:.

(7) LetC be a FormalContext arid be a non empty subset of ConceptLat@cdhen

(i) the extentof |c D = (AttributeDerivatiorC)((ObjectDerivatiorC) (| J{the extent of E, | };
E ranges over subsets of the object€pf ranges over subsets of the attribute€ofE, 1) €
D})), and

(i) the intent of| |c D = N{the intent of(E,l); E ranges over subsets of the objectLof
ranges over subsets of the attribute€ofE, ) € D}.

(8) LetC be a FormalContext arid be a non empty subset of ConceptLatGcd hen

(i) the extent of] JcD = N{the extent of E,|); E ranges over subsets of the objectCof
ranges over subsets of the attribute€ofE,|) € D}, and

(i) theintent of[ |cD = (ObjectDerivatiorC) ((AttributeDerivatiorC) (| J{the intent of(E, I);
E ranges over subsets of the object€pf ranges over subsets of the attribute€ofE, ) €

D}))-

(9) Let C be a FormalContext andC; be a strict FormalConcept of. Then
Uconceptiatice { (O,A); O ranges over subsets of the objects ©f A ranges over
subsets of the attributes 0oC: Vg.pjecioic (0 € the extent of C; A O =
(AttributeDerivatiorC) ((ObjectDerivatiorC) ({o})) A A = (ObjectDerivatiotC)({0}))} =
C.

(10) Let C be a FormalContext andC; be a strict FormalConcept o€C. Then
[ NconceptLatice { (O, A); O ranges over subsets of the object€pA ranges over subsets of the
attributes ofC: V. awibute ofc (@ € the intent ofC; A O = (AttributeDerivatiorC)({a}) A
A= (ObjectDerivatior€) ((AttributeDerivatiorC)({a})))} = Cs.

Let C be a FormalContext. The functgfC) yielding a function from the objects & into the
carrier of ConceptLatticg is defined by the condition (Def. 4).

(Def. 4) Leto be an element of the objects 6f Then there exists a subgtof the objects of
C and there exists a subsagtof the attributes ofC such that(y(C))(o) = (O,A) andO =
(AttributeDerivatiorC) ((ObjectDerivatiorC) ({0} )) andA = (ObjectDerivatioiC) ({0} ).

Let C be a FormalContext. The functdg yields a function from the attributes @f into the
carrier of ConceptLattic® and is defined by the condition (Def. 5).

(Def. 5) Leta be an element of the attributes 6f Then there exists a subgBtof the objects
of C and there exists a subsatof the attributes ofC such thatdc(a) = (O,A) andO =
(AttributeDerivatiorC)({a}) andA = (ObjectDerivatiorC) ((AttributeDerivatiorC)({a})).

The following propositions are true:

(11) LetC be a FormalContexp be an object o€, anda be an Attribute ofC. Then(y(C))(0)
is a FormalConcept & anddc(a) is a FormalConcept of.

(12) For every FormalContex@ holds rngy(C) is supremum-dense and (g) is infimum-
dense.

(13) LetC be a FormalContext be an object ofZ, anda be an Attribute ofC. Theno is
connected witha if and only if (y(C))(0) E &c(a).
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2. THE CHARACTERIZATION
Next we state the proposition

(14) LetL be a complete lattice ard be a FormalContext. Then ConceptLatticandL are
isomorphic if and only if there exists a functianfrom the objects o€ into the carrier of
L and there exists a functiathfrom the attributes o€ into the carrier ofL such that rng
is supremum-dense and rds infimum-dense and for every objeatof C and for every
Attribute a of C holdso is connected witha iff g(o) C d(a).

LetL be a lattice. The functor Contextielding a strict non quasi-empty ContextStr is defined
by:

(Def. 6) Context = (the carrier oL, the carrier oL, LattRe[L)).
The following two propositions are true:
(15) For every complete lattideholds ConceptLattice ContelxiandL are isomorphic.
(16) For every latticeL holds L is complete iff there exists a FormalConteZtsuch that

ConceptLattic€ andL are isomorphic.

3. DuAL CONCEPTLATTICES

LetL be a complete lattice. Observe thatis complete.
Let C be a FormalContext. The funct@° yields a strict non quasi-empty ContextStr and is
defined as follows:

(Def. 7) C° = (the attributes o€, the objects o€, (the information ofC)~).
The following propositions are true:
(17) For every strict FormalContegtholds(C°)° =C.

(18) For every FormalContex€ and for every subseD of the objects ofC holds
(ObjectDerivatiorC) (O) = (AttributeDerivatiorC?)(O).

(19) For every FormalContex€ and for every subseA of the attributes ofC holds
(AttributeDerivatiorC)(A) = (ObjectDerivatiorC®) (A).

Let C be a FormalContext and I€; be a ConceptStr ove®. The functorC;° yields a strict
ConceptStr ove€® and is defined by:

(Def. 8) The extent of;1° = the intent ofC; and the intent o€;° = the extent ofC;.

LetC be a FormalContext and I€; be a FormalConcept &. ThenC;° is a strict FormalCon-
cept ofC°.
We now state the proposition

(20) For every FormalConte and for every strict FormalConceBt of C holds(C;°)° =C;.

LetC be a FormalContext. The functor DualHomomorph@gielding a homomorphism from
(ConceptLattic€)° to ConceptlLattic€® is defined by:

(Def. 9) For every strict FormalConcept of C holds(DualHomomorphisi®)(Cy) = C;°.
We now state two propositions:
(21) For every FormalContext holds DualHomomorphis@ is isomorphism.

(22) For every FormalConteg holds ConceptLatticg® and (ConceptLattic€)° are isomor-
phic.



(1
(2]

(3]

4
(5]

6]

(7]

8l
[0

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[29]

A CHARACTERIZATION OF CONCEPT LATTICES ... 4

REFERENCES

Grzegorz Bancerek. Complete latticdsurnal of Formalized Mathematic4, 1992 http://mizar.org/JFM/Vold/lattice3.htmll

Czestaw Bylhski. Functions and their basic propertidsurnal of Formalized Mathematics, 1989 http://mizar.org/JFM/Voll/
funct_1.html.

Czestaw Bylinski. Functions from a set to a séburnal of Formalized Mathematic, 1989'http://mizar.org/JFM/Voll/funct_|
2.htmll

Czestaw Bylhski. Partial functionsJournal of Formalized Mathematics, 1989 http://mizar.org/JFM/Voll/part funl.htmll

Czestaw Bylhski. Some basic properties of setournal of Formalized Mathematicd, 1989. http://mizar.org/JFM/Voll/
zfmisc_1.html,

Bernhard Ganter and Rudolf WilleFormal Concept Analysis Springer Verlag, Berlin, Heidelberg, New York, 1996. (written in
German).

Jolanta Kamiéska and Jarostaw Stanistaw Walijewski. Homomorphisms of lattices, finite join and finite Joeetal of Formalized
Mathematics5, 1993/http://mizar.org/JFM/Vol5/latticed . html}

Beata Padlewska. Families of sefeurnal of Formalized Mathematic$, 1989/http://mizar.org/JFM/Voll/setfam_1.htmll

Beata Padlewska and Agata Darmochwat. Topological spaces and continuous funiionmal of Formalized Mathematic$, 1989.
http://mizar.org/JFM/Voll/pre_topc.html,

Christoph Schwarzweller. Introduction to concept latticdsurnal of Formalized Mathematic40, 1998.http://mizar.org/JFM/
Voll0/conlat_1.html,

Christoph Schwarzweller. Noetherian lattice§ournal of Formalized Mathematicd1, 1999. http://mizar.org/JFM/Volll/
latticeb.htmll

Andrzej Trybulec. Domains and their Cartesian producksurnal of Formalized Mathematicd, 1989. http://mizar.org/JFM/
Voll/domain_1.html}

Andrzej Trybulec. Tarski Grothendieck set theodpurnal of Formalized Mathematicéxiomatics, 1989http://mizar.org/JFM/
Axiomatics/tarski.html.

Andrzej Trybulec. Tuples, projections and Cartesian productstnal of Formalized Mathematics, 1989 http://mizar.org/JFM/
Voll/mcart_1.htmll.

Andrzej Trybulec. Finite join and finite meet, and dual latticEsurnal of Formalized Mathematicg, 1990http://mizar.org/JFM/
Vol2/lattice2.html,

Wojciech A. Trybulec. Partially ordered setdournal of Formalized Mathematic4, 1989./http://mizar.org/JFM/Voll/orders_|
T htmll

Zinaida Trybulec. Properties of subselsurnal of Formalized Mathematic$, 1989http: //mizar.org/JFM/Voll/subset_1.html.

Edmund Woronowicz. Relations defined on setkurnal of Formalized Mathematicd, 1989. http://mizar.org/JFM/Voll/
relset_1.html.

StanistawZukowski. Introduction to lattice theoryJournal of Formalized Mathematic4, 1989. http://mizar.org/JFM/Voll/
lattices.htmll

Received August 17, 1999

Published January 2, 2004


http://mizar.org/JFM/Vol4/lattice3.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/partfun1.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol5/lattice4.html
http://mizar.org/JFM/Vol1/setfam_1.html
http://mizar.org/JFM/Vol1/pre_topc.html
http://mizar.org/JFM/Vol10/conlat_1.html
http://mizar.org/JFM/Vol10/conlat_1.html
http://mizar.org/JFM/Vol11/lattice6.html
http://mizar.org/JFM/Vol11/lattice6.html
http://mizar.org/JFM/Vol1/domain_1.html
http://mizar.org/JFM/Vol1/domain_1.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Vol1/mcart_1.html
http://mizar.org/JFM/Vol1/mcart_1.html
http://mizar.org/JFM/Vol2/lattice2.html
http://mizar.org/JFM/Vol2/lattice2.html
http://mizar.org/JFM/Vol1/orders_1.html
http://mizar.org/JFM/Vol1/orders_1.html
http://mizar.org/JFM/Vol1/subset_1.html
http://mizar.org/JFM/Vol1/relset_1.html
http://mizar.org/JFM/Vol1/relset_1.html
http://mizar.org/JFM/Vol1/lattices.html
http://mizar.org/JFM/Vol1/lattices.html

	a characterization of concept lattices. … By christoph schwarzweller

