
UDC 532.536,538; PACS 05.70JCANONICAL FORMALISM FORDESCRIPTION OF CRITICAL PHENOMENAIN SYSTEMS, ISOMORPHIC TO SIMPLELIQUIDSV.L. Koulinskii, N.P.MalomuzhDepartment of Theoretical Physics,Odessa State University2 Petra Velykogo St., UA{270100 Odessa, UkraineReceived November 13, 1996; revized January 8, 1997The basic elements of the canonical formalism for description of thecritical phenomena in systems isomorphic to Ising model are stated.The reduction of the e�ective Hamiltonian to the canonical form andnumerous consequences of such a transformation are thoroughly in-vestigated. The shift of �xed point and the critical exponents of thesystem are considered.1. IntroductionAt the present time there exists the well-developed approach to the criticalphenomena in di�erent systems [1]. All most essential features of the criticalbehaviour were explained qualitatively and to a certain extent quantitatively[1,2]. Especially important role in the investigation of the uctuation prop-erties belongs to the Renormalization Group (RG) method [3,4]. It allowsto describe in an adequate way the symmetry properties of uctuationsas well as to develop the analytical method for calculation of the criticalexponents, the universal ratios of critical amplitudes etc.. But in some as-pects RG method is not quite consecutive. The critical exponents can beobtained with accuracy o(�2) basing on the Landau-Ginsburg Hamiltonian(\�4"-model) To calculate the higher terms in the �-expansions the certainextension of the Hamiltonian should be done. The Hamiltonian must becompleted with contributions g6�6 for calculation of �3-order and with g8�8for �4-order and so on [4,1]. However, this circumstance is not consistentwith the assumption that the model \�4" is su�cient for the descriptionof the long-range uctuations near critical point. Add, that the QuantumField Theory analysis of critical anomalies is namely based on \�4"-model[6]. This fact can be considered as a property of su�ciency and complete-ness of that model for that kind of phenomena. The certain di�culty of thestandard variant of RG approach is its phenomenological character. Thedependence of the Landau-Ginsburg Hamiltonian on the details of micro-scopic interactions does not ascertained. As a consequence the �ne detailsof the critical behaviour of systems which belong to the same class of univer-sality can not be taken into account. To a certain extent this de�ciency canbe made up with help of Hubbard-Stratonovich identity for lattice systems[7] or collective variables approach [9,10]. But the problems raised by thec V.L.Koulinskii, N.P.Malomuzh, 1997ISSN 0452{9910. Condensed Matter Physics 1997 No 9 (29{46) 29



30 V.L.Koulinskii, N.P.Malomuzhoperating with in�nite series have the same acuity as the mentioned above.In addition the inclusion of isomorphism principle for the critical phenom-ena in the multicomponent mixtures into general Hamiltonian formalismremains unsolved problem.The solution of these problems and other questions can be found in theframework of the canonical formalism. This approach is a synthesis of ideasand methods of the scale-invariant uctuation theory [1], the catastrophetheory [5] and the statistical theory of condensed matter [11]. Some elementsof the canonical formalism were discussed in [14{16].The central part of such approach is a nonlinear analytical transforma-tion { the canonical transformation of an order parameter that reduces theinitial Hamiltonian to polynomial form, so called, canonical form. Its formdepends on only the structure of the equations which de�ne the criticalpoint. The list of canonical forms is given in [5].In this paper the basic ideas of canonical formalism for description ofthe critical phenomena are formulated. In the �rst two sections the de-tails of transformation of the e�ective Hamiltonian to the canonical formin the thermodynamic and the uctuation regions are discussed. In thethird section the renormalization of the parameters of the system caused bythe canonical transformation is discussed in the cases of 3-D Ising modeland liquid Ar and Xe as an example. Section four includes the results ob-tained in the framework of the canonical RG. The �fth section is devotedto the problem of rectilinear diameter singularity and the analysis of themanifestation of individual features of the system in its critical behaviour.Some new problems and possible applications of the canonical formalismare enumerated in Conclusion.2. E�ective Hamiltonian in thermodynamic regionLet h = h(�; T ) and F = F (�; T ) are the equation of state and the freeenergy of a system, respectively:h = @F@� ����T ; (1)where T { the temperature, h { the external �eld conjugated to the orderparameter �. In the vicinity of the critical point de�ned by the equations:@h@� = 0; @2h@�2 = 0; (2)the free energy of a system can be represented as following:� �F (�; T ) = 1Xk=1 �kk �k; � = 1kBT : (3)To determine coe�cients �k it is expedient to use the equation of state:�k = 1(k � 1)! @k�1h@�k�1 ������=0 ; k = 1; 2; : : : (4)For example, in the case of Curie-Weiss equation for magnetics:�h = �� ~J(0)m + atanhm; � � m; (5)



Canonical formalism for description of : : : 31where m and h are magnetization and external �eld strength, respectively,~J(k) =Xi;j J(rij) exp(ikrij)is Fourier transform of the \spin" interaction potential, the coe�cients �khave the form:�1 = h; �2 = � ~J(0)� 1; �2k�1 = 0; �2k = � 12k � 1 ; k > 2: (6)Further we will consider the critical behaviour of simple liquids basingon two model equations of state. In this case we take the well-knownvan der Waals equation (vdW) :p = nkBT1� nb � n2a (7)and modi�ed van der Waals equation (mvdW):p = p0 � an2 + cn3; (8)where p0 = nkBT 1 + � + �2 + �3(1� �)3 (9)is a hard core pressure term in Carnahan-Starling approximation [8],� = �n�36 is dimensionless density, � is hard core diameter. The expressionsfor the coe�cients a and c will be given below. If the state of system isdescribed by � = ~v � 1, where ~v = ncn , nc is the critical density, than forcoe�cients �k we get from equation (7):�1 = ~P � 1; �k = (�1)k4�32�k�1 ��k � �1� � � ; k = 1; 2; : : : ; (10)where �k = 3k4 �23�k�1 � 1:Here � = ~T�1; ~T = T=Tc; ~P = P=Pc. The values of the critical temperature,pressure and density are:Tc = 8a27c ; Pc = a27b2 ; nc = 13b : (11)For mvdW equation it is convenient to take variable � in a form � = u�uc,where u = 1=�. For this case we obtain from equations (8) and (9)�k = (�1)k 32 ~Tbk � ck~T � Pc�k;1;bk = k(k + 1)(uc � 1)k+2 + 4k(uc � 1)k+1 + 1ukc ; (12)



32 V.L.Koulinskii, N.P.Malomuzhck = 432k(1 + 2(k + 1)c=ab)uk+1c :Obviously the external �eld is �1 = P̂ � P̂c. The critical phenomena isobserved at �1 = 0 near the point determined by equations:�2 = 0; �3 = 0: (13)At the same time the condition �4 < 0 takes place in all considered examples.Reducing of the in�nite series (3) to the polynomial canonical form is the factof great importance. The mathematical for such a procedure are discussedin the catastrophe theory [5]. With the help of the canonical transformationof the initial order parameter� �! � � Ĉg� = ��0 + � + 12�2�2 + 13�3�3 + : : : ; (14)equation (3) can be reduced to the canonical form which is the same asLandau free energy:�F (�) = V ��h��+ 12ac2�2 + 14ac4�4� : (15)One can show that h� = �1 + 13�4�2�3 � 2�3327�24 ;ac2 = �2 � 13 �23�4 ; (16)ac4 = �4;where �1 = h�;�2 = A2 � h�2;�3 = A3 + 32A22 � h�3; (17)�4 = A4 + 23A32 +A2 �22 + 433�� h�4and n are the coe�cients of the transformation inverse to (14):� � Ĉ� = �0 + �+ 122�2 + 133�3 + : : : (18)Taking into account that parameters xi = (h�; A2; A3) are small near thecritical point the coe�cients can be represented in a form:n = (0)n + (i)n xi + (i;j)n xixj + : : : ; (19)where (0) = ��0; (0)2 = �25A5A4 ; (0)3 = �12A6A4 � 342(0)2;



Canonical formalism for description of : : : 33(0)4 = �47A7A4 + 163 (0)3 (0)2 � 153 (0)32 ; (20)(1)2 = �(0)5A4 ; (1)3 = �214 (1)2 (0)2 � 12 (0)6A4 etc.The formulas (16) can be considered as a result of canonical transformationin the space of the Hamiltonian coe�cients. From the physical point of viewthe canonical transformation is connected with the renormalization of theinitial order parameter. This transformation generalizes the notation of thetemperature and the external �eld conjugated to the order parameter. Dueto canonical transformation the order parameter acquires rigorous physicalmeaning. It is important to mark that the roots of the equationsac1 = 0; ac2 = 0 (21)and those of (11) or (13) are the same. That is because of spatial homo-geneity of both the initial and canonical order parameters. At the sametime it is clear that only the change in the weight of short scale uctuationsinuences the critical point position.At the end of this section we touch upon the question of the conver-gence of used expansions. The convergence radius R for the series of thefree energy (3) depends on both the choice of the order parameter and theequation of state. In the examples mentioned above:R = 8<: 1 ; Ising model (Curie-Weiss equation)13 ; vdW equation4:75 ; mdV equation (22)The radii of convergency for the expansions (14), (18) and (19) as it followsfrom the results of [5], are less than those given in (22).3. E�ective Hamiltonian in the uctuation regionThe situation changes essentially when the state of system belongs to theuctuation region. Here the spatial inhomogeneity of the order parame-ter should be taken into consideration. The behaviour of uctuations isdescribed by the partition function:Z = Z exp [�Hl[�(~r)]�Hql[�(~r)]]D�(~r); (23)in which Hl[ (~r)] = � Z H(0)l (�(~r))dV;H(0)l (�(~r)) = 1Xn=1 1nAn�n(~r); A1 = h�: (24)Hql[�(~r)] = � b2 Z (r�(r))2dV; (25)� = 1kBT , T is the temperature, kB-Boltzmann's constant. One shouldnote that local and nonlocal contributions inuence the thermodynamical



34 V.L.Koulinskii, N.P.Malomuzhproperties and the character of uctuations in a di�erent way. The ther-modynamical properties are determined by the local terms and the long-range correlations are described mainly by the quasilocal approximation[1,10]. The coe�cients An are the same as those in (3). In consequence ofspatial inhomogeneity the canonical transformation (14) can be applied toH(0)l [�(~r)] only locally. As a result, H0l [�(~r)] transforms intoH(1)l [�1(~r)] = H(0)l (�1(~r))� 1� lnJ1;0[�1(~r)]; (26)where J1;0 is the Jacobian of the transformation from �(~r) to �1(~r) = Ĉ�(~r)Though H(0)l [�1(~r)] takes the canonical formH(0)l (�1(~r)) = �h�1 [�1(~r)] + 12ac2(1)�21(~r) + 14ac4(1)�41(~r); (27)with coe�cients determined by (16)-(20); due to the Jacobian term in (26)the in�nite series of local contributions appears again. The quasilocal partHql[�(~r)] of the uctuation Hamiltonian remains unchanged if we restrictourselves only by quadratic term:Hql[�(~r)]! Hql[�1(~r)]: (28)ThereforeZ [�(~r)] = Z hĈ�(~r)i = Z exp ��H(1)l [�1(~r)]�Hql[�1(~r)]�D�1(~r): (29)If we continue this procedure we obtain on the i-th step (�0(~r) � �(~r)):Z [�(~r)] = Z hĈ : : : Ĉ�(~r)i = Z exp ��H(i)l [�i(~r)]�Hql[�i(~r)]�D�i(~r);(30)where H(i)l = � Z H(i)l [�i(~r)]dV;H(i)l (�i(~r)) = H(i�1)l (�i(~r))� 1� lnJi;i�1[�i(~r)]; (31)and H(i�1)l [�i(~r)] similar to H(0)l takes the canonical form. One should notethat the recursive procedure is a result of the account of the Jacobian. Theconvergency properties of the recursion described depends on the the choiceof the initial order parameter. For convergent procedure:limi!1�i(~r) = �(~r) = Ĉ1�(~r); Ĉ1 = 1Yi=1 Ĉ(i); (32)and limi!1H(i)l [�(~r)] � Hcl [�(~r)] = Ĉ1H(0)l [�(~r)] == �h��(~r) + 12ac2�2(~r) + 14ac4�4(~r): (33)



Canonical formalism for description of : : : 35The formulas (32) and (33) give the de�nition of the canonical transforma-tion operator in uctuation region. To get the explicit expressions for thecoe�cients h�, ac2 and ac4 with necessary accuracy it is su�cient to describethe algorithm of their constructingac1 = ~a1(1)� ~a2(1)~a3(1)3~a4(1) + 2~a33(1)27a24(1) ;ac2 = ~a2(1)� ~a3(1)3~a4(1) ;ac4 = ~a4(1): (34)At every �nite step of the transformation we get:~a1(i) = ~a1(i� 1)� �2(i);~a2(i) = ~a2(i� 1) + ~a1(i� 1)�2 � 2 ��3(i)� 12�22(i)� ;~a3(i) = ~a3(i� 1) + 32~a2(i� 1)�2(i) + ~a1(i� 1)�3(i)� (35)3 ��4(i)� �3(i)�2(i) + 13�32(i)� ;~a4(i) = ~a4(i� 1) + ~a2(i� 1) ��22(i) + 43�3(i)� + ~a1(i)�4(i)��4 ��5(i) + �4(i)�2(i) + 12�23(i)���3(i)�22(i)� 14�42(i)� :Here �n(i) are the coe�cients of the inverse canonical transformation onthe i-th step of the recursive procedure:�i�1(~r) = �i(~r) + +12�2(i)�2i (~r) + 13�3(i)�3i (~r) + : : : (36)They can be calculated by formulas (19) and (20) in which instead of coef-�cients An the coe�cients ~An(i� 1) of expansions of H(i�1)l [�i(~r)] in seriesof �i(~r) should be substituted. In accordance with (31) we get:An ! ~An(i� 1) = An(i� 1) +AJn(i� 1);An(i� 1) = nXk=1X� ~Ak(i� 2)Qnp=1 ��pp (i� 1)Qnp=1 p�p (k � 1)!Qnp=1 �p! ; (37)AJn(i� 1) = nXk=1X�0 (�1)kQn+1p=2 ��pp (i� 1)Qnp=1 p�p (k � 1)!Qn+1p=2 �p :Here P� and P�0 denote the summation over all sets of �n which satisfythe conditions X� :; nXp=1�p = k; nXp=1 p�p = n; (38)



36 V.L.Koulinskii, N.P.Malomuzhand X�0 :; n+1Xp=2 �p = k; n+1Xp=2 p�p = n+ k: (39)The arguments used can be completed by nonperturbative approach. If westart from the partition function for the local Hamiltonian the existence ofthe canonical form is equivalent to the existence of such a transformation� ! � for which the following conditions hold�[+1; ] = U [+1; ac1; ac2]�[�1; ] = U [�1; ac1; ac2]: (40)Here �[x] = Z x0 d� exp(�Hl[�]);U [y; ac1; ac2] = Z y0 d� exp(�Hc[�]):The equations (40) determines uniquely the canonical coe�cients if the valueof ac4 is �xed.It should be pointed out that canonical form of the uctuation Hamil-tonian coincides completely with Landau-Ginsburg Hamiltonian. But theorder parameter of the system and the \temperature" ac2 conjugated to itas well as the \external" �eld ac1 and also intermodal interaction coe�cientac4 are connected with their initial values by nonlinear relations. It is im-portant that all odd terms in canonical form of the Hamiltonian are absent.Note, that the choice of the initial order parameter essentially inuence theconvergence (or asymptotic character) of the recursive procedure describedabove. The closer the one is to the canonical order parameter the bestconvergency to the canonical form can be achieved.4. Operator of the canonical RG-transformationLet R̂(�) be the operator of RG-transformation. The action of R̂(�) on theLandau-Ginsburg Hamiltonian HLG changes its form:R̂(�) �HLG [�(~r)]! HLG h~�(~r)i+ Z dV 1Xk=5 �kk ~�k(~r) +Hnl h~�(~r)i ; (41)where ~�(~r) = Z(�)�(~r), Z(�) is the coe�cient of the scaling factor, Hnldenotes the sum of nonlocal contributions which are not included in HLG.To remove the \superuous" local and nonlocal terms Wilson [3] completedthe de�nition of RG-operator with projector operator P̂ onto the space ofLandau-Ginsburg Hamiltonians. In accordance with thisR̂(�)! R̂W (�) = P̂ � R̂(�); R̂W (�) �HLG[�(~r)]! HLG[ ~�(~r)]: (42)One can improve the de�nition of the RG-operator substituting P̂ by theproduct P̂ �Ĉ1, where the operator of local canonical transformation Ĉinftyis given by(32). The new RG-operatorRc = P̂ � Ĉ � R̂(�) (43)



Canonical formalism for description of : : : 37is the canonical RG-operator. We suppose also that operator P̂ kills thecontributions of small scale with wave vectors j ~q j> �, where � is the cuto� parameter. Unlike RW the operator Rc not only conserves the form ofLandau-Ginsburg Hamiltonian:R̂c(�) �HGL[�(~r)] = HLG[ ~�(~r)]; (44)but also takes into account all local contributions. This circumstance inu-ences essentially on the parameters of RG-transformation near �xed point.To analyse the properties of RG-transformations we pass from functionalequation (44) to the di�erential equations for the coe�cients of Landau-Ginsburg Hamiltonian. In the limit t = ln� ! 0 at ac1 = 0 and �xed valueof b we obtain the equations: drdt = f2(r; g);dgdt = f4(r; g); (45)in which r = ac2 and g = 14!ac4. The equations (45) correspond to theGell-Mann-Low equations in quantum �eld theory [17]. Below we considertheir solutions near saddle-like �xed point for local (b = 0) and quasilocalHamiltonians.5. Properties of scale transformations for local Hamilto-nianThe action of RG-operator R̂(�) on local HamiltonianHl = Z dV �12a2�2(~r) + 14a4�4(~r)� (46)leads to the following expressions for its coe�cientsa2(t) = a2 + tR2 + o(t);a4(t) = a4 + tR4 + o(t);�2n = tR2n + o(t): (47)Representing �2n+1 = �2n+1(t) in a form�2n+1(t) = tG2n+1 + o(t); (�2n = 0; n = 1; 2; : : :) (48)for the we get coe�cients ac2 and ac4 of the canonical Hamiltonianac2 = a2 + t(R2 � 2G3) + o(t);ac4 = a4 + t(R4 � 4!G5 + 8a2G3) + o(t): (49)One can show that coe�cients G3 and G5 satisfy the equationsG3(p) = pXq=0 �3(q); G5(p) = pXq=0 �5(q); (50)where �n(q) are the coe�cients of nonlinear transformation of the orderparameter at q-th step of recursive procedure. At the same time for �n(1)we have: R2n + 42n� 3g�2n�3(1) + 12n+ 3r�2n�1(1) + : : : = 0: (51)



38 V.L.Koulinskii, N.P.MalomuzhIt follows from equation (51) that:�2n�3(1) = 1Xk=0 c32n�3(1)rk; (52)where ck2n�3(1) = (�1)k+1 12k+1 �2n� 32 �k+1R2(n+k); (53)and (a)k = a(a+1) : : : (a+k�1) is Pochgammer symbol. As a consequenceof (49)-(53) we get the equations (45) withf c2 = f2 + 1Xk=0(�1)k 12k+1 �32�k+1 rkg f2(k+3):f c4 = f4 + 13 1Xk=0(�1)k+1 12k+1 �32�k+1 rk+1g f2(k+3)+ (54)+ 1Xk=0(�1)k 12k+1 �52�k+1 rkg f2(k+4):It is important to note that expansions of f2n; n > 2 in seria on g beginwith gn. In order to calculate the critical exponent � for the correlationradius we use the results of [18] taking into account that in the proposedapproach the interactions �n; n > 3 are absent as well as the contributionsin f6, f8, etc. depending on the spatial dimension D. According [18] theg-expansions of f2n are as following:f2 = 2rD + 3g(1 + 2g + 24g2 + : : :) + o(g4);f4 = 4�DD g � 9g2 � 108g3 � 2614g4 + o(g4);f6 = 36g3 + 1296g4 + o(g4); (55)f8 = �162g4 + o(g4):As a result of (55) and (54) we obtainf c2 = 2rD + 3g + 6g2 + 72g3 + �27g2 + 972g3 + 2434 rg2�+ o(g3);f c4 = 4�DD g � 9g2 � 108g3 � �4052 g3 + 18rg2�+ o(g3); (56)where the terms in braces are the contributions caused by the canonicaltransformations. The position of the nontrivial �xed point (r�; g�) is deter-mined by equations r� = � 3D2 g� + o(g�);4�DD � 9g� � (27D + 6212 )g�2 + o(g�2) = 0: (57)



Canonical formalism for description of : : : 39The matrix elements of the canonical RG-operator near �xed point are equalto�R̂c�11 = 2� 3Dg� �1 + 6g� + � 274 g�	� +o(g�2);�R̂c�12 = D4 h(1 + 4g� + 72g�2) + n18g� + �972 � 81D2 � g�2oi +o(g�2);�R̂c�21 = 18Dg�2 + n�18Dg�2o +o(g�2);�R̂c�22 = 4�D � 18Dg� � 324g�2 + 3 �18D � 4052 	 g�2 +o(g�2):(58)Note that for the calculation of the matrix elements with accuracy o(g2) theparameter r� should be calculated in linear approximation [12,1] The valueof the critical exponent � of the correlation radius that corresponds to (58)is: � = 12 �1 + 3D2 g� + 9D4 g�2 + �172 g�2��+ o(g�2): (59)The contributions appeared due to the canonical transformation are givenin braces. The values of coordinates of the �xed point and the correlationradius critical exponent are presented in table 1. The comparison of theTable 1. Correlation radius exponent and �xed point coordinates.r� g� �D=2 -0.142 0.047 0.74D=3 -0.105 0.023 0.56results with those obtained numerically in [18] shows that the value of g� isvery close to that in [18]. At the same time the value of critical exponent �obtained by us is greater than the analogous value (� = 0:54069) calculatedfor the Hamiltonian (46) in g3-approximation but less than the one (� =0:60443) for the Hamiltonian:Hl = Z dV �12a2�2(~r) + 14a4�4(~r) + 16a6�(~r)� : (60)It should be noted that in canonical renormgroup approach there is no needto change the model for calculations of g-expansions in higher orders.6. The values of the parameters in the critical pointIn this section we give the values of the several important parameters for 3-DIsing model and liquid Ar and Xe obtained in the framework of the canonicalformalism. First of all we should determine the critical point position. Inaccordance with previous sections the values of critical temperature andthe external �eld are connected with their initial values by the followingrelations: Tc = T0(1 + ��); hc = h0 + h�; (61)where �� and h� are determined by the equations:ac1(��; h�) = 0; ac2(��; h�) = 0: (62)



40 V.L.Koulinskii, N.P.MalomuzhThis is the system of nonlinear equations which has in general multiplesolutions. The physical ones are those (��; h�); i = 1; : : : ; n which belong tothe convergence region and satisfy the stability conditions:ac4(��; h�) < 0: (63)If still i > 1 then the solution which is our \analytic prolongation" of theinitial critical point should be chosen. The equations (62) have the simplestform in the case of Ising model. The coe�cient ac1 does not depend on� and the condition of its vanishing yields to h� = 0 which agrees withthe symmetry of the Ising model. The second one of the equations (62)expanded in series on � is as following:2�(0)3 + (1 + 2�(2))�� + �(2;2)3 ��2 + : : : = 0: (64)Using the expressions (6) for coe�cients �k after �rst iteration (see Section3) we get: �(0)3 ' �0:3; �(2)3 ' �0:03; : : : (65)The root �� of (64) equation is approximately equal to:�� = 0:53: (66)Since T0 = zJ=kB, where z = z(D) is the coordination number, the equa-tions (62) and (66) yield the following value of the critical temperature for\cubic" Ising model:kBTc = 8<: J0:26 + o(��) ; D = 3;J0:39 + o(��) ; D = 2: (67)High temperature expansion for D = 3 case gives the value kBTc = J=0:22and Onzager's exact solution for D = 2 Ising model leads to kBTc =J=0:44. The numerical values of initial and canonical coe�cients of Landau-Ginsburg Hamiltonian are equal to:a4 = 1=3; b = 1; � = 1 { initial;a4 = 0:98; b = 1; � = 0:68 { canonical; (68)where � = lim�!0 a2� :Where the Ginsburg number and correlation radius amplitude correspond-ing to (68) are: Gi= 0.1 , r0 = c {initial,Gi= 0.5 , r0 = 1.2c {canonical,where c is lattice parameter. The situation becomes more complex for simpleliquids which are described with help of mvdW equation. In this case the



Canonical formalism for description of : : : 41coe�cients �k are the functions of both the temperature and the external�eld. The use of expansionsn =X i1;i2n � i1hi2is not satisfactory because they converge in a small vicinity of ��; h�. That iswhy the solutions were obtained by numerical method. In order to calculatethe coe�cients a; b; c in (7), (8) and (11) the standard formulas [8] were used:a = �2��3 1R� �(r)r2dr;b = 2��33 ;c = 16�3�33 2�R� �(r) h1� 3r4� + 116 � r� �3i r2dr; (69)
where �(r) is an intermolecular potential, � is hard core diameter. In (69)the following testing potentials:�1 = �� ��r �6 ;�2 = �4� h��r �6 � ��r �12i ;�3 = � 274 � h��r �6 � ��r �9i ; (70)were substituted instead of �(r). The calculations of di�erent parametersand its comparison with experimental ones were made for Ar and Xe. Theparameters � and � were put respectively:�=kB = 119:8K; � = 3:405�A; �=kB = 225:3K; � = 4:04�A:The obtained data are presented in table 2. Initial values of critical temper-ature and pressure were calculated with the help of (11) and (12). The rootsof (62) were found by the dichotomy method in the vicinity of the initialcritical point. There was used one iteration for calculating �n like in the caseof Ising model. It appeared that the root satisfying all required conditionsexists only for mvdW equation with Lenard-Jones and 6-9 potentials. Inother cases the poor convergency properties of the initial equation of state isthe cause of the nonexistence of the root. It is important that prime valuesof the critical point coordinates were close to the experimental ones. In thiscase the applying of the canonical formalism might improve the theoreticalresults. The uctuation terms should be also taken into account to reducethe di�erence in the coordinates of the critical point. The same schemecan be applied to other equations of state including the empiric ones whichdescribe the properties of liquids. The respective results will be the subjectof other paper. The results in table 2 obtained for �4(T )jT=T0 , where T0 isprime value of the critical temperature and the shift of the order parameter( = �� a33a4 ) has been done.



42 V.L.Koulinskii, N.P.Malomuzh7. Equation of state for simple liquidConstructing of the equation of state near the critical point on the basisof the canonical formalism allows one to take into account both the mostgeneral properties of uctuations and individual features of di�erent liquidsand mixtures. This possibility is predetermined by the structure of the ef-fective Hamiltonian and explicit form of its coe�cients. The scale-invarianttheory of uctuations is known to lead to general expression for the singularpart of the free energy:Table 2. Some critical point parameters.vdW vdW vdW mvdW mvdW mvdW6-12 6-9 6�1 6-12 6-9 6�1T0;K Ar 94.7 71.0 119.8 174.0 123.5 244.6Xe 178.0 133.5 225.3 327.1 232.2 459.8P0; bar Ar 19.8 14.9 25.0 81.2 54.1 131.3Xe 22.2 16.7 28.1 91.4 62.4 147.1r0 � 108; cm Ar 1.2 0.93 1.4 1.4 1.2 1.6Xe 1.5 1.1 1.7 1.7 1.5 1.9Gi 2.0 5.0 0.4 0.02 0.03 0.01T canc ;K Ar - - - 158.6 190.5 -Xe - - - 298.8 358.2 -P canc ; bar Ar - - - 51.8 57.1 -Xe - - - 60.6 64.5 -rcan0 � 108; cm Ar - - - 1.2 1.0 -Xe - - - 1.4 1.2 -Gi 0.05 0.08Table 3. Experimental data.Tc,K Pc,bar r0108cmAr 150.66 48.50 1.8Xe 289.80 58.40 2.1Fsing = jh2j2��fs h1h�+2 ! ; (71)where h1; h2 are the scaling �elds, �; �;  are the critical exponents for thespeci�c heat, the equation of state and susceptibility, respectively, fs(x)is the universal scaling function. According to (33) h1 and h2 can beapproximated by the coe�cients of the canonical form for the Hamiltonian.As a result, in the framework of the canonical formalism the following formfor the equation of state holdsh i = ja2j�gs  h a�+2 ! ; gs(x) = f 0s(x): (72)



Canonical formalism for description of : : : 43Here the brackets h: : :i designates the averaging over the volume of thecorrelation sphere (/ r3c). In particular the binodal equation including theadditional Wegner's term [19] is as following:h ibin = �ja�2j� �1 + b2ja�2j� + : : :� ; (73)where a�2 = a2jh =0. Its \liquid" and \gas" branches in variables ( ; a�2), as itis clear from (72), are absolutely symmetric. But this symmetry disappearsif we return to the initial (\laboratory") variables (�; �). Indeed, using (34)- (36) one can get: h�i = �0 + h i+ 12�2h 2i+ : : : : (74)Since (see [1]) h 2i = h i2 + ja2j1��ls  h a�+2 ! ;where function ls(x) is inverse to gs(x), thereforeh�i = �0 + ja2j�gs � h a�+2 �++ 12�2 hja2j2�g2s � h a�+2 �+ ja2j1��ls � h a�+2 �i+ : : : ; (75)and h�ibin = �0 � gs(0)ja�2j� (1 + b2ja�2j� + : : :)++ 12�2 �g2s(0)ja�2j2� + ls(0)ja�2j1���+ : : : (76)Usually equation (76) is written as two separate equations:12(h�i+bin � h�i�bin) = gs(0)ja�2j�(1 + b2ja�2j� + : : :) + : : :12(h�i+bin + h�i�bin) = �0 + 12�2 �g2s(0)ja�2j2� + ls(0)ja�2j1���+ : : : (77)The second equation leads to the rectilinear diameter singularity [1]. Thetemperature dependence of coe�cients�0 = �01� + �02� 2 + : : :�2 = �20 + �21� + �22� 2 + : : :a�2 = a21� + a22� 2 + : : : (78)is determined by the formulas (34){(36). For the uids far away from thecritical point described by the same equation of corresponding states thecoe�cients �0;�2 and a�2 coincide. In particular, for the simple liquidsdescribed by mvdW equation with Lenard - Jones potential the coe�cients(78) are as following: �0 = �0:19� + : : :�2 = 0:12� + : : :a�2 = �3:1� + : : : (79)



44 V.L.Koulinskii, N.P.MalomuzhThe coe�cients b2 and gs(0); ls(0) take universal values and can be estimatedfrom the experimental data with the help of formulas given above. Forexample, by applying the mvdW equation to the experimental data we getfor the rectilinear diameter of Ar and Xe the following expression we get:12(h�i+bin + h�i�bin) = �0:19� + 0:1j� j2� + 0:4j� j1�� + : : : (80)ls(0) = 0:40:5ja21j1���20 ' 2:4; gs(0) = s 0:10:5ja21j2��20 ' 0:89for Lenard - Jones potential and12(h�i+bin + h�i�bin) = �1:16� + 0:06j� j2� + 1:1j� j1�� + : : : (81)ls(0) = 1:10:5ja21j1���20 ' 6:5; gs(0) = s 0:060:5ja21j2��20 ' 0:68for 6-9 potential.We would like to stress the fact that in our approach the asymmetry ofcoexistence curve appears as a consequence of inverse transformation fromthe canonical variables to the initial ones. In more standard considerations[20] this e�ects arises due to addition of the odd terms in to the e�ectiveHamiltonian. The expression (74) can be interpreted as an expansion of theinitial order parameter over the basis of the strongly uctuating �elds [1].This allows us to consider the canonical formalism as the approach gener-alizing the heuristic arguments developed in [1]. Note that with the helpof formula (75) one can qualitatively explain the di�erences of gravitationale�ects in simple [2] and molecular [21] liquids.Using the canonical formalism the di�erent attening of closed lamina-tion curves in binary mixtures with hydrogen bonds near upper (Tu) andlower (Tl) critical points can be explained [22]. In this case the coe�cientsa21(Tl) and a21(Tu) responsible for attening can be estimated with the helpof some model [23] and are quite di�erent.In the same way one can consider the connection between the asymmetryof equation of state and the choice of an order parameter both in simpleliquids and in multicomponent mixtures.8. ConclusionIn this paper the main elements of the canonical formalism and it's appli-cations to Ising model and simple liquids were presented. We would like toaccentuate that the proposed approach is not only formal procedure leadingto more clear mathematical consideration but also gives new physical results.Among them we note: the rigorous de�nition of the initial order parameter;generalized temperature and external �eld conjugated to it, the nontrivialrenormalization of initial values for many critical parameters, more correctformulation of RG-theory, the consecutive explanation of equation of stateasymmetry etc. These additional possibilities of the theory are connectedwith the more accurate account of small-range uctuations. Due to theusing of the canonical formalism we are able to separate the e�ects raisedby the long-wave uctuations which have general character and the individ-ual properties of the system. As a result one can evaluate the theoretical
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KANON�QNI� FORMAL�ZM DL� OPISUKRITIQNIH �VIW V SISTEMAH, WO ��ZOMORFNIMI DO PROSTIH R�DINV.L.Kol�ns~ki�, N.P.Malomu�Konstatu�t~s� osnovn� elementi kanon�qnogo formal�zmudl� opisu kritiqnih �viw u sistemah, wo  �zomorfnimi domodel� �z�nga. Gruntovno dosl�d�ut~s� ppocedupa ppivedenn�efektivnogo gam�l~ton�ana do kanon�qnoÝ formi z qislenniminasl�dkami takogo peretvorenn�. Rozgl�da�t~s� zsuv f�ksova-noÝ toqki ta kritiqnih pokaznikiv.


