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Chapter 1

Computational design
optimization
1.1 Introduction
Designing efficient devices or mechanical components is an important step in the
engineering process. In many cases, the physical properties of the object of interest
depend on its geometric characteristics and can be controlled by varying its shape or
its connectivity. Computational design optimization consists of those mathematical
and computational tools that make feasible the numerical optimization of the geometric form of an object. An attractive feature of computational design optimization
is that it is performed without the economical cost of manufacturing every suggested
design. On the other hand, it is a computationally demanding field, and several
issues arise in practical implementations that have prevented engineers from using
it as a standard design tool. Due to the role of the geometric characteristics on
the quality of the final product, we understand the gain of utilizing computational
design optimization.
To effectuate computational design optimization, we start by choosing a flexible
shape parameterization, and appropriate design variables are introduced. In addition, a function that measures the performance is also introduced. This objective
function depends on the design variables and is to be extremized. The class of
problems we are interested in can be formulated as optimization problems supplemented with partial differential equation (PDE) constraints. The PDE constraints
govern the phenomena under investigation and are often referred to as the state
equations. Additional side constraints may or may not be present, and the PDE problem is discretized to enable numerical solutions. The typical approach in solving
the optimization problem starts with an initial design guess. The objective function
value is then evaluated, and a new design, which better fulfills the desired properties,
is suggested. An advantage with computational design optimization, compared to
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manual, trial-and-error optimization, is that it can be used to optimize over a larger
number of design variables than would otherwise be feasible.
Two major classifications of design optimization approaches, based on the design parameterization, are boundary shape optimization and topology optimization.
In boundary shape optimization, we modify the boundary shape of a given domain,
whereas in topology optimization, changes in the topology, such as the number
of holes, are also admissible and are decided on during the optimization. Several
methods have been proposed to perform topology optimization, such as the material distribution method [4] and the level-set approach [1]. In the former we directly
optimize over a coefficient in the state equation such as the local material density, whereas in the later, shape derivatives are combined with level-set functions
transported using a Hamilton–Jacobi equation to obtain an optimal design.

1.2 Boundary shape optimization
Boundary shape optimization traces its roots back to the classic subject of calculus of
variations and can be tracked back to the works by Newton, Lagrange, and Hadamard.
Boundary shape optimization in its modern form was initiated in the 1970s by,
for instance, Cea, Glowinski, and Pironneau and has been applied, among other
engineering fields, in fluid mechanics [14] as well as in acoustics [18].
The abstract boundary shape optimization problem can be formulated by defining an objective function J (u(Ω)) that, through observations of a state function u
that quantifies the physics, measures the performance of a given object occupying a
domain Ω. In boundary shape optimization, the shape of Ω is specified by parameterizing its boundary ∂Ω. The state function u is the solution to a state equation
S(u(Ω)) = 0, which can be incorporated into the optimization problem as a constraint, possibly together with additional side constraints. A crucial component in
boundary shape optimization is the selection of a suitable parameterization of ∂Ω.
Some kind of splines can, for instance, be used, but a variety of choices is available
as reviewed by Samareh [17]. An alternative to splines is to use the mesh nodes at
the boundary as design variables in combination with some smoothing strategy to
avoid shape fluctuations [13].
To solve the state equation S(u(Ω)) = 0, we typically need to mesh a computational domain that borders Ω. During the optimization, the computational domain
has to be re-meshed or the mesh has to be modified so that it conforms to the generated designs. Several mesh deformation algorithms have been proposed [12] and
many of them share in common the idea of deforming the mesh as if it was an elastic
structure. Mesh deformation algorithms are often prone to robustness problems.
Moreover, in the case we wish to calculate exact gradients of the discrete objective
function, we need to include sensitivities with respect to mesh deformations. Therefore, the presence of mesh deformations often leads to practical difficulties when
performing boundary shape optimization. Our approach in paper I circumvents the
re-meshing/deforming complexities by using a fixed-mesh approach that results in
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raster representations of the designs similar as in the material distribution method
presented below.
Boundary shape optimization problems can be solved using gradient-based
methods such as sequential quadratic programming (SQP), Newton, or quasi-Newton
methods. For a brief discussion about nonlinear optimization methods used in
boundary shape optimization, the reader is pointed to chapter 4 of the book by
Haslinger and Mäkinen [10]. The convergence of the optimization algorithm depends strongly on the accuracy of the derivatives, and for some problems, finitedifference schemes can be admissible. However, a less costly and more accurate
method is the adjoint method. The adjoint method provides an efficient way to
compute derivatives when the number of design variables is greater than the side
constraints. Jameson [11] and Pironneau [16], among many others, have successfully applied the adjoint method in aerodynamics and fluid mechanics boundary
shape optimization problems, respectively. Due to the structure of the problem
studied in paper I, the solution to the adjoint state equation is proportional to that
of the state equation itself. An alternative, black-box solution to sensitivity analysis
is algorithmic differentiation, which provides a software that generates the exact
values for the derivatives of the discrete objective function. For more information
see chapter 8 of the book by Nocedal and Wright [15].

1.3 The material distribution method
The material distribution method is perhaps the most widely used approach for
topology optimization, and it is an appealing method in the early stages of engineering design. The reason for this is the method’s generality and ease of implementation.
In the discrete setup, the resulting designs are represented using pixels, each one
assigned a value ρ(x) ∈ {0, 1} that indicates the absence/presence of material, respectively. The value of each pixel is to be decided by the optimization; the material
distribution function ρ is the design variable. The function ρ occurs as a varying
coefficient in the state equation and typically represents a material property such as
relative density. To avoid dealing with a computationally costly nonlinear integer
optimization problem, we relax the design variables by allowing intermediate values,
ρ(x) ∈ [0, 1], so that "shades of gray", ρ(x) ∈ (0, 1), are also part of the generated
designs. To promote designs that approximate the solutions of the integer problem,
some penalization method is usually needed. A penalty approach discussed by
Allaire and Kohn [2] adds an explicit penalty term to the objective function, whereas
an alternative approach modifies the material interpolation scheme. A material
interpolation scheme commonly used for linear elasticity problems is SIMP (simple
material with penalization), which changes the equations’ varying coefficient from
ρ to ρ s , where s > 1 is a number chosen so that the intermediate ρ(x) values result
in designs with low stiffness compared to the mass used. For a review of material
interpolation schemes in topology optimization we refer to Bensøe and Sigmund [3].
The use of penalty techniques to force the continuous design variable ρ to
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approximate binary values typically leads to an ill-posed mathematical problem.
One way to deal with this problem is to use regularization strategies such as design
restrictions. Borrvall [5] reviews and compares several of the proposed regularization
strategies, such as the perimeter constraint method and filtering techniques.
Bourdin [7] proves the well-posedness of the filtered optimization problem,
whereas Borrvall and Petersson [6] provide a proof of the well-posedness of the
optimization problem in the presence of filtering when the finite-element discretization is used. Moreover, filtering can be used to remove a certain type of numerical
instability, the formation of checkerboard patterns [7, 8]. Note that in paper I there
is no need for filtering since we do not directly optimize over pixel values.
The governing equations vanish in regions where ρ = 0, and the solution is
undetermined in these regions. A common remedy for this problem is to replace
the lower bound ρ = 0 by a small, positive number ǫ ≪ 1. In the finite element setup,
this replacement yields a non-singular linear system Aǫ x = f, where the condition
number of the coefficient matrix Aǫ increases as ǫ approaches zero. The error that
this ǫ perturbation introduces has been analyzed for scalar, elliptic problems, in
the context of so-called fictitious domain methods, by Glowinski and Pan [9] and
Zhang [19]. In paper II, we prove, for the linear elasticity problem, an error estimate
regarding the ǫ approximation, and we provide bounds on the condition number of
the finite-element stiffness matrix. Similar analysis for the Helmholtz problem of
paper I is much more complicated due to the lack of coercivity of the state equation
and still remains an open problem.

10

Chapter 2

Summary of Papers
2.1 Avoiding Mesh Deformations in Boundary Shape Optimization (paper I)
2.1.1 Introduction
We use a discrete curvature parameterization with a fictitious domain approach for
representing and optimizing the shape of an acoustic horn and to avoid deforming
the computational mesh. The optimization problem is to minimize the reflections
back to a feeding waveguide. In other words, the optimal horns transmit most of
the wave energy into free space. The design boundary consists of a predefined
number of line segments of constant length, and the angles between consecutive
line segments are chosen to be the design variables. In each step of the optimization,
the current design domain is mapped onto the computational mesh using an exact
area-coverage algorithm. The resulting geometries are represented through varying
coefficients in the governing equations.
By performing a variety of experiments, using different numbers of segments,
we conclude that the number of segments is not significant in the sense that refined
descriptions of the design boundary yield designs that appear to converge with
increasing number of segments in most of the cases we examined. In addition, the
parameterization inherently promotes smooth designs without unduly restriction
of the design flexibility. The optimized, smooth horns consistently show favorable
transmission properties.

2.1.2 Problem setup
The problem we are interested in is to optimize the shape of a planar symmetric
horn in free space with respect to reflections measured at a waveguide attached
to the horns throat. For that purpose, a two-dimensional acoustic wave propagation problem is solved in the frequency domain. The governing boundary value
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Figure 2.1: The computational configuration for the horn problem.
problem consists of the Helmholtz equation combined with appropriate boundary
conditions.
The computational domain Ω̂ is the union of the horn domain Ωd and the freespace domain Ω (figure 2.1) . The variational form that also incorporates the varying
coefficients for describing the horn domain Ωd reads
find p hk ∈ Vh ⊂ H 1 (Ω̂) such that
Z
Z
k
2
αh ∇q h · (Dh ∇p h ) − k
αh γh q h p hk
Ω̂
Z
Z Ω̂
+ ik
q h p hk = 2ik A
q h , ∀q h ∈ Vh ,
Γin

(2.1)

Γin

where Vh is the space of continuous, element-wise bi-quadratic functions, Γin denotes the truncated waveguide boundary, αh are the coefficients that represent the
horn domain Ωd , γh and Dh are quantities related to a perfectly matched layer used
to impose the non-echoic character of Ω̂, k is the wave number of the propagating
wave, and A the complex amplitude of a right-going wave within the waveguide.
By introducing a generic parameterization with design variables ϑ, and assuming
that the values αh depend on ϑ, the optimization problem we are interested in is
formulated as the minimization of the reflections back to the feeding waveguide.
That is
1X 2
min
J k (αh (ϑ)),
(2.2)
ϑ 2 k∈K
where
J k (αh (ϑ)) =

|〈p hk 〉in − A|
|A|

.

(2.3)

The set K consists of the wavenumbers we optimize for, and 〈p hk 〉in is the average
value of the solution p hk to (2.1) on the boundary Γin .

2.1.3 Design Boundary Parameterization
Let Γd be the boundary subject to optimization. We define Γd as a set of connected
line segments, all of length ℓ, that comprise a polygonal line. Each line segment is
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Figure 2.2: (Left) The back side of the horn is generated by linear interpolation of
the points w(n j + n j +1 )/2. (Right) The values of the area |E n ∩ Ωd | used to find the
values αn of the function αh .
characterized by the angle difference ϑ j , between segments j −1 and j , j = 1, 2, . . . , S.
We note that ϑ j /ℓ is the discrete curvature of Γd .
Given the above described boundary parameterization, we construct the design
domain Ωd by generating the points w(n j + n j +1 )/2, where w is the width of the
material that forms the waveguide and n j are the normals to the line-segments
comprising Γd . We choose not to separately parameterize the back side ∂Ωd \Γd of
the horn since computational experience suggests that the effect of its shape on the
objective function is insignificant compared to that of Γd . The design domain Ωd is
then mapped onto the computational mesh by assigning to each element E n a value
according to the formula
αh |E n = αn = 1 + (ε − 1)

|E n ∩ Ωd |
,
|E n |

(2.4)

where | · | denotes the area occupied by the corresponding set and 0 < ε ≪ 1 is a
parameter that characterizes the sound-hard material in Ωd . Equation (2.4) interpolates between the values 1 and ε based on the relative portion of each element
E n that lies within Ωd . By doing so, the geometry enters the governing equations
as varying coefficients. We note that elements for which E n ∩ Ωd = ; are assigned
the value a h = 1 meaning that the wave propagation problem remains unchanged
within Ω̂\Ωd , whereas elements for which E n ∩Ωd = E n are assigned the value a h = ε.
The small positive value ε is chosen different than zero to avoid the formation of
singular matrices.

2.1.4 Selected results
The formulated optimization problem is a non-linear least squares problem solved
using Matlab’s routine lsqnonlin. The weak material parameter is chosen to be ε =
10−8 after a comparison study with body-fitted geometry description implemented
in FreeFem++. We perform experiments using 16, 32, and 64 line segments (design
variables) for describing the design boundary Γd . Figure 2.3 depicts horns optimized
for a single frequency of 200 Hz and their corresponding spectra. We observe that all
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Figure 2.3: Optimal horns (top) with respect to reflections for a single frequency of
200 Hz and their corresponding spectra (bottom). The presented pixel representations correspond (from left to right) to 16, 32, and 64 design variables and the horn
length is |Γd | =0.4 m in all cases.

the designs perform remarkably good for the frequency we optimize for, and that
they have similar spectra in the neighborhood of those frequencies. Moreover, we
note that the horn is small (0.4 m) compared to the wave length when optimizing for
200 Hz (wavelength 1.725 m at speed of sound 345 m/s), which is why the spectra of
those horns have poor transmission properties for frequencies other than the design
frequency 200 Hz.

As a second example we present the results of a multi-frequency optimization
experiment in figure 2.4. The horns are optimized for minimum reflections over
the band of frequencies 466–1480 Hz. In this higher frequency range, it is easier
to obtain horns with good transmission properties, compared to the 200 Hz case,
since the horn here is larger measured in wave lengths. Here we see that the raster
representations of the horns are very similar and the same holds for their reflection
spectra, independent from the number of segments, whereas at the same time
all those horns transmit energy remarkably well over the band of frequencies we
optimize for.
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Figure 2.4: Optimal horns (top) with respect to reflections for 466–1480 Hz and their
corresponding spectra (bottom). The presented pixel representations correspond
(from left to right) to 16, 32, and 64 design variables and the horn length is |Γd | =0.4 m
in all cases.

2.2 Weak material approximation of holes with tractionfree boundaries (paper II)
2.2.1 Introduction
The material distribution method for topology optimization, described in section
1.3, introduces a so-called material indicator function ρ with values ρ ∈ {0, 1}, in the
state equation. To avoid an undetermined solution within the material-free regions,
the value ρ = 0 is routinely replaced by ρ = ǫ, where 0 < ǫ ≪ 1.
In this paper, we study the effect of the so-called weak-material parameter ǫ for
a finite-element approximation of the linear elasticity problem. We prove that the
weak material approximation introduces an error that is O(ǫ1/2 ) and also depends
on the finite-element discretization. To obtain an approximation reasonably close
to that of the original problem, ǫ has to be sufficiently small, a choice that results in
finite-element matrices with large condition numbers. We show that the condition
number of the finite-element stiffness matrix is proportional to ǫ−1 , and we also
provide a preconditioner that makes the condition number independent from the
weak-material parameter ǫ. Numerical computations that affirm the theoretical
results are also included.
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Figure 2.5: The model setup consists of an elastic structure containing a hole ω.

2.2.2 The elasticity problems
The standard variational form of the linear elasticity problem for a domain Ω with a
traction-free hole ω, figure 2.5, reads
find u ∈ V such that
Z
Z
∇v · E∇u =
v·t
Ω

(2.5)

∀v ∈ V,

Γt

where Ω is the domain of interest, E is the fourth-order elasticity tensor, t is the
surface traction applied on Γt ⊂ ∂Ω, and V = {v ∈ H1 (Ω) | v|Γc = 0}, where Γc ⊂ ∂Ω. By
introducing the material indicator function ρ, with values ρ = 1 in Ω and ρ = 0 in
the hole ω, the above problem can be reformulated as
find u ∈ V̂ such that
Z
Z
ρ∇v · E∇u =
v·t
Ω̂

(2.6)

∀v ∈ V̂,

Γt

where Ω̂ = Ω ∪ ω and V̂ = {v ∈ H1 (Ω̂) | v|Γc = 0}. Note that the state equation vanishes
whithin the hole where ρ = 0, meaning that the finite-element matrices become
singular and the solution undetermined within the hole. A common practice to
circumvent this obstacle is to replace the value ρ = 0 with a small positive number
ρ = ǫ ≪ 1. This approach is the so-called weak-material approximation. The discrete
variational form of the weak-material approximation problem reads
find ûǫh ∈ V̂h such that
Z
Z
Z
ǫ
ǫ
∇v · E∇ûh + ǫ ∇v · E∇ûh =
v·t
Ω

ω

Γt

where V̂h is the space of finite-element functions.
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∀v ∈ V̂h ,

(2.7)

2.2.3 Error and condition number bounds
The use of the weak-material approximation results in a problem with a solution
ûǫh that approximates the solution u outside of the holes, that is ûǫh |Ω ≈ u. More
precisely, there is a positive constant C such that the solution ûǫh of the weak-material
approximation problem satisfies
C ku − ûǫh kH 1 (Ω) ≤ inf ku − vh kH 1 (Ω)
vh ∈V̂h

°
°
+ ǫ1/2 inf kuω − vh kH 1 (ω) + ǫ °λ(uω )°H −1/2 (∂ω) ,

(2.8)

vh ∈V̂h

where u is the solution to the original problem (2.5), uω is the continuous elastic
extension of u into ω, and λ(uω ) is the surface traction on ∂ω from inside ω.
Problem (2.7) is discretized using the finite-element method by expanding functions vh ∈ V̂h in a basis φi that consists of piecewise polynomials,
X
vh = v i φi
(2.9)
We denote by Aǫ the stiffness matrix of the resulting linear system. For quasi-uniform
meshes, we show that the condition number κ(Aǫ ) depends on the weak material
parameter ǫ ∈ (0, 1/2] as
(2.10)
κ(Aǫ ) ≤ C h −2 ǫ−1 ,
where h ∈ (0, 1] is the mesh parameter, and C a constant. Moreover, we partition the
nodal values vh into vectors vΩ , vΓ , and vω with nodal values at nodes in Ω, Γ, and
ω, respectively. By introducing the scaling matrix
Dǫ = diag(INΩ , (1 + ǫ)INΓ , ǫINω ),

(2.11)

where NΩ , NΓ , Nω denote the lengths of the vectors vΩ , vΓ , and vω , respectively,
we show that the condition number κ(D−1
ǫ Aǫ ) is bounded independent of the weak
material parameter ǫ as
−2
(2.12)
κ(D−1
ǫ Aǫ ) ≤ C h .
Note that the limit matrix Ã0 = limǫ→0 D−1
ǫ Aǫ is well desfined.
The following numerical experiments are performed to affirm the error estimate
(2.8) and the bounds (2.10) and (2.12) regarding the non-preconditioned and the
preconditioned stiffness matrices respectively. We consider the domain shown in
figure 2.6, in which the material region is assumed to consist of a homogenous and
isotropic elastic material.
We solve problem (2.5) using the fine triangulation shown in figure 2.6 and
we denote its solution with uref . Moreover, both the non-preconditioned and the
preconditioned problems are solved over the extended domains shown in figure 2.7
using the weak material approximation. The preconditioned problem is the one
used when performing the error-estimate computations.
In figure 2.8 we observe that the semi-norm error |uref − uǫh |H 1 (Ω) is dominated
by the presence of the weak material for large ǫ values. In addition, the slope of the
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Figure 2.6: The triangulated domain, h ≈ 0.015, used to obtain the reference solution
uref .
error curve is steeper for the finer mesh, and agrees well with the O(ǫ1/2 ) bound. For
ǫ ≤ 10−4 , the error is dominated by the finite-element error term O(h). Note that to
avoid dominance of the O(ǫ1/2 ) term, fine meshes have to be used.
Figure 2.9 shows the dependence of the condition numbers κ(Aǫ ) and κ(Ãǫ ) on
the weak material parameter ǫ. We see that the condition number of matrix Aǫ grows
proportional to ǫ−1 . For ǫ = 0 the solution inside the holes becomes undetermined
and the matrix A0 is singular. However, the condition number κ(Ãǫ ) is bounded
independently of ǫ, and thus well conditioned as ǫ → 0.
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Figure 2.7: Extended domains and their triangulations, with h ≈ 0.082 (left) and
h ≈ 0.045 (right), used for solving the problem (2.7).
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Figure 2.8: The error |uref − uǫh |H 1 (Ω)
as a function of ǫ for the two meshes
shown in figure 2.7. The slope of the
light colored straight line corresponds
to O(ǫ1/2 ).

Figure 2.9: The condition number
of the non-preconditioned (circles)
as well as the preconditioned (solid
and dashed lines) matrices as a function of the weak material parameter
ǫ. The asterisks indicate the condition
numbers for ǫ = 0 when the preconditioned matrix is used.
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