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Abstract: In this contribution, we present results of bound state transition modeling using the
cut-off Coulomb model potential. The cut-off Coulomb potential has proven itself as a model
potential for the dense hydrogen plasma. The main aim of our investigation include further steps of
improvement of the usage of model potential. The results deal with partially ionized dense hydrogen
plasma. The presented results covers Ne = 6.5× 1018 cm−3, T = 18, 000 K and Ne = 1.5× 1019 cm−3,
T = 23, 000 K, where the comparison with the experimental data should take place, and the theoretical
values for comparison. Since the model was successfully applied on continuous photoabsorption of
dense hydrogen plasma in the broad area of temperatures and densities, it is expected to combine
both continuous and bound-bound photoabsorption within single quantum mechanical model with
the same success.

Keywords: atomic processes; radiative transfer; Sun: atmosphere; Sun: photosphere; stars: atmospheres;
white dwarfs

1. Introduction

The problems of plasma opacity, energy transport and radiative transfer under moderate and
strong non-ideality are of interest in theoretical and experimental research [1–4]. The strong coupling
and density effects in plasma radiation were the subject of numerous experimental and theoretical
studies in the last decades. Here, we keep in mind the plasma of the inner layers of the solar atmosphere,
as well as of partially ionized layers of other stellar atmospheres—for example, the atmospheres of DA
white dwarfs with effective temperatures between 4500 K and 30,000 K.

In this paper, we presented a new model way of describing atomic photo-absorption processes in
dense, strongly ionized hydrogen plasmas, which is based on the approximation of the cut-off Coulomb
potential. By now, this approximation has been used in order to describe transport properties of dense
plasmas (e.g., [1,5,6]), but it was clear that it could be applied to some absorption processes in non-ideal
plasmas too [3,7–9]. This topic itself, and the search for more consistent models of screening and more
realistic potentials in plasmas is still continuing and is very real (e.g., [10–13] and references therein).

The neutral hydrogen acts as an absorber in plasma, and its concentration determination is
essential in order to calculate the absorption coefficients. The neutral hydrogen concentration from
experimental data from [14] is used, and, since the result presented here is in the area where the Saha
equation is valid, the neutral concentrations using the Saha equation with the ionization potential

Atoms 2018, 6, 4; doi:10.3390/atoms6010004 www.mdpi.com/journal/atoms

http://www.mdpi.com/journal/atoms
http://www.mdpi.com
https://orcid.org/0000-0002-4979-015X
https://orcid.org/0000-0001-7938-5748
https://orcid.org/0000-0001-9138-8642
http://dx.doi.org/10.3390/atoms6010004
http://www.mdpi.com/journal/atoms


Atoms 2018, 6, 4 2 of 8

correction is possible. Since this is related to the further step, bound level broadening mechanism,
the procedure was not elaborated here. In addition, the emitter, neutral hydrogen, interacts with other
plasma species such as electrons and ions. In such a way, the theoretical hydrogen plasma model
results as well as NIST database values act as a limiting case for verification of solutions, in the case
when plasma influence is small or diminishes, e.g., rc → ∞ in later case.

In order to calculate the total absorption coefficient, the same broadening mechanism for the
bound state levels should be applied. Up until now, the continuous absorption processes were
calculated with the help of parametric broadening for the bound-free absorption [7]. The broadening
processes play a more important role in bound-bound processes, and, as such, the more realistic
theoretical model of broadening of bound state levels or a result of adequate molecular dynamics (MD)
simulations should be used. Only in such a case could the total absorption coefficients, obtained within
the same broadening model, be compared with real experimental data. This work is in progress.

A first step in extending of the model with additional processes is the bound state transition
processes inclusion. The bound state transition processes are stated as the most important goal in
the development of the self containing model, capable of describing optical as well as dynamical
characteristics of dense hydrogen plasma. The characteristics of the bound state transitions in
plasma diagnostics are well known, an almost mandatory method [15]. The usage of the hydrogen
lines as a probing method for the plasma characteristics is also well known and widely used in
plasmas of moderate and small non-ideality [16]. In accordance with that previously mentioned,
the continuation of research of the presented approach is the inclusion of the bound-bound photo
absorption process using the same model potential. The investigated process is the bound-bound i.e.,
photo absorption processes:

ελ + H∗(ni, li)→ H∗(n f , l f ), (1)

where n and l are the principal and the orbital quantum number of hydrogen-atom excited states,
hydrogen atom in its initial state |ni, li > is presented by H∗(ni, li), its final state |n f , l f > by H∗(n f , l f ),
and ελ presents absorbed photon energy.

2. Theory

2.1. The Approximation of the Cut-Off Coulomb Potential

The absorption processes (1) in astrophysical plasma are considered here as a result of
radiative transition in the whole system “electron–ion pair (atom) + the neighborhood”, namely:
ελ + (H+ + e)i + Srest → (H+ + e) f + S

′
rest, where Srest and S

′
rest denote the rest of the considered

plasma. However, as it is well known, many-body processes can sometimes be simplified by their
transformation to the corresponding single-particle processes in an adequately chosen model potential.

As an adequate model potential for hydrogen plasma with such density, we choose, as in [3,5],
the screening cut-off Coulomb potential, which satisfies above conditions, and can be presented in
the form:

U(r; rc) =

 − e2

r
, 0 < r ≤ rc,

Up;c, rc < r < ∞,
(2)

where the cut-off radius rc is defined by relation (3), as it is illustrated by Figure 1a. Here, e is the
modulus of the electron charge, r—distance from the ion, and cut-off radius rc—the characteristic
screening length of the considered plasma. Namely, within this model, it is assumed that quantity

Up;c = −
e2

rc
(3)

is the mean potential energy of an electron in the considered hydrogen plasma.
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Figure 1. Behaviour of the potentials U(r; rc) and Uc(r), where rc is the cut-off parameter. In (a) the
potetntial goes to the mean potential energy of an electron in the considered hydrogen plasma Up;c,
and in (b), the value of Up;c is taken as zero energy, i.e., Uc = U(r; rc)−Up;c, in the more applicable
form used here.

As in [3,5,8], we will take the value Up;c as the zero of energy. After that, the potential Equation (2)
is transformed to the form

Uc(r) =

 −
e2

r
+

e2

rc
, 0 < r ≤ rc,

0, rc < r < ∞,
(4)

which is illustrated by Figure 1b. Here, e is the modulus of the electron charge, r—distance from the
ion, and cut-off radius rc—the characteristic screening length of the considered plasma.

It is important that the cut-off radius rc can be determined as a given function of Ne and T, using
two characteristic lengths:

ri =

(
kBT

4πNie2

)1/2
rs;i =

(
3

4πNi

) 1
3

, (5)

namely, taking that Ni = Ne and rc = ac;i · ri we can directly determine the factor ac;i as a function
of ratio rs;i/ri, on the basis of the data about the mean potential energy of the electron in the single
ionized plasma from [12]. The behavior of ac;i in a wide region of values of rs;i/ri is presented in
Figure 2.
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Figure 2. Behavior of the parameters ac;i ≡ rc/ri as the function of the ratio rs;i/ri, where ri is given
by Equation (5) and rs;i is the ion Wigner–Seitz radius for the considered electron-ion plasma (5).
The presented curve is obtained on the basis of data presented in [12].
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2.2. The Calculated Quantities

In accordance with that, the behavior of the dipole matrix element is investigated here. It is
given by

D̂(r; rc; ni, li; n f , l f ) =< n f , l f |r|ni, li >, (6)

where the wave functions |ni, li > and |n f , l f > are initial and final state wave functions obtained
within the model of cut-off Coulomb potential, for the calculations of the plasma characteristics, or the
theoretical hydrogen ones in order to additionally check the model.

For the calculation of oscillator strength, we use expressions from [17–19]

f (n f , l f ; ni, li; rc) =
1
3

ν

Ry

[
max(l f , li)

2l f + 1

]
D̂(r; rc; ni, li; n f , l f )

2, (7)

where Ry is the Rydberg constant, in the same units as the frequency ν of the transition (n, l)→ (n′, l′).
The calculated data are presented in Table 1.

Our future plan is to include broadening processes and make it possible to directly compare
data with the experimental ones (e.g., the data from [14]). In continuation, some of the bound-bound
theoretical aspects are shown.

The total absorption cross section of the line could be linked with the dipole moment directly
with the help of relation

σ0(ω = ω f i) =
1
3

g2

g1

πω f i

ε0h̄c
D̂(r; rc; ni, li; n f , l f )

2. (8)

It should be noted that the absorption line profile is needed in order to apply the obtained results
to the absorption calculations:

σ(ω) = σ0(ω = ω f i)g(ω, ω f i). (9)

Here, g(ω, ω f i) is the spectral line profile and could be obtained, for instance, as a result of a
molecular dynamics (MD) simulations [20–22] or as a result of theoretical modeling and spectral line
data [23–27]. The lineshape is normalized to unity area, e.g.,∫ ∞

−∞
g(ω)dω = 1. (10)

The line profile is a convolution of the broadening of the initial and final state energy levels, e.g.,

g(ω) = gi(ω) ∗ g f (ω). (11)

Here, gi and g f are energy level broadening shapes of the initial and final states.
From here, the absorption coefficient could be calculated

k(ω) = Ni

∫
f

∫
i
gi(ω)g f (ω)σ0. (12)

Here, Ni is the concentration of hydrogen in initial level |ni, li >. The broadening of the levels
should be considered separately in order to use the same broadening profiles for the calculation of the
bound-free transition continuous photo absorption.

There are a few steps to be carried out, and the first to be taken into account is to use a parametric
level and line broadening model. The second one is to use a theoretical model for spectral line
broadening and try to deconvolve level broadening values, and the final step should be the usage of
the MD code [20–22]. A candidate for the coupling of the MD code is LAMMPS, which is capable
of simulating a large scale molecular dynamics simulations, and it also could include particular
interaction potential as well as all relevant processes of interest not included in the initial code as
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an additional module. The broadening parameters could be calculated from average energy and
particle distributions and their temporal distributions, or, as an iterative procedure, a more real plasma
potential could be obtained [20,21,28,29]. In the former case, the solutions would not necessary to be
described as a set of analytical functions. Since there are more steps, we did not elaborate on the ideas
until we obtained some initial results.

Table 1. The oscillator strength values for the ”short”, Ne = 1.5× 1019 cm−3, T = 23, 000 K, and ”long”
pulse, Ne = 6.5× 1018 cm−3, T = 18, 000 K, from [14], as well as a theoretical hydrogen case calculated
by code from [18], and NIST spectral database values [30].

Short Pulse Long Pulse Theory NIST
|ni, li > |n f , l f > f (n f , l f ; ni, li; rc) f (n f , l f ; ni, li; rc) f (n f , l f ; ni, li) f (n f , l f ; ni, li)

|1,0> |2,1> 0.416197 0.416197 0.416200 0.416400
|1,0> |3,1> 0.079102 0.079102 0.079101 0.079120
|1,0> |4,1> 0.028923 0.028991 0.028991 0.029010
|1,0> |5,1> 0.013728 0.013938 0.013950
|2,0> |3,1> 0.434865 0.434865 0.434870 0.435100
|2,0> |4,1> 0.102533 0.102756 0.102760 0.102800
|2,0> |5,1> 0.041425 0.041930 0.041950
|2,1> |3,0> 0.013589 0.013589 0.013590 0.013600
|2,1> |3,2> 0.695785 0.695785 0.695780 0.696100
|2,1> |4,0> 0.003035 0.003045 0.003045 0.003046
|2,1> |4,2> 0.121659 0.121795 0.121800 0.102800
|2,1> |5,0> 0.001191 0.001213 0.001214
|2,1> |5,2> 0.043962 0.044371 0.044400
|3,0> |4,1> 0.483750 0.484708 0.484710 0.484900
|3,0> |5,1> 0.119310 0.121020 0.121100
|3,1> |4,0> 0.032165 0.032250 0.032250 0.032280
|3,1> |4,2> 0.617675 0.618282 0.618290 0.618600
|3,1> |5,0> 0.007299 0.007428 0.007433
|3,1> |5,2> 0.138013 0.139230 0.139300
|3,2> |4,1> 0.010971 0.010992 0.010992 0.011000
|3,2> |4,3> 1.017260 1.017520 1.017500 1.018000
|3,2> |5,1> 0.002180 0.002210 0.002211
|3,2> |5,3> 0.156046 0.156640 0.156700
|4,0> |5,1> 0.537527 0.544150 0.544400
|4,1> |5,0> 0.052123 0.052907 0.052940
|4,1> |5,2> 0.604678 0.609290 0.609700
|4,2> |5,1> 0.027498 0.027822 0.027840
|4,2> |5,3> 0.887328 0.890250 0.890600
|4,3> |5,2> 0.008809 0.008871 0.008877
|4,3> |5,4> 1.344790 1.345800 1.346000

3. Results and Discussion

The convergence toward theoretical values for hydrogen is examined and proven for the
bound-bound transitions that could appear in the investigated area of electron concentrations and
temperatures, [31]. Since the initial results have proven that the model potential could be used for the
bound-bound state transition calculations, further investigation was completed.

The next step towards the application of the model results is a calculation of the oscillator strength
values for the plasma parameters denoted as ”short”, with Ne = 1.5× 1019 cm−3, T = 23, 000 K
and ”long” pulse, with Ne = 6.5 × 1018 cm−3, T = 18, 000 K from [14]. The radius ri, given by
Equation (5), Wigner–Seitz and cut-off radius as well as atom concentrations given by the Saha
equation are ri = 51.0655 a.u., rs;i = 47.5339 a.u., rc = 44.9907 a.u., Na = 1.9× 1019 cm−3 for short and
ri = 68.6260 a.u., rs;i = 62.8149 a.u., rc = 60.4062 a.u., Na = 3.4× 1019 cm−3 for long pulse.
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The essential quality of the presented approach is that the values are calculated with the help
of wave functions that are obtained as a completely analytical solution in the frame of the presented
model. The influence of the numerical procedure is minimized, and, as a consequence, the possibility
of introducing the numerical artifacts into the solution is also minimized.

Since the convergence towards the theoretical, unperturbed Coulomb potential is investigated
in [31], and the results of the presented calculations converge uniformly towards theoretical values,
it is expected that the presented model could obtain good data in a wider variety of plasma parameters
than shown here.

There is a need to introduce the broadening mechanism for the energy levels in the presented
approach. There is a possibility to couple the presented model calculations with the MD code in
order to obtain a consistent model for the broadening of the bound levels. Those results influence the
bound-free and bound-bound absorption profiles and are essential for the hydrogen plasma optical
properties calculation in the frame of the cut-off Coulomb potential model approach.

4. Conclusions

The presented results are a step forward towards inclusion of the entire photo-absorption
processes for hydrogen atoms in plasma within the frame of the cut-off Coulomb potential model.
One of the benefits of the presented results is a completely quantum mechanical solution for the cut-off
Coulomb model potential, obtained from wave functions that are analytical and represented with the
help of special functions, e.g., the influence of additional numerical source of errors is minimized as
much as possible. Along with this, the solutions converge towards theoretical pure Coulomb potential
ones as the cut-off radius converges to infinity, e.g., the influence of plasma diminishes. Further steps
in application of the presented results, the inclusion of the bound-bound transition processes within
the continuous absorption model, as well as its application in the analysis of the spectral absorption
processes is to be carried out. In order to make such calculations, it is needed to include the models for
the bound state level broadening. Our plan is to present the results obtained during this investigation
in a database that can be accessed directly through http://servo.aob.rs as a web service, similar to the
existing databases [26,27,32].
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