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Introduction

Contribution: An algorithm for identification of black-box
models of nonlinear autonomous system in stable periodic motion.

Strategy:

1. Use a continuous-time 2nd order ordinary differential equation.

2. Find the parameters using maximum likelihood.

3. Used a stochastic approximation of the EM algorithm, where
the inherent nonlinear state estimation problems are solved
using a combination of particle filters and MCMC.

Examples of earlier work on the identitication of oscillating systems,
Manchester, I., Tobenkin, M.M., and Wang, J. Identification of nonlinear systems with stable oscillations. In
CDC-ECC, Orlando, FL, USA, 2011.

Wigren, T., Abd-Elrady, E., and Söderström, T. Harmonic signal analysis with Kalman filters using periodic
orbits of nonlinear ODEs. In ICASSP, Hong Kong, 2003.
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One example of why this is relevant
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Fig. 3. Predicted output using the true initial state and the
estimated parameters. The plot labeled ”discretized”
is obtained by discretization of the true continuous-
time model using Euler forward and using that to
predict the future output. It can been seen that the
discretized model diverges over time from the true
signal, clearly the identified parameter values give
a better estimate than using the values from the
discretization.

Here, v denotes the potential, while n, m and h relate to
each type of gate of the model and their probabilities of
being open, see Siciliano (2012) for details. The applied
current is denoted by I. The six rate variables are de-
scribed by the following nonlinear functions of v

αn(v) =
0.01(v + 50)

1− e−(v+50)/10
, (15a)

βn(v) = 0.125e−(v+60)/80, (15b)

αm(v) =
0.1(v + 35)

1− e−(v+35)/10
, (15c)

βm(v) = 4.0e−0.0556(v+60), (15d)

αh(v) = 0.07e−0.05(v+60), (15e)

βh(v) =
1

1 + e−0.1(v+30)
. (15f)

The corresponding numerical values are given by Cm =
0.01 µF/cm2 , gNa = 1.2 mS/cm2, ENa = 55.17 mV ,
gK = 0.36 mS/cm2, EK = −72.14 mV , gl = 0.003
mS/cm2, and El = −49.42 mV .

4.3 Identifying the spiking mode of the Hodgkin-Huxley
model

Using a simulated dataset of length T = 10 000 sampled
with h = 0.04s, a model of the form (3) with m = 3 is
selected. Algorithm 2 was run for 200 iterations, employing
N = 20 particles in the PGAS kernel. For the SAEM step,
the sequence γ1:K is chosen as

γk =

{
1 if k ≤ 40,

(k − 40)−0.5 if k > 40.
(16)

The predicted phase-plane of the identified model is shown
in Fig. 4 along with the true phase-plane and the measure-
ments.

Fig. 5 shows the same dataset in the time-domain, it
shows the true signal (without added noise) and the output
predicted by the identified model when initialized with the
correct initial state. It can be seen that the model captures
the behaviour of the signal, but introduces a small error
in the frequency of the signal, causing the predicted and
true signal to diverge over time.
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Fig. 4. Phase-plane for the Hodgkin-Huxley dataset. It
can be seen that the predicted model fails to capture
the initial transient, but accurately captures the limit
cycle.
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Fig. 5. Predicted output using the true initial state and the
estimated parameters. The overall behaviour of the
signal is captured, but there is a small frequency error
which leads to the predicted signal slowly diverging
from the true signal.

5. CONCLUSIONS

The new identification method successfully identified mod-
els for both the Van der Pol example and for the more com-
plex Hodgkin-Huxley model. Even though the Hodgkin-
Huxley model in general cannot be reduced to a second
order differential equation it is possible to identify a good
second order model for its limit cycle as shown in Fig. 4.

The Hodgkin-Huxley model is
a mathematical description of the
properties of nerve cells (or
neurons), encoding the spiking
behaviour of the neurons.

Discovered by studying the squid giant axon (very large, up to
1 mm in diameter)
Hodgkin, A. L. and Huxley, A. F. A quantitative description of membrane current and its application to
conduction and excitation in nerve. The Journal of physiology, 117(4): 500–544, 1952.

P. Rapp, Why are so many biological systems periodic? Progress in Neurobiology, 29(3): 261–273, 1987.
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Model

The periodic signal is modeled as the output of a second order
continuous-time differential equation

(
ṗt
v̇t

)
=

(
vt

f(pt, vt)

)
,

where the state is given by

xt =

(
pt
vt

)
.

Discretize using Euler forward and add noise

pt+1 = pt + hvt,

vt+1 = vt + hf(pt, vt) + wt, wt ∼ N (0, Q),

yt = pt + et, et ∼ N (0, R).
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Model and maximum likelihood problem

Eliminate vt results in the following non-Markovian model,

pt+1 = 2pt − pt−1 + h2f

(
pt−1,

pt − pt−1

h

)
+ hwt,

yt = pt + et.

The function f is parameterized as

f(p, v) =

m∑

i=0

m∑

j=0

aijp
ivj ,

where the unknown parameters are given by

θ = {Q a00 ... a0m ... am0 ... amm}.
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Maximum likelihood and EM

We are concerned with the maximum likelihood problem

θ̂ML = argmax
θ

log pθ(y1:T ),

where y1:T = {y1, . . . , yT }.

The expectation maximization (EM) algorithm is an iterative
approach to compute ML estimates of unknown parameters (θ) in
probabilistic models involving latent variables (x1:T ).
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Expectation maximization (EM) algorithms

EM works by iteratively computing

Q(θ, θk) =
∫

log pθ(x1:T , y1:T )pθk(x1:T | y1:T )dx1:T

and then maximizing Q(θ, θk) w.r.t. θ.

Problem: The E-step requires us to solve a smoothing problem,
i.e. to compute an expectation under pθk(x1:T | y1:T ).

EM MCEM PSEM

SMC is used to approximate the smoothing pdf pθk(x1:T | y1:T ).
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Stochastic approximation EM

EM MCEM PSEM

SAEM

Markov SAEM PSAEM

In stochastic approximation EM (SAEM) Q(θ, θk) is replaced by

Q̂k(θ) = (1− γk)Q̂k−1(θ) + γk log pθ(x1:T [k], y1:T ),

where x1:T [k] denotes a sample from pθk(x1:T | y1:T ).

F. Lindsten, An efficient stochastic approximation EM algorithm using conditional particle filters. In Proceedings
of the Int. Conference on Acoustics, Speech, and Signal Processing (ICASSP), Vancouver, Canada, May 2013.
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MCMC and Particle MCMC

MCMC: Sample from intractable target distribution π(x).

Markov chain Monte Carlo (MCMC):

• Find kernel K(z |x) which leaves π(x) invariant (key step).

• Sample a Markov chain with kernel K.

Particle MCMC (PMCMC) is a systematic way of combining SMC
and MCMC, where SMC is used to construct a Markov chain in
the space of state trajectories.

Specifically, we employ the PGAS kernel which is a uniformly
ergodic Markov kernel. This is enough for SAEM to work.
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Particle SAEM

1. Use the PGAS kernel to generate the particle system

p̂θk−1
(x1:T | y1:T ) =

N∑

i=1

wiT δxi1:T
(x1:T ).

Important to use of good proposal density p(xt |xt−1) performs
very poorly here. Use p(yt |xt) or p(xt |xt−1, yt).

2. Use this within SAEM to compute

Q̂k(θ) = (1− γk)Q̂k−1(θ) + γk

N∑

i=1

wiT log pθ(x
i
1:T , y1:T ).

3. Compute

θk = argmax
θ

Q̂k(θ)
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Example 1 – Van der Pol oscillator (I/II)

The Van der Pol oscillator
(
ṗt
v̇t

)
=

(
vt

−pt + 2(1− p2t )vt

)

belongs to the model class we are studying.

The model results in stable oscillations (limit cycles).

Experiment settings: Use K = 50 MCMC iterations, N = 15
particles, model order m = 2 and step size sequence γ1:K ,

γk =

{
1 if k ≤ 5,

(k − 5)−0.9 if k > 5.
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Example 1 – Van der Pol oscillator (II/II)

the state-space then matches that of the measurement.
As a possible further improvement, the proposal could
also include the predicted state using the model. Recently,
Kronander and Schön (2014) showed that the combined
use of both the dynamics and the measurements results in
competitive algorithms. In such a scenario the estimated
uncertainty in the model would initially be large and thus
not affect the proposal distribution significantly, but for
each iteration of the PSAEM algorithm the model will be
more and more accurate in predicting the future states,
and its influence on the proposal distribution would in-
crease accordingly.

4. NUMERICAL ILLUSTRATIONS

The performance of the proposed algorithm is illustrated
using two examples, namely the Van der Pol oscillator
in Section 4.1 and the Hodgkin-Huxley neuron model in
Section 4.2 – 4.3. There is no prior knowledge of the model,
hence it is assumed that all the parameters aij in (3d) are
zero. The initial covariance Qw

0 is set to a large value.
The Python source code for the following examples can be
downloaded from Nordh (2015a), the implementation was
carried out using the pyParticleEst software framework
(Nordh, 2015b, 2013).

4.1 Validation on the Van der Pol oscillator

To demonstrate the validity of the proposed solution it is
first applied to the classic Van der Pol oscillator (Khalil,
1996), which belongs to the model class defined by (3).
The oscillator is described by

ẋt =

(
vt

−pt + 2(1− p2t )vt

)
, (12)

where xt = (pt vt)
T. Performing 50 iterations of Algo-

rithm 2 gives the parameter convergence shown in Fig. 1.
Here N = 15 particles were used for the PGAS sampler,
and the model order was chosen as m = 2. The dataset
was sampled with h = 0.025s. For the SAEM step, the
sequence γ1:K is chosen as

γk =

{
1 if k ≤ 5,

(k − 5)−0.9 if k > 5.
(13)

It can be seen that the parameters converge to values close
to those obtained from the Euler forward discretization.
To analyze the behavior further the phase-plane for the
system is shown in Fig. 2 and the time-domain realization
in Fig. 3. Here it can be seen that the identified model
captures the behavior of the true continuous-time system
significantly better than the model obtained from the
discretization.

4.2 The Hodgkin-Huxley neuron model

The well-known Hodgkin-Huxley model uses a nonlinear
ODE to describe the dynamics of the action potentials in
a neuron. In this paper the model will be used for two
purposes. First, simulated spiking neuron data is used to
characterize the performance of the proposed algorithm
when identifying a nonlinear autonomous system. It should
be noted that the data does not correspond to a system
that is in the model set. The ability to handle nonlinear
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Fig. 1. Parameter convergence for the Van der Pol exam-
ple (12). The dashed lines are the coefficients obtained
from the discretization of the model, the other lines
represent the different parameters in the identified
model. Note that while the parameters do not con-
verge to the ’true’ values, they provide a very accurate
model for predicting the signal as shown in Fig. 3.
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Fig. 2. Phase-plane plot for the Van der Pol example (12).

under-modeling is therefore also assessed. Secondly, the
new algorithm and the identification results contribute to
an enhanced understanding of spiking neurons by provid-
ing better performance compared to previous algorithms.

The Hodgkin-Huxley model formulation of Siciliano (2012)
is used, where the following ODE is given

dv

dt
=

1

Cm

[
I − gnam

3h(v − Ena)

×gKn4(v − EK)− gl(v − El)
]
, (14a)

dn

dt
= αn(v)(1 − n)− βn(v)n, (14b)

dm

dt
= αm(v)(1 −m)− βm(v)m, (14c)

dh

dt
= αh(v)(1 − h)− βh(v)h. (14d)

Phase plot
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Fig. 3. Predicted output using the true initial state and the
estimated parameters. The plot labeled ”discretized”
is obtained by discretization of the true continuous-
time model using Euler forward and using that to
predict the future output. It can been seen that the
discretized model diverges over time from the true
signal, clearly the identified parameter values give
a better estimate than using the values from the
discretization.

Here, v denotes the potential, while n, m and h relate to
each type of gate of the model and their probabilities of
being open, see Siciliano (2012) for details. The applied
current is denoted by I. The six rate variables are de-
scribed by the following nonlinear functions of v

αn(v) =
0.01(v + 50)

1− e−(v+50)/10
, (15a)

βn(v) = 0.125e−(v+60)/80, (15b)

αm(v) =
0.1(v + 35)

1− e−(v+35)/10
, (15c)

βm(v) = 4.0e−0.0556(v+60), (15d)

αh(v) = 0.07e−0.05(v+60), (15e)

βh(v) =
1

1 + e−0.1(v+30)
. (15f)

The corresponding numerical values are given by Cm =
0.01 µF/cm2 , gNa = 1.2 mS/cm2, ENa = 55.17 mV ,
gK = 0.36 mS/cm2, EK = −72.14 mV , gl = 0.003
mS/cm2, and El = −49.42 mV .

4.3 Identifying the spiking mode of the Hodgkin-Huxley
model

Using a simulated dataset of length T = 10 000 sampled
with h = 0.04s, a model of the form (3) with m = 3 is
selected. Algorithm 2 was run for 200 iterations, employing
N = 20 particles in the PGAS kernel. For the SAEM step,
the sequence γ1:K is chosen as

γk =

{
1 if k ≤ 40,

(k − 40)−0.5 if k > 40.
(16)

The predicted phase-plane of the identified model is shown
in Fig. 4 along with the true phase-plane and the measure-
ments.

Fig. 5 shows the same dataset in the time-domain, it
shows the true signal (without added noise) and the output
predicted by the identified model when initialized with the
correct initial state. It can be seen that the model captures
the behaviour of the signal, but introduces a small error
in the frequency of the signal, causing the predicted and
true signal to diverge over time.
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Fig. 4. Phase-plane for the Hodgkin-Huxley dataset. It
can be seen that the predicted model fails to capture
the initial transient, but accurately captures the limit
cycle.
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Fig. 5. Predicted output using the true initial state and the
estimated parameters. The overall behaviour of the
signal is captured, but there is a small frequency error
which leads to the predicted signal slowly diverging
from the true signal.

5. CONCLUSIONS

The new identification method successfully identified mod-
els for both the Van der Pol example and for the more com-
plex Hodgkin-Huxley model. Even though the Hodgkin-
Huxley model in general cannot be reduced to a second
order differential equation it is possible to identify a good
second order model for its limit cycle as shown in Fig. 4.

Predicted output

“Predicted“ – using the true initial state and θ̂ML.
“Discretized” - obtained by discretization of the true
continuous-time model using Euler forward and using that to
predict the future output.
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Example 2 – Hodgkin-Huxley neuron model

The Hodgkin-Huxley model describes how nerve impulses (spikes)
in neurons are initiated and propagated.

dv

dt
=

1

Cm

(
I − gnam3h(v − Ena)gKn4(v − EK)− gl(v − El)

)
,

dn

dt
= αn(v)(1− n)− βn(v)n,

dm

dt
= αm(v)(1−m)− βm(v)m,

dh

dt
= αh(v)(1− h)− βh(v)h.

Experiment settings: Use K = 200 MCMC iterations, N = 20
particles, model order m = 3 and step size sequence γ1:K ,

γk =

{
1 if k ≤ 40,

(k − 40)−0.5 if k > 40.
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Example 2 – Hodgkin-Huxley neuron model
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Fig. 3. Predicted output using the true initial state and the
estimated parameters. The plot labeled ”discretized”
is obtained by discretization of the true continuous-
time model using Euler forward and using that to
predict the future output. It can been seen that the
discretized model diverges over time from the true
signal, clearly the identified parameter values give
a better estimate than using the values from the
discretization.

Here, v denotes the potential, while n, m and h relate to
each type of gate of the model and their probabilities of
being open, see Siciliano (2012) for details. The applied
current is denoted by I. The six rate variables are de-
scribed by the following nonlinear functions of v

αn(v) =
0.01(v + 50)

1− e−(v+50)/10
, (15a)

βn(v) = 0.125e−(v+60)/80, (15b)

αm(v) =
0.1(v + 35)

1− e−(v+35)/10
, (15c)

βm(v) = 4.0e−0.0556(v+60), (15d)

αh(v) = 0.07e−0.05(v+60), (15e)

βh(v) =
1

1 + e−0.1(v+30)
. (15f)

The corresponding numerical values are given by Cm =
0.01 µF/cm2 , gNa = 1.2 mS/cm2, ENa = 55.17 mV ,
gK = 0.36 mS/cm2, EK = −72.14 mV , gl = 0.003
mS/cm2, and El = −49.42 mV .

4.3 Identifying the spiking mode of the Hodgkin-Huxley
model

Using a simulated dataset of length T = 10 000 sampled
with h = 0.04s, a model of the form (3) with m = 3 is
selected. Algorithm 2 was run for 200 iterations, employing
N = 20 particles in the PGAS kernel. For the SAEM step,
the sequence γ1:K is chosen as

γk =

{
1 if k ≤ 40,

(k − 40)−0.5 if k > 40.
(16)

The predicted phase-plane of the identified model is shown
in Fig. 4 along with the true phase-plane and the measure-
ments.

Fig. 5 shows the same dataset in the time-domain, it
shows the true signal (without added noise) and the output
predicted by the identified model when initialized with the
correct initial state. It can be seen that the model captures
the behaviour of the signal, but introduces a small error
in the frequency of the signal, causing the predicted and
true signal to diverge over time.
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Fig. 4. Phase-plane for the Hodgkin-Huxley dataset. It
can be seen that the predicted model fails to capture
the initial transient, but accurately captures the limit
cycle.
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Fig. 5. Predicted output using the true initial state and the
estimated parameters. The overall behaviour of the
signal is captured, but there is a small frequency error
which leads to the predicted signal slowly diverging
from the true signal.

5. CONCLUSIONS

The new identification method successfully identified mod-
els for both the Van der Pol example and for the more com-
plex Hodgkin-Huxley model. Even though the Hodgkin-
Huxley model in general cannot be reduced to a second
order differential equation it is possible to identify a good
second order model for its limit cycle as shown in Fig. 4.
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Fig. 3. Predicted output using the true initial state and the
estimated parameters. The plot labeled ”discretized”
is obtained by discretization of the true continuous-
time model using Euler forward and using that to
predict the future output. It can been seen that the
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a better estimate than using the values from the
discretization.

Here, v denotes the potential, while n, m and h relate to
each type of gate of the model and their probabilities of
being open, see Siciliano (2012) for details. The applied
current is denoted by I. The six rate variables are de-
scribed by the following nonlinear functions of v

αn(v) =
0.01(v + 50)

1− e−(v+50)/10
, (15a)

βn(v) = 0.125e−(v+60)/80, (15b)

αm(v) =
0.1(v + 35)

1− e−(v+35)/10
, (15c)

βm(v) = 4.0e−0.0556(v+60), (15d)

αh(v) = 0.07e−0.05(v+60), (15e)

βh(v) =
1

1 + e−0.1(v+30)
. (15f)

The corresponding numerical values are given by Cm =
0.01 µF/cm2 , gNa = 1.2 mS/cm2, ENa = 55.17 mV ,
gK = 0.36 mS/cm2, EK = −72.14 mV , gl = 0.003
mS/cm2, and El = −49.42 mV .

4.3 Identifying the spiking mode of the Hodgkin-Huxley
model

Using a simulated dataset of length T = 10 000 sampled
with h = 0.04s, a model of the form (3) with m = 3 is
selected. Algorithm 2 was run for 200 iterations, employing
N = 20 particles in the PGAS kernel. For the SAEM step,
the sequence γ1:K is chosen as

γk =

{
1 if k ≤ 40,

(k − 40)−0.5 if k > 40.
(16)

The predicted phase-plane of the identified model is shown
in Fig. 4 along with the true phase-plane and the measure-
ments.

Fig. 5 shows the same dataset in the time-domain, it
shows the true signal (without added noise) and the output
predicted by the identified model when initialized with the
correct initial state. It can be seen that the model captures
the behaviour of the signal, but introduces a small error
in the frequency of the signal, causing the predicted and
true signal to diverge over time.
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Fig. 4. Phase-plane for the Hodgkin-Huxley dataset. It
can be seen that the predicted model fails to capture
the initial transient, but accurately captures the limit
cycle.
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Fig. 5. Predicted output using the true initial state and the
estimated parameters. The overall behaviour of the
signal is captured, but there is a small frequency error
which leads to the predicted signal slowly diverging
from the true signal.

5. CONCLUSIONS

The new identification method successfully identified mod-
els for both the Van der Pol example and for the more com-
plex Hodgkin-Huxley model. Even though the Hodgkin-
Huxley model in general cannot be reduced to a second
order differential equation it is possible to identify a good
second order model for its limit cycle as shown in Fig. 4.

Predicted output (“spike train”)

“Predicted“ – using the true initial state and θ̂ML.

Captures the overall behaviour of the signal rather well.
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Conclusions

Contribution

An algorithm for identification of black-box models of
nonlinear autonomous system in stable periodic motion.

Strategy

1. Used a continuous-time 2nd order ODE.

2. Found the parameters using maximum likelihood.

3. A stochastic approximation of the EM algorithm, where the
inherent nonlinear state estimation problems are solved using
a combination of particle filters and MCMC.

Examples

1. Van der Pol oscillator

2. Hodgkin-Huxley neuron model
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