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In this paper, we carry out the following Stability of Nonic Functional Equations

E(S+5t)—9&(s+4t) +36&(s+3t) —84&(s+ 2t) +126£ (s +1) —126£(S)
+84&(s—1) —36&(s—2t) +9&(s —3t) — &(s —4t) = 91&(t)

where 91= 362880 in Multi-Banach Spaces by using fixed point technique.

Introduction

In 1940, Ulam posed a problem concerning the stability of functional equations: Give conditions in order for a linear function
near an approximately linear function to exist. An earlier work was done by Hyers [6] in order to answer Ulam’s equation [14]
on approximately additive mappings.

During last decades various stability problems for large variety of functional equations have been investigated by several
mathematicians. A large list of references concerning in the stability of functional equations can be found.

e.g.([1], [2], [6], [7], [9)).

In 2010, Liguang Wang, Bo Liu and ran Bai [10] proved the stability of a mixed type functional equations on Multi - Banach
Spaces. In 2010, Tian Zhou Xu, John Michael Rassias, Wan Xin Xu [13] investigated the generalized Ulam-Hyers stability of
the general mixed additive-quadratic-cubic-quartic functional equation

f(x+ny)+ f(x—ny) =n’*f (x+y)+n*f(x—y)+2(1-n?) f(X)

+%[f(2y)+ f(-2y)-4f(y)-4f(-y)]

for fixed integers N with N = 0,21 in Multi- Banach Spaces.

In 2011, Zhihua Wang, Xiaopei Li and Th. M. Rassias[16] proved the Hyers - Ulam stability of the additive - cubic
- quartic functional equations

1 f (x+2y) + f(x—2y)]= 44[f (x+ y) + f (x—y)]+12f (3y)
—48f (2y)+60f (y)—66f (X)

in Multi - Banach Spaces by using fixed point method.

In 2013, Fridoun Moradlou [5] proved the generalized Hyers-Ulam-Rassias stability of the Euler-Lagrange-Jensen
Type Additive mapping in Multi-Banach Spaces.

In 2015, Xiuzhong Yang, Lidan Chang, Guofen Liu[15] estabilished the orthogonal stability of mixed
additive-quadratic Jensen type functional equation in Multi-Banach Spaces.

In 2016, John M. Rassias, M. Arunkumar, E. Sathya and T. Namachivayam [8] established the (??) general solution
and also proved the Felbin’s type fuzzy normed space and intuitionistic fuzzy normed space using direct and fixed point
method.

In this paper, we carry out the following Stability of Nonic Functional Equations
DE&(s,t) = £(s+5t) —9& (s +4t) + 365 (s +3t) —84& (s + 2t) +126& (s +t) —126£(S)
+84&(s—1) —36&(s—2t) +9&(s —3t) —&(s —4t) —91&(t) @)

where 91= 362880 in Multi-Banach Spaces by using fixed point technique.

It is easily verified that that the function gg(S) = S9 satisfies the above functional equations. In other words, every
solution of the nonic functional equation is called a nonic mapping.
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Theorem 1.1 [3], [12] Let (X,d) be a complete generalized metric space and let J: X — X be a strictly

contractive mapping with Lipschitz constant L <1. Then for each given element X € X, either
d(3"x,J"X) = o0
for all nonnegative integers N or there exists a positive integer N, such that
@) d(3"x,J"™X) <o forall n>ny;
(i) The sequence {J”x} is convergent to a fixed point y* of J;
(i) 'y~ is the unique fixed pointof T inthe set Y = {y eX:d (Jno X,y) < oo};

1
1-L

Now, let us recall regarding some concepts in Multi-Banach spaces.

(v) d(y,y)< d(y,Jy) foral yeY..

Let (@,””) be a complex normed space, and let keN. we denote by gok the linear space
PDP®P®D...D ¢ consisting of K— tuples (X,,...,X,) where X,,..., X, € 2. The linear operations on (* are
defined coordinate wise. The zero element of either £ or gok is denoted by 0. we denote by Nk the set {1,2,...,k}

and by ‘I’k the group of permutations on K symbols.
Definition 1.2 [4] A Multi- norm on {gok ke N} is a sequence (“”): (“”k ke N) such that ||||k is a norm on
@" foreach k eN, ||X||l = ||X|| for each X € 9, and the following axioms are satisfied for each K € N with k >2:

1, H(xg(l),...,xa(k)l‘k = (%X ) Tor o€ W, Xy, X, € 01

B (CR PR D= (maxiewklailJl(Xl---Xk )
for a...0q, €C, X ..., X € §9;
3 (% X1 O, =Ko X N yr 08 Koo Xy € 495
A (%o X X )l =Ko X f| oy o8 X Xy € 02
In this case, we say that ((gok JI) ke N) is a multi - normed space.

Suppose that ((pk,””k) k EN) is a multi - normed spaces, and take k eN. We need the following two

properties of multi - norms. They can be found in [4].

@)](x,...x)], =[] forx g,
k
(b) mex %] <06 ) < D% <K max %[ %eves %, € 0.
<Nk i=1 <Nk

It follows from (b) that if (({0, ||||) is a Banach space, then (pk ) ||||k) is a Banach space for each K € N; In this case,
((pk , ||||k) ke N) is a multi - Banach space.
j

Lemma 1.3 [4] Suppose that KN and (Xi...Xk)e . For each je{l...k}, let (Xn )n:1,2... be a

sequence in £ such that [iMn_. X,f = X;. Then
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r|1i_r)n(x,1]—yl,...,xr'f—yk):(xi—yl,...,xk—yk) )

k

holds for all (y,,..., ¥, ) € "

Definition 1.4 [4] Let ((gok,””k) ke N) be a multi - normed space. A sequence (Xn) in 0 is a multi-null

sequence if for each 77> 0, there exists Ny €N such that
Skup”(xn L} Xn+k—l]|k < n (n 2 rIO ) ©)
eN

Let X € g0, we say that the sequence (Xn) is multi-convergent to X in % and write [imp_. X, = X if (Xn —X)
is a multi - null sequence.

Definition 1.5 Let X be a set. A function d : X x X —[0,0] is called a generalized metric on X if and
onlyif d satisfies

« d(X,y)=0 ifandonlyif X=y;
- d(x,y)=d(y,X) foral X,ye X;
« d(x,z) <d(x,y)+d(y,z) forall X,y,ze X.

Theorem 1.6 Let Z be an linear space and let ((Ak,””) Ke N) be a multi-Banach space. Suppose that 77 is a

nonnegative real number and &:Z — A is a mapping satisfying
Skul\rl)”(Dé:(sl’tl)"“’ Df(skitk)mk =n 4

Sisees Sy b yeens f € Z. Then there exists a unique nonic mapping N :Z — A such that

<19

skugll(«:(sl) = N(8), E(8) = N(s))|, < 557820"

®)

forall S,,...,S, € Z.

Proof. Letting S; =S, =,...,= S, =0 andreplacing t,...,t, by 2S,...,2S, in(4), we obtain that

sup, ., [(£(10s,) —8£(8s,) + 27&(6s,) — 485 (4s,) — 362838E£(25)) ...

£(10s, ) —8&(8s, ) +27£(6s, ) —48&(4s, ) —362838£(2s, ))|k <n (6)

forall S,,...,S, € Z.

Letting S;,...,S, by 9S,,...5S, and replacing t,,...,t, by S,...S, in (4), we get

sup, [(£(10s,) —9&(9s,) +36&(8s,) —84&(Ts,) +126£(6s,) —126£(5s,) +
84&(4s,) —364£(3s,) +9£(2s,) —3628814(s,)), ..., £(10s, ) —9&(9s, ) +36£(8s, ) —84&(7s, ) +

126£(6s,) —126&(55, ) +84£(4s,) —36&(35, ) + 9&(25, ) — 3628814(s, ) )|, <7 @)

forall §,,...,S, € Z. Unifying (6) and (7),

SUP, oy

(95 (9s,) —44£(8s,) +84£(7s,) —99&(6s,) +126£(5s,) —134£(4s,) +36£(3s,)
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—362847£(2s,) +3628815(s,),...,.98(9s, ) —44&£(8s, ) +84<&(7s, )

—99£(6s, ) +126£(5s, ) —134£(4s, ) +36£(3s, ) —362847£(2s, ) +3628814(s, )mk <2n 8
forall S,,...,S, € Z. Letting S,...,S, by 4S,,...,4S, andreplacing t,,...,t, by S,...,S, in (4), we arrive

SUP,.(£(95,) —9&(8s,) +36£(7s;) —84£(65,) +126(5s,) ~126&(4s,) +84&(3s,)
—36£(2s,) +95(s,) —915(8)),.., £(95,) —98(8s, ) +365 (75, ) —845(6s, ) +126(5s, )

—126¢(4s,) +84£(3s,) —36£(25,) +94(5,) —9!&(s ), <7 ©

forall §,,...,S; € Z. Multiplying by 9 in (9), we arrive

sup, . [(9£(9s,) —81£(8s,) + 324£(7s,) — 756£(6s,) +1134E£(5s,) —1134£(ds, ) + 756£(3s,)
—324£(25,) — 3265839E(S,),..., 95(9s, ) —81E(8s, ) +324&(7s, ) — T56E(6s, ) +1134£(5s, )

—1134£(4s, ) + T56&(3s, ) —324&(2s, ) —32658395(5,) )

<9 (10)

!

forall S,,...,S, € Z. It follows from (8) and (10), we get

sup, ., |(37£(8s,) — 240£(7s,) +657£(6s,) —1008£(5s, ) +1002&(4s,) — 720£(3s,)
—362523E(25,) +3628720E(S,),...,37E(8S, ) — 240E(7s, ) + 657£(6s, ) —1008£(5s, )

+1002£(4s, ) — 7205(3s, ) —3625235(2s, ) + 36287205 (s, )mk <1ln (11)
forall S,,...,S, € Z.
Putting S;,...,S, by 3S,...3S, andreplacing t,,...,t, by S,,...,S, in(4), we get

SUR N (5(851) - gé:(?sl) + 364:(651) - 84&(551) +126§(431) _1265(331) + 845(251)
—365(s,) =& (=5,) —9!&(s)).... £(8, ) —9&(7s, ) + 365 (65, ) —845(5s, )

+126£(4s,) —126£(3s, ) +84£(2s, ) —365(s, ) — (=5, ) —9'& (s, )mk =n (12)

forall §,,...,S, € Z. Multiplying by 37 in (12), we get

sup, . [(37&£(8s,) —333£(7s,) +1332£(6s,) —3108&(5s,) + 46621 (4s,) — 466214 (3s,)
+3108E(2s,) —13427855£(S,)....,37&(8s, ) —333E(7s, ) +1332£(6s, )

—3108£(5s, ) + 466215 (4s,) — 466215 (3s,) +3108£(2s,) ~134278554(5, ) )|, <37 (13)

forall S,,...,S, € Z. By (11) and (13), we obtain

sup, [(935(7s,) —675£(6s,) — 2100 (5s,) —3660&(4s, ) +39425(3s, )
—365631E(25,) +17056575(S,),....93E(7s, ) — 675&(6s, ) — 2100£(5s, )

—3660< (4s, ) +3942£(3s, ) —365631&(2s, ) +17056575& (sk)]|k <48n (14)
forall S,,...,S, € Z.
Replacing S;,...,S, by 2S,...,2S, and t,...,t, by S;,...,;S, in(4), we get

(£(7s,) —9&(6s,) +36&(5s,) —84&(4s,) +126£(3s,) —126£(2s,) +84£4(s,)

SUpP,
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+95(=8) =5 (28,) =915(8,)-, 5(75,) = 95(6s, ) +365(5s, ) —845(4s,)
+126£(3s,) —126£(25,) +84&(5,) +9&(-5,) —£(-25,) —9'£ (s )|, <7 (15)

forall §,,...,S; € Z. Multiplying by 93 on both sides in (15), we can get

sup, . [(93£(7s,) —837£(6s,) +3348&(5s,) — 78125 (4s,) +117184(3s,)
—11625&(2s,) —33740865£(S,),...,93E(7s, ) —837E(6s, ) + 3348E(5s, )

—7812£(4s,) +11718£(3s,) ~11625£(2s, ) — 33740865£(, ) )|, <937 (16)

forall S,,...,S, € Z. By (14) and (16), we get

SUP, o (162&(65,) —1248&(5s,) + 4152&(4s,) — TTT6£(3s;) — 3540068 (25, ) +50797440£(s,), ..,

162£(6s,) —1248£(5s,) + 4152£(4s, ) — TT76&(3s,) — 3540065 (25, ) +507974405(s, ) )|, <1417 (7)

forall §,,...,S; € Z. Dividing on both sides by 2 in (17), we get

sup, ., |(B1E(6s,) —624£(5s, ) + 2076&(4s,) — 3888&(3s,) —177003£(2s,) + 25398720&(S,) ...,

B1£(65,) —624£(5s,) +2076&(4s, ) — 3888L(3s, ) —177003&(2s, ) +253987204(s, ) )|, <£177
(18)

forall S,,...,S, € Z. Replacing t;,..t, by S,...,S, in (4), we get

SUP, . [(£(B,) ~9&(Bs,) + 36&(ds,) ~84E(3s,) +126&(25,) ~126&(s,) ~ 36&(-s,)
FOE(-25) ~ £(-35) ~O1E(S) .. £(65,) ~9E(55,) + 36E(As, ) ~BAE(35,) +126£(25,)

—126&(s,) —36£(=s, ) +9E(-25,) — £(-35,) &) )|, <7 (19)

forall §,,...,S, € Z. Multiplying both sides 81 by (19), we can get

sup,  |(81£(6s,) — 729&(5s,) + 2916£(4s,) — 67235(3s,) + 9477 E(25,) — 29400570E(S,), ..,

81£(6s,) — 7295 (58, ) + 2916&(4s, ) — 67235 (3s,) + 94TTE(2s,) — 29400570&(S, )|, <817 (20)

forall S,,...,S, € Z. From (18) and (20)

sup, |(105&(5s,) —840£(4s, ) + 2835£(3s, ) —186480£(2s,) + 54799290£(s, )

105£(58,) —840 (43, ) + 2835£(3s,) —186480&(2s, ) +54799290&(5, ) ), <ﬁ,7 21)

forall S,,...,S, € Z.

Replacing S;,...,S, =0 and t,...,t, by S;,...,S, in(4), we obtain

sUP, (E(Bs,) —9E£(4s,) +36&(3s,) —84E(2s,) +126£(s;) +84E(—s,)
—36&(~25,) +9&(~35,) — &(—48,) — 91E(S,), .., (55, ) — 9&(4s, ) + 36&(3s, ) —84&(2s, )

+126£(s, ) +84£(—s, ) —36& (25, ) +95(=3s, ) — &(—4s,) —9E(s, )mk <n (22)
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forall S,,...,S, € Z.
Multiplying on bothsides by 105 in (22), we obtain that
sup, . [(105&(5s,) —840&(4s, ) + 2835&(3s,) — 5040 (2s,) —38097990&(s,)

105£(5s,) ~840&(4s, ) + 2835£(3s, ) —5040&(2s, ) — 38097990£(s, ) )|, <1057 23)

forall S,,...,S, € Z. From (21) and (23)

sup|(—181440£(2s,) +92897280&(s, )., ~181440&(2s, ) +92897280&(s, ) )|, < 5713 n (4
keN

forall S;,...,S, € Z. Itfollows from (24)that

171

SkleJE”(f(zsl) —512&(s,),..., £(25,) ~512&(s,) )|, < 120960 (25)
£(2sy) £(2s,) 57

P (5(51)_ po o) =T j k = 20643840 (20)

forall S,,...,S, € Z.

Let A= {l :Z—>A|l(0)= 0} and introduce the generalized metric d definedon A4 by

d(I,m):inf{/le[O,oo]|sup|||(sl)—m(sl),...,I(sk)—m(sk)”kSﬂ v Sl,...,skeZ}

keN

Then it is easy to show that A, d is a generalized complete metric space, See [11].

We define an operator J: A —> A by
J(s) = 2—19|(23) sz

We assert that J is a strictly contractive operator. Given |,me A, let 4 €[0,90] be an arbitary constant with
d(lI,m) < A. From the definition if follows that

sku'E)”I(sl)—m(sl),...,l(sk)—m(sk)||k <A s,.8 €Z.

Therefore,
skuE)||(JI(sl)—Jm(sl),...,JI(sk)—Jm(sk))”k
1 1 1 1
SSKlEJ'E) [FI(Zsl)—?m(Zsl),...,?I(Zsk)—?m(ZSk)j k
<1
2
Siyes Sy EZ.

Hence,it holds that
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d(Jl,Jm)sz—lg/w(Jl,Jm)gz—lgd(Lm)

VI, meA.
This Means that J is strictly contractive operator on A with the Lipschitz constant L = ?
By (26), we have d(J&,&) < o According to Theorem 1.1, we deduce the existence of a fixed
, we hav E)S———1. i 1, wi u xi ix
g 20643840
point of J that is the existence of mapping N :Z — A such that
N(2s)=2°N(s) VseZ.
Moreover, we have d(Jnf, N )—) 0, which implies
. ) 2"s
N(s) = lim J"&(s) = lim é(zgn )
forall SeZ.
Also, d(&,N) < ﬁ d(J<&, &) implies the inequality
1
d(EN) < d(IE,&)
1=y
S L 77_
6867840
Setting S, =,...,= S, =2"S,t, =,...,=t, =2"t in (4) and divide both sides by 2°". Then, using property (a)
of multi-norms, we obtain
- l n n
DN, )] = lim - |Dé("s.2"t)
Slim i =0

forall S,t €Z. Hence N is Nonic.

The uniqueness of N follows from the fact that N is the unique fixed point of J with the property that there
exists £ € (0,00) such that

skugll(ﬁ(so—N(sl),...,f(sk)—N(sk)mk </

foral S;,...,S, €Z.

This completes the proof of the Theorem.
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