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Abstract: One of the main advantages of the Gantry-Tau ma-
chine is a large accessible workspace/footprint ratio compared to
many other parallel machines. The Gantry-Tau improves this ra-
tio by allowing a change of assembly mode without internal link
collisions or collisions between the links and the moving TCP
platform. However, the optimal kinematic, elastostatic and elas-
todynamic design parameters of the machine are still difficult
to calculate and this paper introduces an optimisation scheme
based on the geometric approach for the workspace area and
the functional dependencies of the elements of the static matrix
and the Laplace transform to define the first resonance frequency.
The method to calculate the first resonance stiffness assumes that
each link and universal joint can be described by a mass-spring-
damper model and calculates the transfer function from a Carte-
sian force or torque to Cartesian position or orientation. These
approaches are significantly faster than analytical methods based
on the inverse kinematics or the general Finite Elements Method
(FEM). Kinematic design obtained by optimisation according to
this paper gives a workspace/footprint ratio of more than 2.7 and
the first resonance frequency of more than 50 Hz with components
of an existing lab prototype at the University of Agder.

1 Introduction

A generalised parallel kinematic manipulator (PKM) is a closed-
loop kinematic chain mechanism where the end-effector is linked
to the base by several independent kinematic chains, Merlet
(2000). It may consist of redundant mechanisms with more ac-
tuators than the number of controlled degrees of freedom of the

end-effector. The study of PKMs has been an active research
field in robotics and mechanical design for a long time. From the
first ideas of Gough (1957) and Stewart (1965), many mech-
anisms and design methods have been developed. The concept
of using the parallel mechanism as a spatial motion mechanism
with 6-DOFs (degree of freedom) was first presented by Gough
(1957). Stewart proposed a 6-DOFs platform targeting the flight
simulator application. In the late 1980s a new field of applica-
tions and research was developed by Clavel (1988). The Delta
robot presented by Clavel was a base for a large range of ma-
chines dedicated to high-speed applications but because of small
workspace in relation to footprint and limited number of degrees
of freedom the robot can not be used as a general purpose manip-
ulator. In contrast, Pierrot proposed a 6-DOF fully-parallel robot
HEXA. The HEXA robot, Pierrot et al. (1992) and Uchiyama et
al. (1990), is an extension of the DELTA mechanism having 6
DOFs but because the workspace/footprint ratio and tilting an-
gles are small this robot has also a limited capability compared
to serial manipulators. Due to the problems with small accessible
workspace, relatively small tilting angles and in some cases wide
ranging stiffness values inside the workspace the use of PKMs in
industry is still limited.

The Tau family of PKMs was invented by ABB Robotics, see
Brogårdh et al. (2000). The Gantry-Tau was designed to over-
come the workspace limitations while retaining many advantages
of PKMs such as low moving mass, high stiffness and no link
twisting or bending moments. For a given Cartesian position of
the robot each arm has two solutions for the inverse kinematics,
referred to as the left- and right-handed configurations. While
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operating the Gantry-Tau in both left- and right-handed configu-
rations, the workspace will be significantly larger in comparison
with both a serial Gantry-type robot and other PKMs with the
same footprint and with only axial forces in the links of the arms.
The intended application of the robot is for machining operations
requiring a workspace equal to or larger than of a typical serial-
type robot, but with higher stiffness. However, the robot can also
be designed for very fast material handling and assembly or for
high precision processes such as laser cutting, water jet cutting
and measurement.

Currently, there exist large gaps between the stiffness and dy-
namic properties of serial-type robots and many of the developed
PKM prototypes. An industrial serial-type robot typically has a
Cartesian stiffness in the range 1-2 Newtons per micron (N/µm)
and resonance frequencies below 10 Hz. A high-speed machin-
ing centre typically has stiffness larger than 50N/µm and res-
onance frequencies larger than 50 Hz. Between these specifi-
cations there exists a large range of untapped application areas
for PKMs. With higher stiffness and resonance frequencies com-
pared to serial robots, PKMs can provide benefits such as reduced
oscillations and overshoots which in turn can lead to economic
benefits gained from reduced cycle-times.

In this paper the triangular-link variant of the 3-DOF Gantry-
Tau structure is considered, which was first presented in Brogårdh
et al. (2005). Triangular mounted links give several advantages:
they enable a reconfiguration of the robot and a larger reach is
obtained in the extremes of the workspace. When using parallel
links, the orientation of the manipulated platform will be con-
stant, which increases the risk of collisions of the arms with the
manipulated platform in the extremes of the workspace area.

In Johannesson et al. (2004) a basic workspace optimisation
method for the 3-DOF Gantry-Tau with no triangular links was
presented. Two geometrical parameters of the machine were op-
timised to maximise the cross-sectional workspace area. Our
paper is an extension of the work in Johannesson et al. (2004).
The new contributions of this paper are: the optimisation is made
for the Gantry-Tau with triangular mounted links, the optimisa-
tion is made over the whole workspace volume and not just the
cross-sectional workspace area. The geometric approach for the
Gantry-Tau reachable workspace area calculation was presented
in Tyapin et al. (2007) for the first time and briefly presented in
Section 3.

In order to calculate the workspace one can employ discreti-
sation methods, geometrical methods or analytical methods. For
the discretisation method a grid of nodes with position and orien-
tation is defined. Then the kinematics is calculated for each node
and it is straightforward to verify whether the kinematics can be
solved and to check if joint limits are reached or link interference
occurs. The discretisation algorithm is simple to implement but
has some serious drawbacks. It is expensive in computation time
and results are limited to the nodes of the grid. One example of
this approach is Dashy et al. (2002).

Analytical workspace area methods which investigate the
properties of the kinematic transmission are described in Ange-
les (1985), Goldenberg et al. (1985). Most approaches are based
on the inverse kinematics because it can typically be solved in
closed form and it is easer to distinguish between multiple solu-

tions. Whereas discretisation methods are based on the full in-
verse kinematics, the analytic approaches usually only require
parts of the inverse kinematics. Even so, analytical methods can
be expensive in computation time.

Using geometrical methods the workspace can be calculated
as an intersection of simple geometrical objects, Merlet (2000),
for example spheres. The works presented in Chablat et al.
(2003), Liu et al. (2000) and Tyapin et al. (2006) are examples
of partial geometric approaches to calculate the workspace of a
3-DOF PKM. They are only partial geometric because numeric
integration is used to calculate the workspace. Design optimi-
sation was attempted by Chablat et al. (2003), Liu et al. (2000)
and Tyapin et al. (2006). In addition, Liu et al. (2000) presented
the relationships between the workspace and link lengths of all
planar 3-DOF parallel manipulator. The workspace analysis and
design optimisation of the parallel machine was also presented in
Monsarrat et al. (2003). In Monsarrat et al. (2003) the workspace
was defined by three rotational angles. In our paper the static
matrix was presented by one platform rotational angle α.

Another interesting work is the paper by Kim et al. (1997).
In that paper a fully geometric approach to calculate the reach-
able workspace was presented for a 6-DOF Hexapod type PKM.
The differences compared to our paper are the use of variable link
lengths instead of fixed actuators at the robot base and no design
optimisation was attempted in Kim et al. (1997). The closest
work to this paper was presented in Bonev et al. (2001) for the
orientation workspace, but both Kim et al. (1997) and Bonev et
al. (2001) use the inverse kinematics (rotational matrix) to define
the workspace. Most researchers use a basic inverse kinematics
(rotational matrix) or Jacobian matrix as a part of a geometric ap-
proach to define a workspace. However, in this paper a rotational
matrix is used to define the static matrix.

A new and general approach for calculating the dynamic fre-
quency response of parallel kinematic machines (PKMs) with six
links (Hexapods) was presented in Hovland et al. (2007). This
method exploits the fact that this type of PKMs only experiences
axial link forces and the method is significantly faster than gen-
eral Finite Element Method (FEM) used for other PKM struc-
tures which also take link bending and twisting moments into
account. In this paper the results from Hovland et al. (2007) were
further improved by introducing functional dependencies of the
frequency response.

A frequency response model of a PKM over the entire work-
ing envelope is an essential tool when designing and dimension-
ing PKMs for high-speed machining and other applications. The
flexibility of PKMs may cause structural resonance in the cut-
ting process and mechanical interaction with the control system
because of regenerative and modal chattering, which is the main
concern in high-speed machining. Moreover, high structural res-
onance frequencies are needed to obtain a high bandwidth robot
control. High bandwidth control means accurate and fast control
of tool position, speed and force.

The majority of published works about PKM structures has
been on kinematics and singularity analysis. The study of dynam-
ics of PKMs has received less attention, and flexible dynamics
less than rigid-body dynamics. One of the first published works
on flexible PKM dynamics was presented by Fattah et al. (1995).
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A 3-DOF spatial PKM with three flexible links was modelled and
simulated. The model took both axial forces and bending mo-
ments into account. The model was only simulated in the time-
domain, and no frequency response data was presented.

Two recent publications dealing with modelling of flexible
PKMs were presented by Zhou et al. (2006) and Chen et al.
(2006). Both papers modelled Tripod PKMs with flexible links.
Because of the Tripod structure, the flexible dynamic models
must take link bending and twisting moments as well as axial
forces into account. Chen et al. (2006) presents a frequency re-
sponse diagram of a Tripod and is able to quantify the lowest
resonance frequency of the machine over the entire working en-
velope.

Very little work has been presented on flexible dynamic mod-
elling of Hexapod PKMs. Xi et al. (2001) is an example of a
publication of a rigid-body dynamics model of a Hexapod. To
our knowledge no general flexible links dynamics models which
exploit the Hexapod structure have previously been published,
except for Hovland et al. (2007).

The main benefit of the work in this paper is the savings in
computational effort. The method in this paper is more than 4
times faster than the method presented in Hovland et al. (2007).
Also, in Hovland et al. (2007) the variations of link stiffness and
mass as a functions of link length were ignored because of the
joint stiffness are being much lower than the link stiffness. In
this paper the link stiffness values as functions of the link lengths
were taken into account and link stiffness were found for each
link. As a result, the method presented in this paper is more ac-
curate and faster. The time saving is possible because the static
matrix and Jacobian matrices for the Laplace transform will be
found from a functional dependency, where the coefficients of the
function have been found analytically. In addition, the workspace
will be discretised in one axis only. In the work Hovland et al.
(2007) the static matrix had to be recalculated for every point of
the workspace and for a different frequencies ω of the Laplace
function.

Brief descriptions of the kinematics and workspace volume
functions are presented in sections 2 and 3. The statics and dy-
namics are explained in sections 4 and 5. The first resonance
frequency calculation method based on the Laplace transform is
presented in section 6. The combined optimisation problem is
formulated in section 7. The results are shown in section 8 and
finally the conclusions are presented in section 9.

2 Kinematic Description

In this paper we consider the triangular-link version of the
Gantry-Tau structure with no telescopic links, which is illustrated
in Fig. 1 and Fig. 2.

The 3-DOF Gantry-Tau can be manually reconfigured while
the 5-DOF version, see Hovland et al. (2008), can be automati-
cally reconfigured while avoiding singularities. The architecture
consists of a fixed base and a mobile platform connected by three
legs. Fig. 1 shows the PKM structure in both the left-handed
and right-handed configuration (also called assembly or working
modes). As for the basic Gantry-Tau structure, the position of one
end of each of the three parallel arms (lengths L1, L2 and L3) is

controlled by a linear actuator with actuation variables q1, q2 and
q3, see Fig. 2. Li are the arm lengths according to Fig. 1. The
actuators are aligned in the direction of the global X coordinate.
The arm connected to actuator q1 consists of one single link. The
arm connected to actuator q2 consists of two parallel links. The
arm connected to actuator q3 consists of three links, where two
links are mounted in a triangular configuration. The structure
and kinematics of the Gantry-Tau have been presented before,
for example in Brogårdh et al. (2005), Murray et al. (2005) and
Williams et al. (2006). The actuator track locations are fixed in
the Y and Z directions and the locations are denoted T1y , T1z ,
T2y , T2z , T3y and T3z , respectively. The dimensioning of the
PKMs support frame in the case it is symmetric is given by the
two variables Q1 and Q2 as illustrated in Fig. 1, where Q1 is the
depth and Q2 is the height. The width of the machine in the X
direction is given by the length of the actuators.

Fig. 3 shows the manipulated platform and the fixed kine-
matic parameters of the moving platform, which are not included
in the design optimisation. The points A,B,C, D, E and F are
the link connection points. The arm with one single link con-
nects the actuator q1 with platform point F . The arm with two
links connects actuator q2 with the platform points A and B. The
arm with three links connects actuator q3 with the platform points
C,D and E. The triangular pair is connected to points C and E.

The prototype of the 3-DOF Gantry-Tau with a triangular-
mounted link pair built at the University of Agder (Norway) is
shown in Fig. 2.

Figure 1: The 3-DOF reconfigurable Gantry-Tau robot.

3 Workspace

A fully geometric approach to define the reachable workspace
areas of the Gantry-Tau is summarised in this section and was
published before in Tyapin et al. (2007). In addition, the whole
workspace volume calculation method is used as a summation of
the workspace areas for the given X coordinates.

The benefit of a geometric approach is that it is much faster
and more accurate than numerical solutions based on manipula-
tor kinematics. In addition, the geometric approach developed
in this paper also handles the fact that the platform orientation is
not constant. Care must be taken to avoid collisions between the
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Figure 2: Prototype of a 3-DOF Gantry-Tau with a triangular-
mounted link pair.

Figure 3: The manipulated platform of the Gantry-Tau robot.

arms, platforms and actuators, see Hovland et al. (2007). Fig. 4
shows three circles, one for each arm. The centres of the circles
are located at the actuator positions. The radii of the circles equal
the arm lengths plus the distance from the end of the arm to the
TCP. The TCP can only reach points inside all of the circles.
Fig. 4 also contains three solid lines in the YZ-plane. The TCP
is not allowed to move outside these lines because they indicate
the positions of the support framework. Note that it is possible to
get outside these lines at positions where the links and platform
do not collide with the linear actuators, for example at Y > 0.2
and with a small platform also with Y about −0.3. However,
these areas are omitted in the analysis in this paper.

The valid TCP positions are illustrated in the grey area in
Fig. 4. This area (Atotal) can be calculated as a sum of subareas
according to:

Atotal = A1 + A2 + A3 + A4 (1)

The subareas are in turn calculated by smaller areas as exem-
plified for the area A3 in Fig. 5. The subarea A3 consists of
two segments of a circle for small values of Q2 because the up-
per limit of the workspace is partly circular and partly straight
line. The first segment of a circle is a segment between points

Figure 4: The cross-sectional workspace area of the Gantry-Tau
in the YZ-plane.

Figure 5: Illustration of workspace Area 3.

(Q1; z3Q1), (y13; z13) and a centre is in the third arm actuator
position (T3y;T3z). The point (y13; z13) is a cross point between
two circles. The centres and radii of the circles are arm lengths
and actuator positions for the arms 1 and 3, see Fig. 4. The point
(Q1; z3Q1) is a cross point between the support frame limit Q1

and the third arm circle. The second segment of a circle has two
limits (−y3Q2 ;Q2), (y3Q2 ;Q2) and a centre in the third arm ac-
tuator position. The limits are cross points between the support
frame limit Q2 and the third arm circle. At the bigger values
of Q2 the upper limit will be the circle arc between the points
(Q1; z3Q1) and (y13; z13).

When the expressions for the cross sectional areas have been
obtained the next step is to calculate the workspace volume as
a function of the cross-sectional areas. The geometric shape of
the workspace volume is very difficult to describe as a whole or
several geometrical shapes. Fig. 6 shows the workspace in the
XZ-plane, which can be divided into 3 sections, sections 1 and 3
outside the guide ways and section 2 between the guide ways.
The workspace volume calculation consists of a several steps.
Firstly, the upper and lower bounds x1 and x4 for TCP on the
X-axis must be found, and following this, additional bounds x2

and x3, that depend on the kinematics must be determined. These
additional bounds are the actuator limits x2 = XL and x3 = XU ,

4



Figure 6: The workspace area of Gantry-Tau machine in the XZ-
plane when it is reconfigured to work in both positive and nega-
tive x-direction.

Figure 7: The change of the workspace of the Gantry-Tau robot
in the YZ-plane as a function of x.

illustrated in Fig. 6. Following this, new radii for the three circles
have to be found, one for each arm. The new radii depend on
the given x position. Finally, the cross-sectional workspace area
can be calculated. Some different workspace areas for the given
x positions are presented in Fig. 7

The 4 bounds x1, x2, x3, x4 define 3 sections on the global
X-axis. The sections are [x1x2], [x2x3], [x3x4]. These 3 sections
are numbered in Fig. 6. The TCP can only reach points with x-
coordinates between x1 and x4. Between these limits, the cross-
sectional area varies as illustrated in Fig. 7.

The radii for the three circles in Fig. 4 depend on the x-
coordinate. For the section x ∈ [x1x2], see Fig. 7 the radii are
defined as follows.

L
′

1 =
√

L
′′
1 − (x− x2)2 L

′

2 =
√

L
′′
2 − (x− x2)2 (2)

L
′

3d =
√

L
′′
3 − (x− x2)2 (3)

where the original arm lengths plus the distances from the ends
of the arms to the TCP are denoted L

′′

1 ,L
′′

2 , L
′′

3 .
The workspace volumes for the sections x ∈ [x1x2] and x ∈

[x3x4] are the same and do not have to be computed numerically
twice. In the section x ∈ [x2x3] the radii equal the nominal
values, ie.

L
′

1 = L
′′

1 L
′

2 = L
′′

2 L
′

3d = L
′′

3 (4)

The volume function is calculated partially numerically as de-
scribed below.

VR = 2 ∗
x=x2∑
x=x1

ATotal(x)δ + ATotal(x2) ∗ [x2x3] (5)

where δ is a step of the summation and ATotal(x) is a workspace
area for the given x-coordinate, VR is a volume of the reachable
workspace.

4 Static Analysis

This section contains equations and matrices which are required
for the dynamic analysis in section 5.

X = [X Y Z]T θ = [α β γ]T

F = [Fx Fy Fz]T M = [Mx My Mz]T

L = [l1 l2 l3 l4 l5 l6]T Fa = [F1 F2 F3 F4 F5 F6]T

where X , Y , Z are the Cartesian TCP coordinates, α, β, γ are
the Cartesian TCP orientation angles, li are the link lengths and
Fi are link forces where i = 1, · · · , 6. Fx, Fy and Fz are the
external Cartesian forces acting on the TCP and Mx, My and
Mz are the external Cartesian torques acting on the TCP. The
relationship between the TCP forces and the link forces are.

F =
6∑

i=1

Fiui M =
6∑

i=1

FiAi × ui (6)

where ui is a unit vector in the direction of link i and Ai is a
vector pointing from the TCP to the end-point of link i on the
platform. The two equations above can be rewritten using the
6× 6 statics matrix H.[

F
M

]
= HFa

[
∆X
∆θ

]
= J∆L (7)

The Jacobian matrix of the PKM relates changes in Cartesian po-
sition ∆X and orientation ∆θ with changes in the link lengths
∆L as shown in eq.(7) (right). Gosselin (1990) showed the du-
ality between the statics and the link Jacobian for PKMs, ie.

H−1 = JT (8)

Based on the duality result, the Cartesian stiffness matrix K can
be derived as a function of the statics matrix as follows.[

F
M

]
= K

[
∆X
∆θ

]
= HFa = HKL∆L

= HKLJ−1

[
∆X
∆θ

]
= HKLHT

[
∆X
∆θ

]
⇒ K = HKLHT (9)

where KL is a 6 × 6 diagonal matrix with the individual link
stiffnesses along the diagonal. The result in eq.(9) has the benefit
that no matrix inversions are required to calculate the Cartesian
stiffness at X, Y and Z coordinates, including coordinates where
H is singular.

The static matrix of the Gantry-Tau was presented and de-
scribed first in Hovland et al. (2007). However, the static matrix
calculation presented in Hovland et al. (2007) has a significant
drawback. The workspace of the Gantry-Tau is shown as a grid in
Y Z-plane and the static matrix is calculated for every cell of the
grid. This method is faster than other known methods based on
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numerical forward kinematics or Jacobian matrix but still com-
putationally expensive. An extension of the method presented in
Hovland et al. (2007) is presented in this paper. The extended
method uses a geometric algebra and a functional dependency
analysis to calculate the static matrix.

The elements of the matrix H are the X , Y and Z components
of the vectors pointing from the actuator positions to the points
A,B,C, D, E, F on the platform and X , Y and Z components of
the cross products of these vectors and vectors pointed from the
TCP to the points A,B,C, D, E, F on the platform, see Fig.3.

The vectors pointing from the actuator positions to the points
A,B,C, D, E, F on the platform are given below

A = [Ax Ay Az]T

B = [Bx By Bz]T

C = [Cx Cy Cz]T

D = [Dx Dy Dz]T

E = [Ex Ey Ez]T

F = [Fx Fy Fz]T (10)

Ax, Ay, Az, Bx, By, Bz, · · · , Fx, Fy, Fz are the X-, Y - and Z-
components of the normalised vectors pointing from the actuator
positions to the points on the robot’s platform, see Fig.3.

The 6× 6 static matrix H is given below.

H =


Ax ... Fx

Ay ... Fy

Az ... Fz

(A×ATCP)x ... (F× FTCP)x

(A×ATCP)y ... (F× FTCP)y

(A×ATCP)z ... (F× FTCP)z

 (11)

where ATCP...FTCP are vectors pointed form TCP to the
points on the platform.

According to the kinematic description presented in Murray
et al. (2005), the vectors from the actuators to the points on the
platform are:

A = [(axC + azS + dX1) (ay + dY1) (azC − axS + dZ1)]T

B = [(bxC + bzS + dX2) (by + dY2) (bzC − bxS + dZ2)]T

C = [(cxC + czS + dX3) (cy + dY3) (czC − cxS + dZ3)]T

D = [(dxC + dzS + dX4) (dy + dY4) (dzC − dxS + dZ4)]T

E = [(exC + ezS + dX5) (ey + dY5) (ezC − exS + dZ5)]T

F = [(fxC + fzS + dX6) (fy + dY6) (fzC − fxS + dZ6)]T

(12)

where C = cos α, S = sin α, X, Y, Z are the TCP coordi-
nates. dXi = X − Tix, dYi = Y − Tiy , dZi = Z − Tiz , where
Tix, Tiy, Tiz are the coordinates of actuator i for the given TCP
position. Note, that Tiy, Tiz are constants and depend on support
frame design parameters only, but Tix is a function of the angle
α. [axayaz], [bxbybz], [cxcycz], [dxdydz], [exeyez], [fxfyfz] are
the coordinates of the points A,B,C, D, E, F in the TCP coor-
dinate frame.

The cos α and sinα equations are given below:

cos α =
T3z − Z√

L2
3m − (Y + My − T3y)2 +

√
M2

x + M2
z

(13)

sinα =
√

1− cos2 α (14)

L3m is the middle length of the triangular-mounted arm 3.
Mx,My,Mz are coordinates of a midpoint M between the tri-
angular link coordinates C and E on the platform, see Fig. 3.

Y Z functional dependency is applied to find the elements of
the static matrix H.

Stage 1. In this stage all constants are found. The constants
are coordinates of the points A...F on the platform in the TCP
coordinate frame, Y and Z coordinates of the actuators and link
lengths. All these constants are the same for the different Y Z
coordinates of the TCP.

Stage 2. In this stage Y coordinate is fixed and Z coordinate is
variable. The upper limit of Z coordinate depends on the support
frame parameter Q1 and the lower limit is 0. In this paper a
calculation algorithm for the first column of the static matrix is
presented. The other 5 columns will be found in the same way.

Stage 2.1. According to eqs. (11-12)

H21 = ay + Y − T1y (15)

where Y coordinate of the point A in the TCP coordinate frame
ay is a constant, Y coordinate of the actuator T1y for the point
A is a constant. Y coordinate of the TCP - Y is a constant for
the fixed Y and variable Z TCP positions. The elements H2i

of row number 2 of the static matrix H will be found as a linear
dependency of TCP Y coordinate.

Stage 2.2. According to eqs. (11-12)

H31 = az cos α− ax sinα + Z − T1z (16)

where az, ax, T1z are constants for a fixed Y and a variable Z
TCP coordinate. Equations for the angle α is rewritten for the
variable Y and Z TCP coordinates.

cos α =
T3z − Z√

C
′
1Y

2 + C
′
2Y + C

′
3

where C
′

1, C
′

2, C
′

3 are help constants and are found from eq. (13).
For fixed Y an equation for cos α is given below.

cos α =
T3z − Z√

C
′′
1

sinα =

√
1− (T3z − Z)2

C
′′
1

(17)

According to eqs. (16-17) an equation for the element H31 is
given below.

H31 = az
T3z − Z√

C
′′
1

− ax

√
1− (T3z − Z)2

C
′′
1

+ Z − T1z ⇒

H31 = C
′′′

1 + C
′′′

2 Z + C
′′′

3

√
C

′′′
4 Z2 + C

′′′
5 Z + C

′′′
6 (18)

Stage 2.3. In this stage the element H11 of the static matrix
H will be found. According to eqs. (11-12)

H11 = ax cos α + az sinα + X − T1x (19)
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where X − T1x will be found from previous stages.

X − T1x =
√

L2
i − (Y − T1y)2 − (Z − T1z)2 (20)

X − T1x =
√

C
′′
10Z

2 + C
′′
11Z + C

′′
12 (21)

where eq. (21) is a simplification of eq. (20) for a fixed Y and
a variable Z TCP coordinates. According to eqs. (17) and (21)
the element H11 of the static matrix H is given below.

H11 = C
′′′

10 + C
′′′

11Z + C
′′′

12

√
C

′′′
4 Z2 + C

′′′
5 Z + C

′′′
6 + ...

...
√

C
′′
10Z

2 + C
′′
11Z + C

′′
12 (22)

Note, that some constants for eq. (22) were found in Stage 2.2.
Stage 2.4. The element H41,H51,H61 of the static matrix

H will be found in this stage. The elements are X, Y, Z coordi-
nates of a vector cross product between a vector pointed from the
TCP to the point A on the platform and a vector pointed from
the actuator position to the point A on the platform.

The vector cross product related to the point A will be defined
as given below.

H41 = (ATCP ×A)x = (ATCPyAz −ATCPzAy) (23)
H51 = (ATCP ×A)y = (ATCPzAx −ATCPxAz) (24)
H61 = (ATCP ×A)z = (ATCPxAy −ATCPyAx) (25)

where the vector’s components in X, Y, Z directions are indi-
cated by indexes x,y ,z . The vector pointing from the TCP to
the point A on the platform (ATCP) is shown below.

ATCP = [(ax cos α + az sinα) ay (az cos α− ax sinα)]T (26)

The elements H41,H51,H61 will be found from the previous
stages as a multiplication of two functional dependencies or will
be found in the second way. According to eqs. (11), (12) and (26)
equations for the elements H41,H51,H61 of the static matrix H
are given below.

H41 = ay(Z − Tz1) + (Y − Ty1)(az cos α− ax sinα)
H51 = (Z − Tz1)(ax cos α + az sinα)− ...

...− (X − Tx1)(az cos α− ax sinα)
H61 = (Y − Ty1)(ax cos α + az sinα)− ay(X − Tx1)

The functional dependencies for H41,H51,H61 will be found ac-
cording to eq. (17). The algorithm was presented in previous
stages.

5 Dynamic Analysis

In this section a new method for calculating the frequency re-
sponse of the Gantry-Tau based on the Laplace transform and a
functional dependency of the static matrix and stiffness is pre-
sented.

In this paper some approximations and simplifications were
assumed. The stiffness of the joint is much lower than the stiff-
ness of the link. The link arm of Fig. 8 is simplified to the model

Figure 8: Flexible link model.

Figure 9: Simplified flexible link model.

in Fig. 9. This simplification is made to reduce the complexity of
the equations. Note, however, that the presented methods would
also be applicable to the larger model of Fig. 8 without major
modifications. The flexible model of a single link in Fig. 8 as-
sumes that the actuator is rigid and stationary. For an accurate
modelling of a link a number of serially connected masses and
springs can be used.

The parameters kj and damper zj represent the flexibility in
the universal joint. The mass mj is the total weight of the joint. In
Fig. 8 only half of the joint mass is used, as it is assumed that one
half of the joint is rigidly attached to the stationary actuator. The
mass ma is the total weight of the link between the two universal
joints. The two halves of the link weight are lumped together
with the joint masses. The parameters ka and za represent the
link flexibility. The parameter m2 represent the platform weight.

In Fig. 9 the platform mass MTCP equals the previous m2

plus six halves of the joint masses, ie. MTCP = m2 + 3mj . The
mass Ma equals the sum of the masses of the two joint halves
and the total weight of the link, ie. Ma = ma + mj . The new
stiffness parameters in Fig. 9 are chosen the same (k1 = k2) and
are calculated from the stiffness parameters of Fig. 8 such that
the overall static stiffness is the same, ie.

1
k1

+
1
k2

=
2
k1

=
2
kj

+
1
ka

=
2ka + kj

kakj
(27)

k1 =
2kakj

2ka + kj
(28)

Notice that k1 = kj (the stiffness in the simplified model equals
the joint stiffness) if ka >> kj . Isolating the dynamics for link i

Figure 10: Flexible model of 6-link PKM.
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and then the platform, the flexible equations of motion become

Maäi = −k1ai − z1ȧi + (li − ai)k2 + (l̇i − ȧi)z2

(29)

MTCP Ẍ = F +
∑

j

(aj − lj)k2uj +
∑

j

(ȧj − l̇j)z2uj

(30)

ITCP θ̈ = M +
∑

j

(aj − lj)k2(Aj × uj)

+
∑

j

(ȧj − l̇j)z2(Aj × uj) (31)

where uj and Aj were introduced in eq.(6). By introducing the
Laplace transform, the 18 equations above can be written on ma-
trix form as follows.[

A −B
C D

] [
ai

li

]
=

 0
F
M

 (32)

where 0 is a 6 × 1 zero vector. The matrix elements A, B, C
and D are functions of the Laplace transform, the masses and the
flexibility parameters. For example,

A =
(
Mas2 + (z1 + z2)s + k1 + k2

)
I6 (33)

B = (z2s + k2)I6 (34)

where I6 is a 6×6 identity matrix. In addition to the link masses,
springs and dampers, the 6 × 6 sub-matrices C and D will also
contain platform parameters, such as the platform weight and in-
ertia. The Cartesian position vector X and the orientation vector
θ are replaced by a and l by using the Jacobian matrix.

Hence, the 12 unknown parameters ai and li can be solved
by inverting the matrix in eq. (32). If we know the direct link
Jacobian matrix of the PKM, the Cartesian velocities can be cal-
culated as follows.[

Ẋ

θ̇

]
= JL̇ → sI6

[
X
θ

]
= sI6JL (35)

where L = [l1, · · · , l6]T . The final transfer functions of the PKM
from Cartesian forces or moments to Cartesian positions or ori-
entation can then be derived from eqs.(32) and (35).

Xi

Fj
(s) =

Xi

li
(s)

li
Fj

(s)
θi

Mj
(s) =

θi

li
(s)

li
Mj

(s) (36)

6 First Resonance Frequency. The Laplace transform.

In this section a description of the method based on the Laplace
transform to find the first resonance frequency is presented. The
calculation algorithm to find the first resonance frequency of the
PKM is also presented in this section. The Laplace transform was
used before to find the Gantry-Tau first resonance frequency, see
Hovland et al. (2007). The method presented in this section is an
extension of the method in Hovland et al. (2007) and based on a
functional dependency. The first resonance frequency calculation
algorithm consists of a few stages.

Stage 1. All constants are found in this stage. Note, that
constants are not ω, Y or Z dependent : MTCP -the platform
mass, Ma-the mass of the total weight of a link plus masses of
the two joint halves, kj-the joint stiffness, Seci- the section of
the link (m2), ε-Young’s modulus, Jpl-an inertia matrix of the
platform and z1, z2-damping ratio.

According to Hooke’s law, the link stiffness are given below.

k1i =
2εkjSeci

2εSeci + kjLi
; k2i = K1i (37)

where Li is the link length, i = 1...6, Seci is an area of the link
section.

Stage 2. In this stage the equations for ai through li will be
found from eqs. (29) and (32).

ai = BA−1li (38)

where A and B were found before, see eqs.(33 - 34).
Stage 3. A vector L(s) as a function of the Laplace transform

s will be found in this stage. Firstly, forces and moments in eqs.
(30-31) will be divided by MTCP s2 and ITCP s2 to get the TCP
3-DOF position X and orientation θ vectors.

Ui =
(ai − li)(k2 + z2s)

s2MTCP
[H1i H2i H3i]T

Vi =
(ai − li)(k2 + z2s)

s2
[H4i H5i H6i]T (39)

where i = 1...6 according to the links,
H1i,H2i,H3i,H4i,H5i,H6i are elements of a static matrix
H, U is eq. (30) divided by MTCP s2 and V is eq. (31) divided
by ITCP s2. Note, that elements F and M were not taken into
account. According to eq. (38) the elements ai will be replaced
in eqs. (39).

Ui = li
(BA−1 − 1)(k2 + z2s)

s2MTCP
[H1i H2i H3i]T

Vi = li
(BA−1 − 1)(k2 + z2s)

s2
[H4i H5i H6i]T (40)

Secondly, a vector L(s) = [l1...l6] will be found from eq. (35).
The Jacobian J is the transpose of the static matrix H. A vector
L(s) consists of 6 unknown variables and the solution is a 6 × 6
matrix Ls

Ls = HT

(
Uh1 Uh2 ... Uhi

Vh1 Vh2 ... Vhi

)
(41)

where Uh and Vh are 3× 6 matrixes.

Uhi =
1

s2MTCP
[Fx Fy Fz]T + Ui (42)

Vhi = Jpl
1
s2

[Mx My Mz]T + Vi (43)

Three elements (Ls11, Ls12 and Ls21) of the matrix Ls are given
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below. Other 33 elements will be found in the same way.

Ls11 =
H11

C3
+ l1(−1 + C1(H2

11 + H2
21 + H2

31)) + ...

... + C2

(
H2

41

Jpl11
+

H2
51

Jpl22
+

H2
61

Jpl33

)
(44)

Ls12 =
H12

C3
+ l2C1(H11H12 + H21H22 + H31H32) + ...

... + C2

(
H41H42

Jpl11
+

H51H52

Jpl22
+

H61H62

Jpl33

)
(45)

Ls21 =
H11

C3
+ l1C1(H11H12 + H21H22 + H31H32) + ...

... + C2

(
H41H42

Jpl11
+

H51H52

Jpl22
+

H61H62

Jpl33

)
(46)

where C1 and C2 are help variables and are given below.

C1 = (BA−1 − 1)
k2 + z2s

s2MTCP

= −Maz2s
3 + (Mak2 + z1z2)s2 + (z1k2 + k1z2)s + k1k2

MTCP (Mas4 + (z1 + z2)s3 + (k1 + k2)s2)

C2 = (BA−1 − 1)
k2 + z2s

s2
= C1MTCP

C3 = s2MTCP

According to eq. (46),

−H11

C3
= l1C1(H11H12 + H21H22 + H31H32) + ...

... + C2

(
H41H42

Jpl11
+

H51H52

Jpl22
+

H61H62

Jpl33

)
⇒ (47)

−HT
1i

C3
= S ∗ li ⇒ L(s) = −S−1HT

1i

C3
(48)

where S is a 6 × 6 matrix and li, H1i are 6 × 1 vectors. The
elements of S matrix are the elements of Ls matrix without H1i

C3
and divided by li. S is found from all 36 elements of Ls. li is a
function of the Laplace transform. H1i is a vector with elements
equal to the elements of the first row of the static matrix H.

Stage 4. The Cartesian TCP position vector as a function of
the Laplace transform s will be found in this stage and an equa-
tion is given below.

X(s) = (H−1)T L(s) (49)

where L(s) = [l1, l2, ..., l6].
Stage 5. The first resonance frequency will be found in this

stage as the first maximum of the amplitude response. The equa-
tion is given below.

Amp = |X(jω)| (50)

The Laplace transform s in eq. (50) is replaced by jω, where
j is the complex unity and ω a frequency. The first resonance
frequency is found by a search algorithm using the amplitude re-
sponse.

Figure 11: The flowchart of the first resonance frequency calcu-
lation algorithm.

A flowchart of the first resonance frequency calculation algo-
rithm is shown in Fig. 11. The Y Z functional dependency is ap-
plied to find the elements of static matrix H, see section 4. Also,
the Y Z functional dependency is used to find the elements of ma-
trix S, see eq. 48. The elements of the matrix S consist of two
parts ω dependent C1, C2, see eqs. 47 and 48, and Y Z dependent
elements of the static matrix H. The number of calculations will
be reduced because the differences between the elements S12 and
S21 are ω dependent elements C1 and C2. Y Z dependent parts
will be found once for the elements S12 and S21 and ω dependent
parts will be added into account after that.

When all Y Z dependent parts of the matrix S are found, the ω
dependency is taken into account. Note, that elements C1, C2 of
the matrix S have constant parts as coefficients before the Laplace
transform s. The matrix S will be recalculated for the different
frequencies ω without recalculating the Y Z dependent part of the
equations. In conclusion, there are two functional dependencies
in the first resonance frequency calculation algorithm. Both of
them will be found separately. Firstly, Y Z dependent elements
of the S matrix will be found. Secondly, ω dependent elements
of matrix S can be found, because Y Z dependent elements are
independent of ω.

7 Combined Workspace and First Resonance Frequency
Optimisation Problem

An optimal design for the Gantry-Tau (and other PKMs) is dif-
ficult to find manually. In this section an optimisation scheme
based on the geometric descriptions of the workspace and a func-
tional dependency of the first resonance frequency is presented.
Two different scenarios are tested. The first optimisation problem
is expressed as

max kw1 ∗ VR(Q1, Q2, L1, L2, L3) + ...

... + kw2 ∗ γ(Q1, Q2, L1, L2, L3)
subject to
Q1 > 0 Q2 > 0 L1 > 0 L2 > 0 L3 > 0

where kw1 and kw2 are weight parameters. A user must spec-
ify these constants depending on the weighting of workspace
vs. stiffness. VR is the total reachable workspace volume, γ is
the minimum first resonance frequency. L1, L2, L3 are the arm
lengths. Q1, Q2 are the support frame parameters.
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The second optimisation problem is defined as follows:

max VR(Q1, Q2, L1, L2, L3)
subject to
Q1 > 0 Q2 > 0 γ > 48 L1 > 0 L2 > 0 L3 > 0

where γ = 48Hz is an example of a user specified minimum
first resonance frequency level. This approach may be more suit-
able for optimisation in practice because the method maximises
the total workspace while keeping the minimum first resonance
frequency level above 48Hz.

The total workspace volume VR as a function of the two sup-
port frame design parameters Q1, Q2 and the individual arm
lengths L1, L2, L3 is maximised while maximising the minimum
first resonance frequency. Without including the workspace into
the first resonance frequency or the first resonance frequency into
the workspace optimisation, it would not be possible to simulta-
neously optimise both the support frame parameters Q1, Q2 and
the link lengths L1, L2, L3 as these would all go to infinity. The
optimisation results are presented in section 8.

8 Results

Each of the 12 universal joints has a weight 1.0kg and a stiffness
50 N/µm. The stiffnesses of the support frame and the actuators
are assumed infinite. The links have weight 1.0kg. The platform
weight is 5kg and the inertia matrix ITCP is a diagonal matrix
with elements 0.06, 0.02 and 0.07.

The final optimisation design parameters of the Gantry-Tau
were found using the lsqnonlin function in MatLab. Accord-
ing to the weighting coefficients kw1 and kw2, the optimisation
problem has three solutions. A condition of the first solution is
kw1 < kw2 and the reachable workspace has a higher priority
level than the first resonance frequency. The second solution has
equal weights. The third solution prioritises the first resonance
frequency. The solution’s results are given as follows.

1 : Q1 = 0.4352 Q2 = 0.9726 VR = 3.8394
L1 = 0.9782 L2 = 0.9453 L3 = 0.9417 γ = 45.3992

2 : Q1 = 0.4760 Q2 = 1.0219 VR = 3.7572
L1 = 0.9432 L2 = 0.9375 L3 = 0.9411 γ = 46.5643

3 : Q1 = 0.5235 Q2 = 1.0415 VR = 3.6035
L1 = 0.9581 L2 = 0.9456 L3 = 0.9512 γ = 48.7600

The results of the optimisation with a constrained minimum first
resonance frequency level of γ = 48Hz are given below. The
design parameters were found using the fmincon function in
MatLab.

Q1 = 0.5155 Q2 = 1.0212 VR = 3.6999
L1 = 0.9482 L2 = 0.9514 L3 = 0.9467 γ = 47.9799

These results would have been difficult to obtain by a man-
ual design, as all the link lengths are different and Q2 is differ-
ent from 2Q1 which has been a typical manual design choice

of the Gantry-Tau in the past. In addition, acceptable first reso-
nance frequency needs short arm lengths while the support frame
is fixed, and an increase of the workspace volume requires long
arm lengths. The required installation space of the Gantry-Tau
equals 2Q1Q2 = 1.05m3 for the optimised design. Hence, the
total workspace to installation space ratio for the optimised de-
sign is Vinstallation = 3.5228 which is large compared to most
other PKMs which typically have a ratio of less than one.

9 Conclusions

In this paper an extension of the method, see Hovland et al.
(2007), for calculating the frequency response of the triangular-
link version of the Gantry-Tau has been developed. The method
considers flexible links and universal joints and based on a func-
tional dependency of the elements of the static matrix H and the
Cartesian position vector X. The model allows PKM resonance
maps such as in Fig. 12 to be generated in very short time com-
pared to FEM software packages. Table 1 shows the compu-

Figure 12: First resonance frequency as function of the Y and Z
coordinates at X = 1.0.

Figure 13: Example of frequency response curves for the fixed-
length version of the Gantry-Tau.
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Method Time
Finite Element Method 5600

Method in Hovland et al. (2007) 5− 7
Functional Dependency 1

Table 1: First resonance frequency computation time for three
different methods.

tational requirements for the three different approaches on the
triangular version of the 3-DOF Gantry-Tau PKM. The first reso-
nance frequency calculation covers 70% of the entire workspace
of the PKM. The method based on the functional dependency is
6500 times faster than the Finite Element Method. The computa-
tional time has been normalized to 1 for the third approach.

Fig. 13 shows two examples of the frequency response curves
that are generated by the methods in Section 6. The solid curve
shows the amplitude response from a Cartesian force in the X-
direction to Cartesian position in the X-direction at X = 1.0,
Y = 0.0 and Z = 0.5. The dotted curve shows the same response
at X = 1.0, Y = 0.8 and Z = 0.5. The first resonance frequency
occurs at 322 rad/sec or 51.2 Hz and 525 rad/sec or 83.6 Hz,
respectively, for the two selected locations.

A map of the first resonance frequency as a function of the
Y and Z coordinates for the Gantry-Tau is shown in Fig. 12.
The frequency response data generated by the new method pre-
sented in this paper have been verified against calculations from
a FE software package (Strand7). For a set of 10 locations in the
workspace of the Gantry-Tau, the method in this paper generates
the same results as the FE package and the method is also signifi-
cantly faster. The maps in Fig. 12 can be generated approximately
in the same time as it takes to set up and calculate one resonance
frequency in a FE package.

Because of the significant computational benefits of the ge-
ometric approach and the method based on a functional depen-
dency of elements, these methods are far better suited for inclu-
sion in a design optimisation framework compared to discreti-
sation, analytical or based on inverse kinematic approaches. The
optimised design presented in this paper was obtained in less than
85 hours on a standard desktop computer using Matlab’s Optimi-
sation Toolbox.

The results in this paper show that it is possible to optimise
the kinematic design of the Gantry-Tau PKM to achieve the first
resonance frequency equal to 48 Hz while maximising the reach-
able workspace.

Future extensions of the work presented in this paper will in-
troduce performance criteria such as the Cartesian stiffness, sin-
gularities and collisions into the design optimisation.
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