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Abstract: We study the second-harmonic (SH) parametric processes
in unpoled crystals of Strontium Barium Niobate (SBN) with disordered
structures of ferroelectric domains. Such crystals allow for the simulta-
neous phase matching of several second-order nonlinear processes. We
analyze the polarization properties of these parametric processes using
two types of generation schemes: quasi-collinear SH generation and
transverse SH generation. From our experimental data we determine the
ratio of d32 and d33 components of the second order susceptibility tensor
and also the statistical properties of the random structure of the SBN crystal.
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1. Introduction

Nonlinear parametric processes in optics are known to depend critically on the phase matching
between the parametrically interacting waves, most frequently achieved by utilizing the crys-
tal birefringence [1] or by employing the so-called quasi-phase-matching (QPM) technique [2].
The phase matching requirements enable efficient nonlinear interactions but they limit the spec-
tral bandwidth of the nonlinear optical process, making the designed frequency converter only
suitable for a fixed input wavelength and single interaction. However, it has been shown re-
cently that disordered nonlinear media allows the phase matching in a broad bandwidth regime
of the frequency conversion [3, 4, 5, 6, 7]. An example of a quadratic nonlinear medium with
a randomized domain structure is an unpoled Strontium Barium Niobate (SBN) crystal. Such
crystals are composed of a system of random-size anti-parallel ferroelectric domains that allow
to phase-match any second-order parametric process, including the second-harmonic gener-
ation (SHG) [7, 8], over a broad range of wavelengths without any poling. The bandwidth
limitations are mainly given by the transparency window of the crystal in the range of 0.4-
6 μm. Recently, we have shown that this ultra-broad parametric generation can be used to map
complex infrared spectra into visible [8] or for short-pulse monitoring [9].

In this paper, we study experimentally and theoretically coherence and polarization proper-
ties of the second-harmonic (SH) waves generated in SBN crystals with disordered ferroelec-
tric domains. By varying the input polarization, we demonstrate several simultaneous phase-
matched SH processes which contribute to the total measured SH signal. We show that, unlike
the perfect periodic structures where signals generated by different processes are coherent [10],
the disordered medium leads to an incoherent superposition of different processes. Our experi-
mental results and theoretical analysis allow to determine statistical parameters of such random
nonlinear structures.

2. Experimental setups and results

We use two different setups for the experimental studies of parametric interactions. In the first
case, we generate a quasi-collinear SH signal with either single fundamental beam or two fun-
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Fig. 1. Schematic representation of the two experiments: (a) QCSH experiment with the
observation of a single SH beam and SH with small noncollinear angle of the fundamental
beams; (b) TSH experiment with a single pulse and/or two counter-propagating pulses. In
both cases the optical c-axis of the crystal is perpendicular to the plane of drawing.

damental beams propagating at a small relative angle. Below in the paper we refer to this setup
as the QCSH experiment: Quasi Collinear Second Harmonic experiment. In the second case,
the generated SH wave propagates transversely to the fundamental beam, and we refer to this
setup as the TSH experiment: Transverse Second Harmonic experiment.

The QCSH experiment is based on a nanosecond Nd:YAG system operating at 1064 nm. The
nanosecond system (pulse duration τ = 8 ns, repetition rate 10 Hz) is arranged to deliver two
beams (which we refer to as beams A and B) with total energy of 3 mJ each and diameter of
5 mm (FWHM). The beams intersect at the external angle 4◦ inside an unpoled SBN crystal.

The TSH experiment employs the femtosecond MIRA generator with tuning capability in
the range of 800− 900 nm. The femtosecond setup (pulse duration τ = 150 fs, repetition rate
76 MHz) is arranged to deliver two counter-propagating beams with power 300 mW and di-
ameter 1 mm. The two beams are loosely focused in the crystal. The beam paths are chosen in
such a way that the counter-propagating pulses meet in the central part of the SBN crystal. The
use of femtosecond pulses is essential for this geometry as the pulse length is shorter than the
crystal length, allowing to distinguish between the single beam contribution to the SH signal
and SH due to A and B mixing.

In both experimental setups the polarization orientation of the entering beams A and B is con-
trolled by λ/2 wave plates. The geometries of the two experimental setups are shown schemat-
ically in Figs. 1(a,b), respectively.

Two samples of an unpoled SBN crystal with the dimensions 5x5x20 mm and 5x5x10 mm
have been used in the QCSH and TSH experiments, respectively. The 4mm point symmetry
group of the SBN crystal determines the nonzero components of the second-order susceptibil-
ity tensor, d̂(2). Since the direction of the fundamental beams is close or coincides with the
crystallographic x-axis, the relevant components are d 33 and d32 = d24. The unpoled SBN crys-
tal is composed of random needle-like anti-parallel ferroelectric domains which are oriented
along z-axis with an average domain size between 2 and 3 μm [11, 12].
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Fig. 2. (a) SH signal (lines) in the QCSH experiment obtained for different polarization
orientations of the fundamental beams A and B. (b) Phase-matching conditions in the QCSH
experiment (the case of a single beam); g being the grating vectors that compensate a phase
mismatch in a bulk. (c) Image of the SH signal emitted in the TSH experiment with two
counter-propagating fundamental beams A and B. Trace in the center is a result of mixing
of the beams A and B. In the boxes, it is shown the corresponding phase-matching diagrams
of the background single-beam transverse SH scattering AA-S and BB-S as well as of the
transverse SH emission by simultaneous interaction of pulses from A and B.

In Fig. 2(a) we show the photographs of the forward emitted SH signal observed with in-
tersecting fundamental beams in the QCSH experiment with nanosecond pulses. The three im-
ages (left to right) represent the case of (I) two extraordinary polarized fundamental beams,
(II) perpendicularly polarized fundamental beams (A - extraordinary; B - ordinary), and (III)
two ordinary polarized fundamental beams. The SH signal is emitted in the form of three well-
resolved vertical lines. The side lines (numbered 1, 3, 4, 6, 7, and 9) represent the SH signal
emitted separately by each of the fundamental beams. The middle lines (numbered 2, 5, and
8) appear only when both the beams A and B are present simultaneously and hence represent
the non-collinear SH generation by two fundamental beams. The polarization state of each SH
lines is marked as “e” (extraordinary) or “o” (ordinary). We notice that all but one outputs (line
#5) are extraordinary polarized. The presence of this particular ordinary polarized signal defies
the previous claims that in SBN crystals only extraordinary SH signal could be generated [13].
This line appears as a result of the parametric process E1AO1B −O2 that is governed by the
same component d32 also responsible for the process O1AO1B −E2. However, since the phase
mismatch for the former interaction is larger, the emitted SH signal is weaker than that in the
latter process.

Phase-matching conditions for the SH signals shown in Fig. 2(b) can be represented as

k1A +k1B +g = k2, (1)

where k1A and k1B represent the fundamental waves, k2 is for the SH wave, and g is one of the
grating vectors supplied by a random structure of the nonlinear quadratic medium. As is seen
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Table 1. Interaction types and relevant wave vectors responsible for SHG in the QCSH ex-
periment shown in Figs. 2(a,b); 2γ denotes the intersection angle between the fundamental
beams measured inside the sample. The bulk phase mismatches (shown for the forward
direction only) are calculated with the refraction index taken from Ref. [14].

SH output 1,4 2 3 5 6,9 7 8
Interaction E1E1-E2 E1E1-E2 E1E1-E2 O1E1-O2 O1O1-E2 O1O1-E2 O1O1-E2

type (AA-S) (AB-S) (BB-S) (AB-S) (BB-S) (AA-S) (AB-S)
k1A k1e k1e cosγ k1e k1e cosγ k1o k1o k1e cosγ
k1B k1e k1e cosγ k1e k1o cosγ k1o k1o k1o cosγ
k2 k2e k2e k2e k2o k2e k2e k2e

Δk[μm−1] 1.17 1.17 1.17 1.42 0.87 0.87 0.87

from the phase-matching diagram, the vectors g have different sizes and orientation, but they
always lie in the xy-plane. This is in contrast to the SHG with single uniform QPM structures
with only a fixed set of the grating vectors available. Due to the randomness of the unpoled SBN
crystal, a set of grating vectors with different magnitudes and orientations is available for phase
matching. This enables phase matching in an extremely broad range of wavelengths and the
SH emission in a broad angular range, as is seen in the images shown in Fig. 2(a). The angular
distance between the maxima is of the order of 10 degrees. Moreover, as is demonstrated below,
this continuum of grating vectors allows for simultaneous phase matching of several nonlinear
parametric processes.

The phase-matching diagram in Fig. 2(b) is valid for all observed processes in the QCSH ex-
periments with nanosecond pulses if we note that k1A, k1B, and k2 correspond to different wave
vectors of the fundamental waves listed in Table 1, where we show only the interactions for
which both input beams are purely ordinary or purely extraordinary. For arbitrary polarization
of the fundamental beams, the SH signal contains contributions of several processes.

The SH signals recorded in the TSH experiment for the extraordinary polarized counter-
propagating beams are shown in Fig. 2(c). This choice of the input polarizations gives the
largest intensity of the SH signal. In Fig. 2(c), the horizontal line is given by the SH process
originating from each of the beams separately. If both the beams are present, the intensity
of this line is just the sum of the intensities of two single-beam SHG process: AA-S and
BB-S. The central bright peak is a result of the AB-S interaction in the position where two
counter-propagating femtosecond pulses overlap, and it represents the autocorrelation signal
of the pulses [9]. In this geometry, the transversely emitted SH wave can only be extraordi-
nary polarized (along the z-axis). Indeed, since the two beams propagate along the x-axis only,
two χ (2) components can be involved in the interactions: d zzz = d33 and dzyy = d32, so the
medium polarization at the doubled frequency can have only z and y components. As the cam-
era “looks” in the y direction, it can only “see” z (extraordinary) polarized signal. Therefore,
only signals originating from the processes E1E1 −E2 or O1O1 −E2 can be observed, as has
been confirmed by this experiment. In the insets of Fig. 2(c), the phase-matching conditions
for single-beam SH processes (AA-S and BB-S) and the SH process with counter-propagating
fundamental beams (AB-S) are shown. The corresponding bulk phase mismatches depend on
which particular situation is realized. For a single-beam transverse SHG the phase mismatches

are Δkoo−e =
√

k2
2e + 4k2

1o = 49.7 μm−1 and Δkee−e =
√

k2
2e + 4k2

1e = 49.4 μm−1. For interac-

tion of the counter-propagating fundamental pulses Δk oo−e = Δkee−e = k2e = 36.3 μm−1.
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Fig. 3. Function f (Δk). Mean size and dispersion of the domains are a = 3 μm and
σ=1.15 μm, respectively. Squares indicate experimentally determined values of the ratios
fee−e/ foo−e and feo−o/ foo−e corresponding to EE −E, OO−E, and OE −O processes.

3. Theoretical model

Earlier studies [3, 6, 15, 16, 17] established that in random nonlinear crystals with anti-parallel
domains the SH signal (i) grows linearly with the length of the nonlinear media (unlike the
quadratic dependence in perfect structures); (ii) its spectral response characteristic is broader,
and it depends on the width of the domain distribution; and (iii) depends on an effective non-
linearity. To discuss these aspects in a quantitative manner, we employ the one-dimensional
approach suggested by Le Grand et al. [16]. While, strictly speaking, the case considered here
is two-dimensional, it turns out that even a simple one-dimensional theory already provides a
good agreement with our experimental results. Following Ref. [16], we define the SH intensity
in such disordered nonlinear medium as an ensemble average of the SH emission from each
individual domain over the domain distribution,

I(o,e)
2 ∝

2n2ω

ε0cn2
1ω

(
ω

cn2ω
d(o,e)

eff

)2

I2
1 L, (2)

where the effective second-order nonlinearity,

deff = e2 · d̂(2) : e1Ae1B

√
f (Δk,a,σ) (3)

depends on the polarizations of the beams A and B (expressed by unit vectors e 1A and e1B) and

f (Δk,a,σ) =
4

Δk2

1− exp
(−σ2Δk2

)
1+ exp(−σ 2Δk2)+ 2cos(aΔk)exp(−σ 2Δk2/2)

(4)

reflects the effect of randomness of nonlinearity on the phase-matching condition, while a and σ
denote the mean value and dispersion (standard deviation) of the domain size distribution [16].
This function is shown in Fig. 3. We notice that at large phase mismatch the Eq. (4) has a simple
form depending only on Δk,

f (Δk,a,σ) ∝
1

Δk2 . (5)

For small phase mismatch the maximum of this function, which corresponds to the maximum
efficiency of SHG, depends sensitively on the statistical properties of the domain distribution.
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Fig. 4. Theoretically calculated normalized SH intensity as a function of the polarization
of the fundamental beam for single beam SHG. Here the extraordinary SH is induced via
simultaneously operating EE −E and OO−E processes. Mutually incoherent interaction
is shown by dashed line. Mutually coherent interactions depend also on the sign of the ratio
of nonlinear coefficients d32/d33 shown in solid (dotted) line when this ratio is positive
(negative). Two special cases EE −E and OO−E are marked by arrows. R = 0.48 is used.

An important consequence of the dependence of effective nonlinearity d eff on the polariza-
tion of the interacting beams is the possibility two different processes to contribute simulta-
neously to the strength of the generated SH signal for a given polarization. For example, an
extraordinary polarized SH signal is generated simultaneously by the following two parametric
processes: O1O1 −E2 and E1E1 −E2. On the other hand, an ordinary SH signal builds up from
contributions created via E1AO1B−O2 and O1AE1B−O2 interactions. Had these processes been
taking place in the perfect QPM structures they would naturally have contributed coherently to
the total SH signal. In fact, this has been demonstrated in the recent experiment with a QPM
grating in LiNbO3 crystal that supported simultaneously E1E1 − E2 and O1O1 − E2 interac-
tions [10]. In that case a strong interference between two simultaneously generated SH waves
has been observed. However, here we may expect that the mutual coherence between various
SH contributions may be affected by the randomness of the QPM structure. This will be imme-
diately reflected in the strength of an effective nonlinearity and, consequently, the intensity of
the SH output. For instance, for extraordinary SH waves the effective nonlinearity is

|d(e)
eff |2 = d2

33 f (Δkee−e)cos4 β + d2
32 f (Δkoo−e)sin4 β (6)

= d2
33 f (Δkee−e)

(
cos4 β + Rsin4 β

)
,

in the incoherent case, and

|d(e)
eff |2 =

(
d33

√
f (Δkee−e)cos2 β + d32

√
f (Δkoo−e)

)2
(7)

= d2
33 f (Δkee−e)

(
cos2 β ±

√
Rsin2 β

)2
,

if both SH contributions are mutually coherent. The parameter R is defined as

R =
f (Δkoo−e)
f (Δkee−e)

(
d32

d33

)2

, (8)

and the ± sign in Eq. (7) depends on a relative sign of d 32 and d33.
Table 2 shows all possible forms of the nonlinear coefficients corresponding to the funda-

mental nonlinear processes relevant to our experiments. In order to demonstrate the effect of
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the simultaneous operation of two different parametric processes in SHG, in Fig. 4 we plot the
intensity of the extraordinary polarized SH signal calculated theoretically (in arbitrary units) as
a function of the input polarization of the beam B (expressed by its azimuthal angle β ). The
polarization angle is measured counterclockwise from zero which corresponds to the extraordi-
nary polarization. Since, in general, the extraordinary SH signal consists of two contributions,
EE −E and OO−E, the intensity of the SH signal will depend on whether contributions from
both of these processes add coherently or not. It also appears that in the former case the total
generated signal depends on the sign of the ratio of the nonlinear coefficients d 33/d32. Inter-
estingly enough, there is no data available in the literature regarding the signs of those two
nonlinear components of the χ (2) tensor. Therefore, the plots in Fig. 4(a) describe all possible
scenarios. The dashed line refers to the mutually incoherent contributions. The solid and dotted
plots represent the mutually coherent case but differ in sign of d 32/d33 (positive in the former
and negative in the latter cases). It is clear that the character of those plots change significantly
depending on whether contributions from different processes add coherently or incoherently. In
particular, for the mutually coherent processes and opposite signs of nonlinear coefficients the
SH signal vanishes for a particular polarization of the input beam. This behavior is analogous
to the one reported recently in the case of the QPM grating in lithium niobate [10].

4. Results and discussion

Experimentally measured dependence of the SH intensity vs. the input polarization of the fun-
damental beams is shown in Figs. 5(a-d). In all these plots, the polarization of beam B is varied
(via its azimuthal angle β ) while the polarization of the beam A is set to one of the following
three states: extraordinary, α = 0 (filled squares); mixed, 0◦ < α < 90◦ (open circles), and or-
dinary, α = 90◦ (open squares). Figures 5(a-b) and 5(c-d) show the results of both QCSH and
TSH experiments, respectively. The lines show the theoretical results in the absence of inter-
ference between different contributions to the SH signal. We compare, e.g., the data shown in
Fig. 5(a) by filled circles with the data shown in Fig. 4 by a dashed line, which depicts the SH
signal emitted by a single beam. We note a very good agreement between theory and experi-
ment; this confirms that disorder in the domain distribution in our crystal causes simultaneous
processes to contribute incoherently into the overall signal.

The use of two-beam SHG with weak noncollinearity in the QCSH experiment is crucial for
the observation of SH scattering with pure ordinary polarization. We believe the experiment
presented here is the first experiment that shows that such process is indeed possible in the
SBN crystal [see Fig. 5(b)]. This happens when the two fundamental beams are orthogonally
polarized (ordinary and extraordinary). Then SH is emitted via either E 1AO1B−O2 or O1AE1B−
O2 interaction. Ordinary SH can also be observed with a single beam SH generation. The signal
reaches its maximum when the input polarization is at 45◦ with respect to the YZ axes, and
vanishes for ordinary or extraordinary polarization [see Fig. 5(b)]. From the definition of the

Table 2. Effective nonlinear coefficients for separate SHG processes in SBN crystals.

SH with single beam A single beam B two beams A and B Relevant experiment
dee−e d33 cos2 α d33 cos2 β 2d33 cosα cosβ TSH, QCSH
doo−e d32 sin2 α d32 sin2 β 2d32 sinα sinβ TSH, QCSH
doe−o 2d32 sinα cosα 2d32 sinβ cosβ 2d32 sinα cosβ QCSH
deo−o 2d32 sinα cosα 2d32 sinβ cosβ 2d32 cosα sinβ QCSH
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Fig. 5. Experimentally observed SH signal vs. input polarization angle β for three fixed
polarizations of beam A: extraordinary - red full squares; mixed - blue open circles, and
ordinary - green open squares. Single beam SH (black full circle); Lines show theoretical
results. (a) extraordinary SH; (b) ordinary SH; both (a) and (b) are for SHG in the QCSH
experiment. (c) Background TSH and single beam TSH; (d) TSH emission via A and B
pulse mixing. Mixed polarizations: α = 30◦,43.5◦,45◦,45◦ for a,b,c,d plot respectively.

parameter R in Eq. (8) we obtain

R =
f (Δkoo−e)
f (Δkee−e)

(
d32

d33

)2

=
Ioo−e

Iee−e
, (9)

where Iee−e is the SH signal at β = 0◦(180◦), and Ioo−e is the SH signal at β = 90◦(270◦)
for the experiments with a single beam [see Fig. 5(a) and Fig. 5(c)]. Therefore, one can di-
rectly find the value of R as a ratio of the intensities of the SH signal taken in two different
polarization arrangements. In the QCSH experiment, the best theoretical fit is obtained for
R = 0.48 [Fig. 5(a,b)], while in the case of TSH experiment the best fit is obtained for R = 0.19
[Fig. 5(c,d)]. The value R = 0.48 is also used in our theoretical plots in Fig. 4. As we pointed
out above, for the TSH experiment with counter-propagating fundamentals Δk oo−e ∼ Δkee−e

and, consequently, f (Δkoo−e)/ f (Δkee−e) ≈ 1. Subsequently, we obtain |d32/d33| = 0.44. This
is close to the value of 0.5 obtained in Ref. [13] and the theoretical value of 0.39 given in
Ref. [18]. After having found |d32/d33|, one can estimate the mean value a and dispersion σ of
the domain distribution. To this end we measure the intensity of the emitted SH in the central
part of the emission lines #5 (OE −O process), #8 (OO−E process) and #2 (EE −E process)
seen in Fig. 2. From these measurements, we evaluate the ratios: f (Δkoe−o)/ f (Δkoo−e) = 0.12
and f (Δkee−e)/ f (Δkoo−e) = 0.3, and then from Eq. (4) we find a = 3.25 μm and σ = 1.15 μm.
These values are consistent with Refs. [11, 12] and are used to calculate the curve in Fig. 3.

5. Conclusions

We have studied the second-harmonic generation in unpoled quadratic nonlinear crystals with
disordered ferroelectric domains. We have demonstrated that such crystals enable the realiza-
tion of several different parametric processes including collinear, non-collinear and transverse
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second-harmonic generation. In most of the cases, these parametric processes occur simulta-
neously, contributing incoherently to the overall strength of the second-harmonic signal. We
have analyzed the polarization properties of the parametric processes and employed them to
determine the relative strength of two relevant components of the second-order susceptibility
tensor, such as the ratio d32/d33. We have demonstrated that, by measuring the power of the
second harmonics in a few different processes, we can determine the statistical properties of
the disordered domain distribution such as an average size of the domains and their dispersion.
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