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Need for relativistic corrections in the analysis of spatial adiabatic passage of matter waves
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We investigate the coherent transport of a single particle and a Bose-Einstein condensate between the two
extreme traps of a triple-well potential by means of the spatial adiabatic passage technique. This matter wave
transport technique consists of adiabatically following an energy eigenstate of the system that only populates
the vibrational ground states of the two extreme wells and presents at all times a node in the central region.
Unraveling the (nonlinear) time-dependent Schrödinger equation in terms of Bohmian quantum trajectories, we
show that by slowing down the total time duration of the transport process, Bohmian velocities in the central
region are orders of magnitude larger than the mean atomic velocities. This leads to a very counterintuitive effect:
in the regime of almost perfect adiabaticity, these velocities require relativistic corrections to properly address
the transfer process and avoid superluminal propagation.
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I. INTRODUCTION

Classical laws govern all of our daily physical situations
providing us with an intuition on what is physically feasible.
It is not surprising then that a wide collection of quan-
tum and relativistic phenomena escape from our “limited”
classical intuition such as the well-known Schrödinger’s
cat and Einstein-Podolsky-Rosen quantum paradoxes, or the
tunnel and twin paradoxes in the relativistic realm. Their
detailed analysis has allowed physicists to achieve a deeper
understanding of quantum mechanics and relativity. Within
this context, we will present and discuss in this article a
very counterintuitive behavior that appears in the adiabatic
transport of ultracold atoms between the two extreme wells
of a triple-well potential: in the regime of almost perfect
adiabaticity, relativistic corrections are needed to properly
address the transport dynamics even though the associated
average velocities of the system are much smaller than the
speed of light.

Stimulated Raman adiabatic passage (STIRAP) [1] is a
quantum-optical technique used to transfer electronic popu-
lation between two internal levels of an atom or a molecule
where these two levels are coupled via two delayed laser pulses
through an intermediate level that is (ideally) never populated
during the process. The matter wave analog of STIRAP
via the tunneling interaction, the spatial adiabatic passage
(SAP) technique, has been proposed to transfer either single
particles [2–5] or Bose-Einstein condensates (BECs) [6,7]
between the two extreme traps of a triple-well potential. The
SAP technique consists of transporting a matter wave by
adiabatically following an energy eigenstate of the system, the
spatial dark state, that only populates the vibrational ground
states of the two extreme wells and presents at all times a node
in the central region.

The adiabatic following of a spatial dark state, albeit being
analogous to the STIRAP technique, presents significant dif-
ferences that have unexpected consequences: while STIRAP
refers to the transfer of population between two internal levels,
the SAP technique implies matter wave transport between
two distant regions separated by a quasinode. In fact, while
the matter wave is transferred between the outer traps, the

population in the central one can be made arbitrarily small at
any time of the evolution by slowing down the process [7]. It
has been recently shown analytically that the small central well
population during the SAP process is due to the high current (or
velocity) in this region [3]. Just as a (classical) fluid increases
its velocity when passing through a narrow conduct, as the
SAP is performed more slowly and the probability density at
the central well decreases, its associated velocity increases.
If so, one could naively (and erroneously) conclude that an
instantaneous atomic transport from the left to the right trap
can appear in the limit of perfect adiabaticity. However, the
quantum continuity equation forbids matter teleportation, and,
as we will show, relativistic corrections become necessary to
describe the system evolution for very large transport times.

In this article we numerically investigate the adiabatic trans-
port of a single atom and a BEC in a triple-well potential by
unraveling the (nonlinear) time-dependent Schrödinger equa-
tion (TDSE) in terms of Bohmian trajectories [8,9]. Bohmian
mechanics is equivalent to standard quantum mechanics,
given that the trajectories are randomly distributed following
the modulus squared of the wave function, and provides a
very clear physical picture of the quantum dynamics. Since,
with a correct relativistic treatment, Bohmian trajectories for
massive particles cannot surpass the speed of light [9–11],
the appearance of superluminal Bohmian velocities is an
irrefutable indication of an incorrect calculation of Bohmian
trajectories, and therefore the consequence of the application
of the TDSE in a regime where it is not valid. Thus, our main
motivation in using Bohmian trajectories to investigate the
problem at hand is that they are very well indicated to elucidate
whether relativistic corrections are needed to properly describe
the dynamics of a particular quantum system. With this in
mind, we will show that as the SAP process is performed more
adiabatically, the velocity in the central region increases with
no apparent limit such that, in the regime of almost perfect
adiabaticity, the nonrelativistic TDSE does not correctly
describe the spatial adiabatic transport of cold atoms.

The appearance of superluminal Bohmian velocities near
a wave-function node is not an exclusive characteristic of the
dynamical system discussed in this paper. Any system with
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nodes might exhibit similar features, but this does not imply,
in general, any problem since such superluminal Bohmian
trajectories are marginal because the nodes are not relevant
to the dynamics. In the system we discuss here, however,
the (quasi)node plays a crucial role in the dynamics since
all Bohmian trajectories are forced to transit through it.

II. PHYSICAL SYSTEM

The nonlinear TDSE or Gross-Pitaevskii equation (GPE)
that describes the dynamics of a BEC reads

ih̄
∂ψ(�r,t)

∂t
=

[
− h̄2

2m
∇2 + V (�r,t) + g|ψ(�r,t)|2

]
ψ(�r,t), (1)

where ψ is the wave function of the BEC, m is the mass of
the BEC atoms, V is the trapping potential, and g governs the
nonlinear interaction between the atoms [12]. For g = 0 we
recover the standard TDSE that deals with the dynamics of a
single atom or a noninteracting BEC.

In Bohmian mechanics [8,9], ψ(�r,t) guides an infinite
ensemble of trajectories described by a flow map, �r[t,�r0],
which maps each possible initial position �r0 (at t = 0) to a
later position �r[t,�r0] at time t along its trajectory

�r[t,�r0] = �r0 +
∫ t

0
dt ′ �v(�r,t ′)|�r=�r[t ′,�r0], (2)

�v(�r,t) ≡
�J (�r,t)

|ψ(�r,t)|2 = 1

m
�∇S(�r,t). (3)

�J is the probability current density and S is the wave-
function phase. To simplify our notation, we define �v[t,�r0] ≡
d�r[t,�r0]/dt as the velocity of the Bohmian trajectories. As
long as the initial trajectory distribution follows |ψ(�r0,0)|2,
the trajectory ensemble reproduces the probability and current
densities at any time

|ψ(�r,t)|2 =
∫ ∞

−∞
d�r0 |ψ(�r0,0)|2 δ(�r −�r[t,�r0]), (4)

�J (�r,t) =
∫ ∞

−∞
d�r0 |ψ(�r0,0)|2 �v[t,�r0] δ(�r −�r[t,�r0]), (5)

and thus, averages over the trajectory ensemble are equivalent
to mean values obtained from the wave function. Furthermore,
by inserting the wave function in polar form (i.e., ψ =
|ψ |eiS/h̄) in the GPE and separating real and imaginary parts
we obtain

∂S

∂t
= −

(
V + g|ψ |2 + 1

2
m�v 2 − h̄2

2m

∇2|ψ |
|ψ |

)
, (6)

∂|ψ |2
∂t

= −�∇ · (|ψ |2�v). (7)

Equation (6) is the quantum Hamilton-Jacobi equation, anal-
ogous to its classical counterpart, but with an additional term,
the quantum potential [9], which accounts for the quantum
features of the system. Equation (7) is the quantum continuity
equation for the condensate density that ensures that transport
is always carried out in a continuous fashion and that Eqs. (4)
and (5) are verified at all times [9] [i.e., that the ensemble
of trajectories reproduces exactly the wave function given
by Eq. (1)]. Therefore, if the system description given by
either the (nonrelativistic) Bohmian trajectories or the TDSE
is incorrect (for instance, the appearance of superluminal

Bohmian velocities [10]), the description due to the other one
must also be incorrect.

To ease the computational burden we will work with the
reduction of Eqs. (1) through (7) to one dimension, but
the entire discussion here is also valid for the full three-
dimensional case. Following Ref. [7], we consider a triple-well
potential consisting of a harmonic trap of frequency ωx (and
ground-state width α−1 ≡ √

h̄/mωx) where two Gaussian
barriers of heights V12 and V23 have been added at positions
∓xb, giving a total potential of the form

V (x,t) = m

2
ω2

xx
2 + V12(t)e− (x+xb )2

2σ2 + V23(t)e− (x−xb )2

2σ2 . (8)

The barriers, created, for instance, with two blue-detuned
lasers, will be considered initially high enough to inhibit
tunneling such that three distinct regions are well defined: C1 =
(−∞,−xb), C2 = (−xb, xb), and C3 = (xb,∞). The eventual
lowering of the barriers allows the BEC, located initially in the
left trap, to tunnel to the other trapping regions. The population
in each region can be computed as Pi(t) = ∫

Ci
dx|ψ(x,t)|2.

For the initial state (i.e., the numerically computed ground
state of the left well), we have P2(0) + P3(0) < 10−14, and
therefore all (relevant) trajectories will start in region C1 (i.e.,
the contribution of trajectories starting in regions 2 and 3 to
averages is negligible).

The adiabatic transport of the BEC from the left to the
right trap is achieved by following an energy eigenstate of the
system, the spatial dark state, which only involves the ground
states of the left and right traps, namely |L〉 and |R〉, and
presents a node in the middle region. The dark state reads
|D(θ )〉 = cos θ |L〉 − sin θ |R〉, where the mixing angle θ is
tan θ ≡ 	1/	2, being 	1 (	2) the tunneling rate between left
and middle (middle and right) traps [2]. The SAP technique
consists in lowering the barriers in a counterintuitive fashion
(i.e., favoring first the tunneling between the middle and right
traps and then the tunneling between the left and middle traps,
such that |D(θ )〉 transforms from |L〉 to |R〉 [2]). Note that
although the spatial dark state presents a node, the imperfect
adiabatic evolution (due to being performed in a finite time)
means that ψ(x,t) during the evolution will not be exactly
equal to the dark state, and thus present a quasinode (with a
small population) instead of a node.

Thus, the temporal profile of the barriers height is taken to
be [7]

V23(t) =
{

(Vmax − Vmin)
(

2t
tp

− 1
)4 + Vmin 0 < t < tp

Vmax elsewhere
, (9)

V12(t) = V23(t − td ), (10)

being td the time delay between the pulsing of V23 and
V12, giving a total transport time T = tp + td . For the nu-
merical simulations, we take Vmin = 5h̄ωx , Vmax = 103h̄ωx ,
σ = 0.16α−1, xb = 0.48α−1, and td = 0.15tp. We will study
the effect of slowing down the process by varying the pulsing
time tp. For ωxtp < 1000 the transport breaks down since it is
not adiabatic enough.

III. NUMERICAL SIMULATIONS

We show in Fig. 1(a) the probability distribution during the
BEC transport for g = 0 with the barrier heights from Eqs. (9)
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FIG. 1. (Color online) Adiabatic BEC transport for g = 0 and
ωxtp = 5000. (a) Atomic probability density |ψ(x,t)|2, potential
contour lines for V (x,t) = 10 h̄ωx , 100 h̄ωx , and 750 h̄ωx (solid
lines, from thinner to thicker), and barrier positions x = ±xb (dotted
lines). (b) Region populations over time.

and (10). Indeed, when the potential barriers are lowered in the
counterintuitive fashion of the SAP technique, the condensate
vanishes from the left region and appears in the right region
with a very small population in the space between the barriers.
This is validated by Fig. 1(b) that shows that, while the BEC
population is completely transferred to the right region, the
middle region remains unpopulated the entire time due to
the fact that the spatial dark state that the system is (ideally)
following presents a node in this region.

To elucidate the transport process we have computed a set
of Bohmian trajectories associated to this evolution, shown
in Fig. 2(a). The trajectories distribution follows the wave
function at all times, starting in the left trap and ending in
the right one. All trajectories cross the middle region, but to
keep a low population in the middle region they are forced
to increase their velocity [5]. We compute the quasinode
position (the dark state node position) xn(t) as the position
in the central region where the population is minimum, and
see that the trajectories accelerate when they get closer to it,
reaching velocities much larger than the mean wave-packet
velocity, see Fig. 2(b). From a Bohmian point of view, one can
say that the trajectories in the quasinode borrow their energy
from the quantum potential. Since the probability presence in
the quasinode is very small, the trajectories there will have
a small contribution to average values. Note that the mean
kinetic energy remains very low since each trajectory velocity
peaks at a different time tn(x0), corresponding to the time
at which the trajectory starting at x0 crosses the quasinode
[i.e., x[tn(x0),x0] = xn(tn(x0))]. However, the process is not
marginal since all trajectories exhibit the same dynamics
and reach similar velocities, corresponding to v(xn(t),t), the
dashed line in Fig. 2(b).
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FIG. 2. (Color online) (a) Set of 30 Bohmian trajectories x[t,x(k)
0 ]

associated to the evolution shown in Fig. 1(a) (black lines), atomic
mean position (solid line), quasinode position xn(t) (dashed line),
and barrier positions x = ±xb (dotted lines). (b) Bohmian velocities
v[t,x(k)

0 ] of the trajectories in (a) (black lines), atomic mean velocity
(solid line), and Bohmian velocity at the quasinode position (dashed
line). The distribution of initial positions x

(k)
0 follows |ψ(x,0)|2.

As we already mentioned, since the transport is performed
in a finite time, the dynamic state ψ(x,t) will not be exactly
equal to the dark state, and therefore it will present a nonzero
atomic population at the spatial dark state node position. If
the evolution is made more adiabatic (i.e., more slowly), the
dynamic state will remain closer to the dark state and the
quasinode population will be smaller. This will result in an
increase of the trajectories velocities at the quasinode [cf.
Eq. (3)], presenting a surprising effect: by slowing down the
total SAP sequence it is possible to achieve ultrahigh velocities.

We have computed the ensemble average of the velocity
that the trajectories achieve at the quasinode 〈vmax〉. By
using Eqs. (3) through (5) and v[t,x0] � 0 and ẋn(t) � 0 [cf.
Fig. 2(a)], such an average reads

〈vmax〉 =
∫
C1

dx0 |ψ(x0,0)|2 v[tn(x0),x0]

=
∫
C1

dx0

∫ T

0
dt |ψ(x0,0)|2 v[t,x0] δ(t − tn(x0))

=
∫ T

0
dt

∫
C1

dx0 |ψ(x0,0)|2 v[t,x0]

× (v[t,x0] − ẋn(t)) δ(xn(t) − x[t,x0])

=
∫ T

0
dt

[
J (xn(t),t)2

|ψ(xn(t),t)|2 − J (xn(t),t)ẋn(t)

]
. (11)

The second term in the last integral of Eq. (11) is orders of
magnitude smaller than the first one since ẋn is much smaller
than the peak velocities [cf. Fig. 2(b)].
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FIG. 3. (Color online) Results for different simulations with
different values of tp and g. (a) Mean trajectory velocity at the
quasinode. (b) Maximum mean atomic velocity. (c) Maximum
probability density at the quasinode. Solid lines are, respectively,
a linear fit, a t−1

p fit and a t−2
p fit for the g = 0 data.

Figure 3 shows the result of various simulations for different
times tp and different interaction strengths g. Variations in g

slightly change the values of the calculated quantities, but
the overall behavior remains the same. Thus, for clarity, we
have performed fits for the g = 0 data only. Figure 3(a)
shows that the mean velocity that the trajectories reach
when passing through the quasinode grows linearly with tp.
Note that all trajectories accelerate abruptly, but at different
times, and then the maximum value that the mean atomic
velocity max [d〈x〉/dt] takes during the evolution decreases
inversely proportional to tp [see Fig. 3(b)] remaining orders
of magnitude below 〈vmax〉. There is no apparent limit to the
Bohmian velocities in the middle region as the adiabaticity
is increased and there will be a regime for (finite) tp where
〈vmax〉 will approach and eventually surpass the speed of
light. With the scalings shown in Fig. 3, an experiment
performed in 60 seconds using a trap with ωx = 2π × 1
MHz would result in a mean wave-packet velocity of around
19 nm/s, and a mean trajectory velocity at the quasinode of
1.6 × 106 m/s, which is almost at the relativistic regime. Note
that while the Bohmian trajectories velocity is much smaller
than the speed of light, the usual treatment with the TDSE
is completely valid. Nevertheless, when such velocities are
near or above the speed of light, relativistic corrections to the

TDSE are needed to properly address the transport and avoid
superluminal propagation [10]. It is surprising that the TDSE
(or the GPE) ceases to be valid in a system where the associated
average velocities are small (and smaller as the adiabaticity is
increased), and at variance with the usual tunneling problems,
such high velocities here appear in a minimum of potential.

Figure 3(c) shows that the maximum population of the
quasinode during the evolution decreases inversely propor-
tional to t2

p. This nonzero population appears due to an
imperfect following of the dark state and its decrease is what
makes the high velocities in the middle region to grow. Note
that a perfect node would forbid the transport, and therefore
a nonzero population is needed for the transport to take
place. As expected, the computed flux through the quasinode∫ T

0 dt J (xn(t),t) is 1 in all cases, meaning that the entire
transported wave function is transiting through the quasinode.

IV. CONCLUSION

In summary, we have studied the adiabatic transport of a
single atom and a BEC in a triple well, where the system state is
transferred from the left to the right well by following a spatial
dark state that presents a node in the central region. Due to the
imperfect following of the dark state, the node of the dynamical
state will present some population that can be made arbitrarily
small as the process is performed more slowly. By applying the
(nonrelativistic) Bohmian formalism to this particular system
we have shown that the vanishing atomic population in the
vicinity of the quasinode leads to an increase of the trajectories
velocities. Furthermore, as the process is performed more
adiabatically, these velocities increase with no apparent limit,
and in the regime where they approach (and surpass) the
speed of light relativistic corrections should be taken into
account to describe correctly the system dynamics. Without
such relativistic corrections one could erroneously conclude
that superluminal transport is possible. The simulation of
(correct) relativistic Bohmian trajectories would be very
computationally demanding, especially in the regime where
(incorrect) superluminal Bohmian trajectories from the TDSE
are expected to occur.

Finally, it would be interesting to investigate if the Doppler
shift in the light absorption due to the atomic velocities could
be used to (weakly) measure the atomic momenta and study
some of the features described in this paper in similar lines
as in Ref. [13], or whether the very high accelerations (and
decelerations) during the SAP technique could lead to the
emission of radiation when applied to charged particles.
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83, 033623 (2011).

[7] M. Rab, J. H. Cole, N. G. Parker, A. D. Greentree, L. C. L.
Hollenberg, and A. M. Martin, Phys. Rev. A 77, 061602R (2008).

[8] D. Bohm, Phys. Rev. 85, 166 (1952); Applied Bohmian Mechan-
ics: From Nanoscale Systems to Cosmology, edited by X. Oriols
and J. Mompart (Pan Standford Publishing, Singapore, 2012).

[9] P. R. Holland, The Quantum Theory of Motion: An Account of the
De Broglie–Bohm Causal Interpretation of Quantum Mechanics
(Cambridge University Press, Cambridge, England, 1995).

[10] C. R. Leavens and R. Sala Mayato, Ann. Phys. (Leipzig) 7, 662
(1998).

[11] W. Struyve, W. De Baere, J. De Neve, and S. De Weirdt, Phys.
Lett. A 322, 84 (2004).

[12] L. Pitaevskii and S. Stringari, Bose-Einstein Condensation
(The International Series of Monographs on Physics) (Oxford
University Press, New York, 2003).

[13] S. Kocsis et al., Science 332, 1170 (2011).

053619-5

http://dx.doi.org/10.1103/RevModPhys.70.1003
http://dx.doi.org/10.1103/RevModPhys.70.1003
http://dx.doi.org/10.1103/PhysRevA.70.023606
http://dx.doi.org/10.1016/j.optcom.2006.02.056
http://dx.doi.org/10.1016/j.optcom.2006.02.056
http://dx.doi.org/10.1103/PhysRevA.79.012113
http://dx.doi.org/10.1103/PhysRevA.79.012113
http://dx.doi.org/10.1103/PhysRevA.81.043640
http://dx.doi.org/10.1103/PhysRevA.81.043640
http://dx.doi.org/10.1103/PhysRevA.82.013604
http://dx.doi.org/10.1103/PhysRevA.82.013604
http://dx.doi.org/10.1103/PhysRevA.73.013617
http://dx.doi.org/10.1103/PhysRevA.73.013617
http://dx.doi.org/10.1103/PhysRevA.83.033623
http://dx.doi.org/10.1103/PhysRevA.83.033623
http://dx.doi.org/10.1103/PhysRevA.77.061602
http://dx.doi.org/10.1103/PhysRev.85.166
http://dx.doi.org/10.1002/(SICI)1521-3889(199812)7:7/8%3C662::AID-ANDP662%3E3.0.CO;2-T
http://dx.doi.org/10.1002/(SICI)1521-3889(199812)7:7/8%3C662::AID-ANDP662%3E3.0.CO;2-T
http://dx.doi.org/10.1016/j.physleta.2004.01.010
http://dx.doi.org/10.1016/j.physleta.2004.01.010
http://dx.doi.org/10.1126/science.1202218

