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We develop and demonstrate a technique to engineer universal unitary baths in quantum systems. Using the
correspondence between unitary decoherence due to ambient environmental noise and errors in a control system
for quantum bits, we show how a wide variety of relevant classical error models may be realized through in-phase
or in-quadrature modulation on a vector signal generator producing a resonant carrier signal. We demonstrate
our approach through high-bandwidth modulation of the 12.6-GHz carrier appropriate for trapped 171 Yb+ ions.
Experiments demonstrate the reduction of coherent lifetime in the system in the presence of both engineered
dephasing noise during free evolution and engineered amplitude noise during driven operations. In both cases,
the observed reduction of coherent lifetimes matches well with quantitative models described herein. These
techniques form the basis of a toolkit for quantitative tests of quantum control protocols, helping experimentalists
characterize the performance of their quantum coherent systems.
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I. INTRODUCTION

The discipline of quantum control engineering [1–4] is
addressing pressing challenges in the fields of quantum
physics, quantum information, and quantum engineering,
attempting to provide the community with a broad range of
novel capabilities in the precise manipulation of quantum
systems [5–9]. For instance, protocols derived from open-loop
control employing sequences of SU(2) operations, known
collectively as dynamical decoupling, have proven useful
in extending the coherent lifetime of qubits in quantum
memories [10–13] and in producing effective noise filters for
quantum sensors [14–18].
Beginning with the work of Kurizki et al. [19,20], there
has been a substantial effort in the field towards incorporating filter-transfer functions into the vernacular of quantum
control [21,22]. This has extended from trivial application of
the identity in dynamical decoupling [10,23–27] to arbitrary
single- [28–31] and two-qubit operations [32,33]. In this
framework, a metric of interest, generally an ensembleaveraged operational fidelity, may be simply calculated from
the product of the environmental noise power spectrum and a
filter transfer function capturing the effects of the control in the
Fourier domain. This approach has been shown to be a general
and efficient approach capturing arbitrary control and arbitrary
universal noise in quantum systems [30] and is a powerful tool
for understanding the influence of realistic colored classical
noise power spectra on quantum systems.
These advances are providing a means for theoretical
researchers to move away from the unphysical Markovian
assumptions for stochastic, uncorrelated error models selected for convenience in quantum error correction and the
like [34,35], and has provided a simple platform for the
development of novel protocols aimed at improving control
fidelity in quantum systems. As these protocols transition
from theoretical concepts into the laboratory, experimentalists
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require techniques to quantitatively verify the predicted performance in different noise environments and compare outcomes
in a manner that is insensitive to underlying imperfections
in their hardware. Such precise validations are necessary for
researchers to confidently develop quantum control techniques
using substantiated methodologies and subroutines.
In this paper, we describe a technique to engineer arbitrary
unitary baths consisting of dephasing and amplitude-damping
processes for quantitative tests of experimental quantum control. We present a simple theoretical model for approximating
arbitrary classical power spectra via discrete frequency combs
with user-selected envelopes (e.g., 1/f ). We describe how
this model permits simple and verifiable creation of timedependent noise realizations in both dephasing and amplitudedamping quadratures, compatible with experimental systems.
Through demonstration of the isomorphism of unitary control
errors and environmental decoherence, we map these noise
realizations to modulation of a carrier signal in an experimental
control system, e.g., for a single quantum bit. Using trapped
171
Yb+ ions with splitting ∼12.6 GHz, we demonstrate
our bath engineering approaches via I Q modulation on
the microwave carrier. Ramsey spectroscopy measurements
quantitatively verify the predicted influence of engineered
dephasing noise on the coherent lifetime of our qubits.
The remainder of this paper is structured as follows. In
Sec. 2, we provide a detailed theoretical derivation of our
selected method of unitary noise engineering for both dephasing (detuning) and amplitude-damping Hamiltonians, and
describe how these noise spectra may be translated to widely
available time-domain I Q-modulation waveforms applied to
a carrier signal. We then move on to describe our experimental
system and its capabilities in Sec. 4 A. This is followed in
Sec. 4 by a characterization of an experimentally implemented
noise-engineered bath through direct examination of the carrier
and a demonstration of engineered dephasing environments via
measurements of coherent lifetimes for 171 Yb+ ion qubits. The
paper concludes with a discussion and outlook towards future
experiments.
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II. PHYSICAL SETTING

In many quantum systems of interest we may consider two
general classes of unitary time-dependent errors. Dephasing
processes are associated with rotations about σ̂z induced by
a stochastic relative detuning between a qubit’s transition
(angular) frequency ωa and the experiment’s master clock,
defined by a local oscillator (LO). Dephasing is frequently
dominated by instabilities in the qubit splitting caused by
environmental (e.g., magnetic field) fluctuations. However,
in the limit of very stable qubits (e.g., clock transitions in
atomic systems [36,37]), observed dephasing may be caused
by frequency instabilities in the experimental LO. Similarly,
one may consider coherent amplitude-damping processes,
causing unwanted rotations along meridians of the Bloch
sphere, and arising either through ambient environmental
fluctuations (e.g., microwave leakage from nearby systems)
or from imperfections in the amplitude of the applied control
field.
Together, these two classes of error capture so-called universal (multiaxis) rotations of the Bloch sphere. Importantly,
the consideration of time-dependent errors in both dephasing
and amplitude quadratures allows us to capture the dominant
forms of non-Markovian noise processes characterized by the
presence of long-time correlations; realistic laboratory settings
are typically dominated by such noise terms. Dissipative error
pathways with Markovian characteristics may be captured
through linearly independent error terms that we ignore
through this treatment, as quantum control generally provides
no relevant benefits in error resistance for these effects.
We consider a model quantum system consisting of an ensemble of identically prepared noninteracting qubits immersed
in a weakly interacting noise bath and driven by an external
control device. Working in the interaction picture with respect
to the qubit splitting, state transformations are represented as
unitary rotations of the Bloch vector. Including both control
and noisy interactions, we may therefore write the generalized
time-dependent Hamiltonian
H (t) = Hc (t) + H0 (t).

(2.1)

The term Hc (t) = h(t)σ represents perfect control over the
qubit state via the application of an external field, while the
generalized noise term H0 (t) = η(t)σ captures all interactions
due to the noise bath. Here, σ denotes a column vector of
Pauli matrices and the row vectors h(t),η(t) ∈ R3 denote,
respectively, the Cartesian components of the control and
noise fields in the basis of Pauli operators [29,30,38]. The
stochastic noise fields ηi (t), i ∈ {x,y,z}, model semiclassical
time-dependent error processes in each of the three spatial directions. In this formulation, dephasing processes are
captured through the appearance of stochastic terms along
σ̂z . General coherent amplitude-damping terms on the other
hand are captured by terms proportional to the spin operator
σ̂φ := cos(φ)σ̂x + sin(φ)σ̂y parametrized by the driving phase
φ ∈ [0,2π ].
Our choice to write separate control and noise terms in
the Hamiltonian in Eq. (2.1) belies the fact that, when expressed in an appropriate interaction picture, time-dependent
fluctuations in either term are effectively indistinguishable.
This observation permits a formulation in which the noise

terms are all incorporated into the control Hamiltonian, and
one assumes the presence of a perfectly stable qubit (i.e., there
is no ambient decoherence). This is a good approximation in
the case of a sufficiently stable qubit so long as native error
rates and ambient noise susceptibilities are small compared to
relevant scales under study. We therefore proceed by providing
a model for quantum dynamics that permits us to capture
unitary decoherence through the control.
With these generalized notions in mind, we proceed in
laying out the detailed Hamiltonian framework relevant to our
study. The system considered in this paper consists of a qubit
with transition (angular) frequency ωa , driven by a LO with
magnetic field component aligned with σ̂z taking the form
B(t) = (t) cos[ωμ t + φ(t)]ẑ,

(2.2)

(t) = C (t) + N (t),

(2.3)

φ(t) = φC (t) + φN (t)

(2.4)

with ωμ the carrier frequency. In this formulation, the
time dependence of the phase φ(t) and amplitude (t) has
been formally partitioned into components denoted by the
subscripts C and N , capturing the desired control and noisy
interactions, respectively. Using standard approximations, and
working in an interaction picture (see Appendix A), the system
Hamiltonian ( = 1) may be expressed as
HI = −

φ̇N (t)
1
σ̂z + (t){cos[φC (t)]σ̂x + sin[φC (t)]σ̂y }.
2
2
(2.5)

The noise component φN (t) of the engineered phase φ(t)
produces net rotations about σ̂z through its time derivative
φ̇N (t), and the resonant carrier field drives coherent Rabi
flopping between the qubit states |1 and |0. The instantaneous
Rabi rate in this case is proportional to (t) and rotations,
generated by the spin operator σ̂φC (t) , are driven about the
axis r = [cos φC (t), sin φC (t),0] in the xy plane of the Bloch
sphere.
Given sufficient control over both the phase and amplitude
of our driving field, Eq. (2.5) therefore indicates we may
engineer a variety of effective control Hamiltonians with
dephasing and amplitude-damping terms of interest. For
instance, setting φC (t) = 0, we may generate
⎧
⎪
⎨hx (t) [1 + ηx (t)] σ̂x (Mult. Amp. Noise),
(Add. Amp. Noise),
H (t) ∝ [hx (t) + ηx (t)] σ̂x
(2.6)
⎪
⎩h (t)σ̂ + η (t)σ̂
(Add.
Deph.
Noise),
x
x
z
z
where the control field hx (t) is proportional to C (t) and the
noise fields ηx (t) or ηz (t) may be switched on, with desired
spectral properties, by an appropriate choice of N (t) and
φ̇N (t), respectively.
The Hamiltonians in Eq. (2.6) correspond to familiar error
models from NMR and quantum information [39,40], but now
explicitly incorporate non-Markovian time-dependent effects
through the power spectra of the relevant terms in η(t). The first
noise model may be produced in the absence of Hamiltonian
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terms that look like hx (t)ηx (t) by virtue of the ability to
arbitrarily parametrize ηx {hx (t),t}.
Following previous work, we express the first-order averaged fidelity of an arbitrary unitary control operation on SU(2)
in the presence of noise as [30]
1
{1 + exp[−χ (τ )]},
(2.7)
2

 ∞
dω
dω
S
(ω)F
(ω)
+
S
(ω
)F
(ω
)
.
z
z

ω2
ω2 
0

Fav (τ ) ≈
χ (τ ) =

2
π


0

∞

(2.8)
Here, we have defined independent noise power spectra
Sz (ω) and S (ω), with angular frequency ω, for fluctuations
in φ̇N (t) and N (t), respectively, while the quantities Fz (ω)
and F (ω) represent the spectral characteristics of the control
under study. While we will not focus on the particular form of
this so-called filter transfer function expression for operational
fidelity [28,30], we can clearly see the importance of these
noise power spectra in determining the performance of an
arbitrary control operation. Consequently, in the following
section, we derive their forms.

the phase constructed as a discrete Fourier series with a base
frequency ω0 = ωj /j , with α being a global scaling factor [42].
The link between this phase modulation and the dephasing
power-spectral density of interest is revealed by defining
the instantaneous phase in terms of the carrier plus a timedependent detuning βz (t):
 t
(t) = 0 +
dt [ωμ + βz (t )],
(3.3)
0

where βz (t) is a zero-mean time-dependent random variable.
This then implies
 t
d
φN (t) = 0 +
dτ βz (τ ) ⇐⇒ βz (t) = φN (t)
dt
0
(3.4)
so the time-dependent detuning noise βz (t), explicitly linked to
the phase modulation of the carrier, characterizes the strength
of the dephasing-noise term in Eq. (2.5).
Using the Euler decomposition, we may then write
βz (t) =

αω0
2

III. ENGINEERING NOISE IN THE CONTROL SYSTEM

In the laboratory we rely on engineering noise in our control
system to provide a method to accurately reproduce decoherence processes of interest. This approach has significant
benefits over, e.g., noise injection in ambient magnetic field
coils, as it minimizes potential nonlinearities and frequencydependent responses in hardware elements, exploiting instead
the modulation capabilities of a carrier synthesis system [41].
By engineering noise through a highly accurate control system
with linear response, we gain the ability to perform quantitative
tests of quantum control in the presence of unitary noise
Hamiltonians.
We employ the phase- and amplitude-modulation capabilities in state-of-the-art quantum control systems in order to
provide access to the error models of interest. In the remainder
of this section, we present a mathematical formalism linking
our error model in the geometric picture of unitary dynamics to
the properties of a near-resonant drive field of the form given
in Eq. (2.2).
A. Arbitrary dephasing (detuning) power spectra

We begin with the case of noise proportional to σ̂z .
Our method relies on generating stochastic detuning errors
by performing phase modulation on a constant-amplitude
carrier, thereby implementing an effective pure dephasing
Hamiltonian. Setting N (t) = φC = 0 and C = 0 we write
B(t) = 0 cos[ωμ t + φN (t)]ẑ,

(3.1)

J

φN (t) = α

F (j ) sin(ωj t + ψj ),

j F (j )[ei(ωj t+ψj ) + e−i(ωj t+ψj ) ]. (3.5)
j =1

Assuming wide-sense stationarity, the two-time correlation
function for βz (t) is then written
βz (t + τ )βz (t)t =

α 2 ω02
2

J

[j F (j )]2 cos(ωj τ ),

(3.6)

j =1

where . . .t denotes averaging over all times t from which
the relative lag of duration τ is defined. Invoking the WienerKhintchine theorem [43] and moving to the Fourier domain,
we then obtain the power-spectral density
Sz (ω) =

π α 2 ω02
2

J

[j F (j )]2 [δ(ω − ωj ) + δ(ω + ωj )].
j =1

(3.7)
The detailed derivation of the above expressions appears in
Appendix B.
The power-spectral density (PSD) is thus represented
as a Dirac comb of discrete frequency components with
the amplitude of the j th tooth determined by the quantity
[j F (j )]2 . We now have an explicit relationship between
an effective dephasing- or frequency-detuning -noise power
spectrum and the phase modulation of the carrier frequency in
the control system required to achieve that PSD.
It is then straightforward to specify the construction of
any power-law PSD by writing the amplitude of the j th
frequency component as a power law Sz (ωj ) ∝ (j ω0 )p . It
therefore follows that the envelope function for the comb teeth
in the phase modulation scales as

(3.2)

p

F (j ) = j 2 −1 .

j =1

where ψj is a random number. That is, the driving carrier tone
is modulated to include a time-dependent, stochastic error in

J

(3.8)

Table I shows the functional form required for F (j ) in order
to achieve dephasing-noise PSDs of interest.
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TABLE I. Functional form of F (j ) for well-known dephasingand amplitude-noise PSDs.

p
F (j )

1/f 2

1/f

−2
j −2

−1
j −3/2

S (ω)

Dephasing

F (j)

Amplitude

White Ohmic 1/f 2
0
j −1

1
j −1/2

−2
j −1

1/f

0
j0

(3.9)

That is, amplitude modulation transforms the control field
strength as
(3.10)

where, again, β (t) is a zero-mean stochastic random variable
here capturing fluctuations in the drive amplitude. This term
is realized directly through the comb of discrete frequency
components with randomly selected phase shifts

C. Summary

With these relationships, we now have explicit links
between the quantities we wish to engineer in realizing unitary
dephasing or relaxation noise power spectra and the relevant
parameters entering into the modulation of a control signal.
We will employ these relations to engineer arbitrary unitary
noise baths for quantitative tests of various quantum control
protocols.
In implementing bath engineering in the laboratory, we are
left with the following free parameters:
(i) z/ : the quadrature of noise injection (dephasing vs
amplitude);
(ii) ω0 : the fundamental frequency of the Dirac comb and
the lower cutoff of the noise power spectrum;
(iii) J : the maximum number of comb teeth in the discrete
sum, setting the upper frequency cutoff J ω0 ;
(iv) p: the exponent setting the frequency dependence of
the effective noise power spectrum.
These parameters provide an experimentalist with a broad
set of capabilities for bath engineering (see Table I and Fig. 1).
IV. EXPERIMENTAL BATH ENGINEERING

J

F (j ) cos(ωj t + ψj )

(3.11)

F (j )[ei(ωj t+ψj ) + e−i(ωj t+ψj ) ].

(3.12)

j =1

=

α
2

J
j =1

The form of this expression is similar to that above for dephasing noise, except the direct-amplitude modulation removes a
factor of j from the expression. We are interested in producing
a PSD for the quantity β (t) as this captures the amplitude
errors pertaining to the second term of Eq. (2.8). Following
the same method as before (see Appendix B), we obtain
S (ω) =

π α2
2

Angular Frequency, ω

FIG. 1. (Color online) Schematic depiction of the frequency
comb generated in our noise-engineering protocol and its relationships to key parameters on a logarithmic scale.

Derivation of the relevant amplitude noise power spectra
proceeds in a similar manner. We consider here multiplicative
amplitude noise, although the derivation maintains a similar
form in the case of additive noise. Further, in our model
the amplitude noise is always assumed to be coaxial with
the driving field. While this is not a strict requirement,
it greatly simplifies the analysis and broadly represents an
interesting class of time-dependent error models incorporating
driving-field noise. The relevant modulation capability here is,
as expected, amplitude modulation on a carrier signal. Setting
φ(t) = 0, C (t) = 0 , and N = 0 β (t), Eq. (2.2) reduces
to
B(t) = {0 [1 + β (t)]} cos(ωμ t)ẑ.

ω0

1
j 1/2

B. Arbitrary amplitude power spectra

β (t) = α

ω0

White Ohmic

−1
j −1/2

0 → 0 [1 + β (t)],

Jω0

J

[F (j )]2 [δ(ω − ωj ) + δ(ω + ωj )]. (3.13)
j =1

Once again, we may define a relationship between the power
law of the target noise power-spectral density and the quantity
[F (j )]2 , which determines the amplitude of the j th tooth in the
frequency comb PSD above. In this instance, the removal of
a differential relationship between the modulation and desired
noise power spectrum yields the simplified expression F (j ) =
j p/2 for S (ωj ) ∝ (j ω0 )p .

A. Experimental platform

The approach we have described above is quite generic for
the case of a quantum system controlled by an oscillatory
signal, including most atomic, superconducting, and many
semiconductor-based spin qubits. In this section, we describe
the experimental platform we will employ for validation of our
method.
We use trapped 171 Yb+ ions as our model experimental
platform; a detailed description of related experimental approaches appears in [37]. Neutral 171 Yb is ionized using a
two-photon process whereby 399-nm light excites electrons
from 1 S 0 to 1 P 1 and 369-nm light is sufficiently energetic to
further excite electrons to the continuum. A linear Paul trap
enclosed in an ultrahigh vacuum (UHV) chamber is used to
trap several hundred 171 Yb+ ions. Doppler cooling of the ions
is achieved using 369-nm laser light, slightly red-detuned from
the 2 S 1/2 to 2 P 1/2 transition. Additional lasers near 935 and
638 nm are employed to depopulate metastable states. Typical
experiments employ ensembles of approximately 100–1000
ions with high homogeneity in magnetic field and microwave
field over the ensemble.
Our qubit is the 12.6-GHz hyperfine splitting between
the 2 S 1/2 |F = 0,mf = 0 and 2 S 1/2 |F = 1,mf = 0 states.
For notational simplicity we denote these states by |0
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and |1 respectively. The system may be optically pumped
to |0 using a 2.1-GHz sideband on the 369-nm cooling
beam, which couples the states 2 S 1/2 |F = 1 ↔2 P 1/2 |F = 1
following [37].
State detection is achieved using resonant light near 369 nm,
which preferentially couples the state |1 to the excited P state,
resulting in a large probability of detecting scattered photons.
These photons are detected using a pair of large-diameter
lenses and a photomultiplier tube. State discrimination is
conducted by photon counting followed by conversion to a
probability that the Bloch vector lies at a particular location
along a meridian of the Bloch sphere. This measurement is
susceptible to ion loss in the ensemble and both laser amplitude
and frequency drifts over long time scales, resulting in variable
maximum and dark count rates over time. We therefore employ
a normalization and Bayesian estimation procedure to improve
measurement fidelity.
Dark-state normalization is achieved by cooling and optically pumping the ions to the F = 0 state of the 12.6-GHz
hyperfine manifold and then performing a measurement of
photon counts, while bright-state normalization includes an
additional πx gate implemented using microwaves before
the photon count measurement. We have experimentally
ascertained that for any angle of declination of the Bloch vector
with respect to the −z axis, θ , photon counts over a repeated
number of identical experiments are normally distributed about
a mean value with standard deviation dominated by rapid laser
frequency fluctuations with magnitude ∼ 1 MHz.
We use Bayesian inference to statistically determine the
qubits’ z projection given the number of scattered 369-nm
photons we measure, denoted P (θ |c). We write
P (θ |c) =
=
i

P (c|θ )P (θ )
P (c)

P (c|θ )P (θ )
,
π
0 dθ P (c|θ )P (θ )

(4.1)
(4.2)

where in the second line we have incorporated the fact
that P (c) is dependent on our knowledge of the probability
distribution function for θ . We have experimentally verified
that we may write the probability density function P (c|θ ) =
D+ B−D θ 2 
exp − σ + σBπ−σD θ . Here, we have defined a Gaussian with
D

π

center defined by linearly interpolating between the mean
detected photon counts for the bright state B and mean counts
for the dark state D. The standard deviation of the Gaussian
is defined by linearly interpolating between the standard
deviations of the photon-count distributions for the bright
state σB and dark state σD . The quantities B, D, σB , and σD
are found by performing bright- and dark-state normalization
before each iteration of the experiment of interest. P (θ ) is
initially assumed to be a uniform probability distribution,
and is iteratively refined with subsequent experiments. We
then calculate the mean and standard deviation and apply the
transform P|1 = sin2 ( θ2 ). Using this method, we can achieve
measurement fidelity in excess of 98%.
A simpler method of calculating the approximate
bright-state probability is to take a simple normalized average
of the form (E − D)/(B − D) where B and D are defined
as before and E is the mean detected photon count for the

experiment of interest. This method agrees well with Bayesian
estimation for states that are not near the poles of the Bloch
sphere and provides a simpler and faster measurement method
in cases where maximizing measurement fidelity near the
poles is not required.
To produce our master oscillator signal we use an ultralowphase-noise vector source referenced to a caesium clock and
10-MHz Wenzel cleanup oscillator for long-term stability
and good short-term phase noise. The output of the signal
generator is amplified using a low-phase-noise amplifier with
maximum output of approximately +33 dBm. A commercially
available, microwave horn-lens combination is used to produce
a highly directional free-space linearly polarized microwave
field (+25 dBi directional gain) which can be directed at
the ions, approximately 150 mm from a 150-mm-diameter
viewport on the UHV chamber.
Coherent rotations between the measurement basis states
are driven using the magnetic field component of resonant
microwave radiation. The Rabi rate for driven oscillations
is linearly proportional to the microwave magnetic field
amplitude, with rotations about an axis r lying on the
xy plane of the Bloch sphere and set by the phase of
the microwaves as r = [cos φ(t), sin φ(t),0]. Rabi flopping
experiments [Fig. 2(c)] demonstrate high-visibility coherent
qubit rotations where we can achieve hundreds of flops
before seeing appreciable decay. With ∼ +30 dBm nominal
microwave power (e.g., not accounting for cable losses) we
achieve π times as low as ∼ 15 μs, but we typically operate
near 50 μs. We have confirmed that in these experiments our
measured Rabi flopping times are limited by small microwave
field amplitude inhomogeneities over the ion ensemble caused
by diffraction of the microwave beam at the aperture of the
UHV chamber.
A standard technique for characterizing oscillator stability
is Ramsey spectroscopy [44]. We prepare the ions in |0 and
rotate to | + y using a π/2 pulse applied about x̂, but slightly
detuned from resonance by +4 Hz. After a free-evolution
period, a second π/2 pulse will rotate the qubit to |0 or
|1 depending on the phase accumulated between the master
oscillator and the qubit. Scanning the evolution time τ reveals
sinusoidal fringes due to the free evolution of the qubit relative
to the control during the delay period. Instabilities of the phase
over time cause the relative phase between the qubit and master
oscillator to become randomized, thus reducing the visibility
of Ramsey fringes.
An important advantage of this system is that the selected
qubit transition is first order insensitive to magnetic field
fluctuations. As a result, the intrinsic free-evolution coherence
time of this hyperfine qubit has been measured to be at least
15 min [45]. A T2 decay time of approximately 4 s, inferred
from Ramsey experiments [Fig. 2(d)], demonstrates long-term
coherence between the qubit and our LO, ultimately limited
by phase stability of the LO (typically −80 dBc phase noise at
100 Hz offset from carrier). These experimental measurements
reveal that this system therefore provides a “clean” baseline
for quantitative tests of bath engineering.
B. Implementation of bath engineering by IQ modulation

The bath engineering technique described above provides a
generic framework allowing noise to be generated for specific
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FIG. 2. (Color online) Experimental control system. (a) Simplified level structure of 171 Yb+ ions with qubit at 12.6-GHz splitting
highlighted. Solid arrows indicate excitation via UV detection laser, dotted arrows indicate spontaneous emission pathways. Repumping
transitions to mestatable D and F states not shown. (b) Microwave synthesis chain employed for 171 Yb+ qubits. Digital programming of the
vector signal generator (VSG) conducted via either GPIB or LAN. (c) Measured Rabi flopping at 12.6 GHz on the clock transition in the
171
Yb+ ground state. In this measurement, we use Bayesian estimation to map raw measured photon counts to bright- or dark-state probability.
(d) Free evolution measured via Ramsey interferometry and presented using raw photon counts for simplicity. Interrogating π/2 pulses applied
with frequency detuning of ∼ 4 Hz to yield interference fringes. After approximately 2 s of free evolution, the fringe frequency appears to shift
abruptly and then become unstable. The overlaid damped oscillation assumes a Gaussian decay and a T2 of 4 s and matches the general decay
envelope well. However, due to the appearance of statistically nonstationary dynamics during the experiment, fitting struggles to provide an
accurate reproduction of the data. Nonetheless, the data clearly indicate coherence between the LO and qubits beyond approximately 3 s.

Hamiltonians of interest. We must now demonstrate how
such noise may be implemented using the kind of control
hardware typically available for quantum control experiments:
I Q modulation on the resonant carrier.
To model a desired control field in the presence of noise, we
generate a microwave field of the form set out in Eqs. (2.2)–
(2.4). In order to engineer the bath in our experimental system,
we begin with a desired noise power-spectral density in either
the amplitude or detuning quadrature (or both), assuming
they are statistically independent. From this power spectrum,
defined by the noise strength α, the exponent of the power-law
scaling p, the comb spacing ω0 , and the high-frequency cutoff
ωc  J ω0 , we numerically generate time-domain vectors for
N (t) and φN (t) using the relationships appearing in Sec. 2,
and randomly selecting the phase ψj for each comb tooth
in the Fourier decomposition. Thus, we may independently
generate our control and noise modulation signals for the
carrier amplitude and phase (see Fig. 3).
Independent and arbitrary control over these properties of
the carrier may be achieved using I Q modulation [46]. I (t)
and Q(t) are simply a polar-to-Cartesian coordinate transform
of the familiar amplitude (t) and phase φ(t) components of
a modulated signal S(t) = (t) sin[ωμ t + φ(t)] as

I Q-modulation patterns, arbitrary time-domain noise may be
engineered, such as the influence of random telegraph noise in
carrier frequency.
As mentioned above, our carrier frequency for the clock
transition in 171 Yb+ is 12.6 GHz, produced by a vector
signal generator. The key feature of this unit is a digitally
programmable baseband generator producing the modulation
envelopes for I and Q. The functions are defined sample-wise
with 16-bit resolution in order to approximate a continuous
function. In our system, care must be taken to ensure that
discontinuities in the waveforms are avoided as the baseband
generator employs an interpolation algorithm that can produce
ringing in the applied modulation.

Control Amplitude

Control Phase
Noisy Phase Mod.

Noisy Amp. Mod.

IQ Conversion

Phase Noise

Amplitude Noise

Dual DAC

S(t) = I (t) sin(ωμ t) − Q(t) sin(ωμ t − π/2),

(4.3)

IQ Mod
LO

I (t) = (t) cos[φ(t)], Q(t) = (t) sin[φ(t)].

RF

(4.4)

The numerically generated noise and control modulation
patterns are thus converted to the I Q basis and applied as
a modulation pattern in time. While our method typically
relies on a Fourier decomposition for the generation of the

FIG. 3. (Color online) Schematic representation of process flow
involved in experimental noise engineering. Independent waveforms
for phase and amplitude are determined numerically, shifted to the
I Q basis and sent to the dual digital-to-analogue converter (DAC)
used for IQ modulation in our vector signal generator.
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In order to quantitatively verify the noise engineering
process, we begin by measuring the resultant phase noise
on a 12.6-GHz carrier in the presence of bath engineering.
Interpreting such data requires a brief quantitative analysis of
the effect of amplitude and phase modulation as represented
in the Fourier domain. In the case of amplitude modulation, a
signal consisting of a single-frequency amplitude-modulated
(AM) carrier can be expressed as
S(t) = [Aμ + Am sin(ωm t)] sin(ωμ t)

(4.5)
(4.6)

-1
-1

where Aμ and Am are the amplitudes of the carrier and
modulating sinusoid and ωμ and ωm are their frequencies,
respectively. In the second line above we see the signal is
represented as a weighted sum of the carrier frequencies as well
as two symmetric sideband frequencies δ± = ωμ ± ωm from
the carrier. Referring back to Eq. (3.11), each comb tooth gives
rise to a pair of sidebands with amplitude (power) proportional
to αF (j ) [α 2 F (j )2 ]. In this case, the power-law scalings of the
comb teeth, p, and the measured phase-noise power spectrum
are identical.
The case of dephasing noise is slightly more complicated
due to the effect of frequency or phase modulation as
represented in the Fourier domain. Single-frequency phase
modulation with amplitude m at frequency ωm gives a signal

Jn (

+ nωm )t]

n=−∞

≈ Aμ sin(ωμ t) +

Aμ
2

m

sin(δ+ t) −

Aμ
2

m

sin(δ− t).
(4.7)

Such modulation produces an infinite comb of frequencies,
centered around the carrier, spaced by ωm , and weighted by
Bessel functions [47]. In the last line above we have assumed
small modulation depth allowing the infinite comb to be
truncated beyond first order. As a result of this expression, the
relationship between the power law of comb teeth in Eq. (3.7)
and the expected form of the phase noise is p ↔ (p − 2).
Phase-noise power spectra are presented in Figs. 4(a)–4(d)
using units of dBc/Hz as a function of offset from the carrier,
for different forms of bath engineering. These data provide a
measure of the total power at a particular offset referenced to
the carrier in a one-Hertz integration bandwidth. In all cases,
we observe a strong increase in the measured phase noise over
the (unmodulated) carrier noise floor up to a cutoff frequency
corresponding to the programed ωc . The form of decay in the
phase-noise power law is well described using the expressions
above, as indicated by guides to the eye superimposed on the
measured data. Agreement is good for both amplitude and
detuning noise. We also observe that as the noise strength (i.e.,
modulation depth) increases for dephasing noise, the firstorder approximation above fails and the cutoff frequency is no
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(b)
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constant
-55
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C. Direct characterization of the microwave carrier

Amplitude
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0.0
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= .02

0.5
(g)

0.0
1.0

= .0325

0.5
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0.0
1.0
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0.5
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FIG. 4. (Color online) Experimental validation of noise engineering. (a)–(d) Phase-noise spectrum of carrier with engineered
noise measured using a vector signal analyzer. Black data represent
the unmodulated noise floor at 12.6 GHz, while the red represent
data with engineered bath. Blue overlays are guides to the eye
demonstrating the predicted phase-noise scaling associated with
particular power spectra. (e) Scaling of measured T2 as a function of
noise strength α for white dephasing noise F (j ) ∝ j −1 . Error bars are
determined from the fitting procedure employed in analyzing Ramsey
data and blue line represents a quadratic fit, in line with expectations
(see text). Inset: representative Ramsey data with overlaid exponential
decay. Data taken with fixed carrier detuning ∼1 kHz in order to show
Ramsey fringes. (f)–(i) Rabi oscillations in the presence of amplitude
noise with a white power spectrum measured in experiment (black
markers) and calculated via numerical integration of the Schrödinger
equation (red markers) for different noise strengths. Line traces show
Gaussian decay fits.
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longer clearly visible in these plots due to the infinite comb of
sidebands.
D. Qubits in a noisy bath

We quantitatively demonstrate our bath engineering techniques by studying the effect of engineered dephasing noise
on the free evolution of our trapped-ion qubits. We produce
time-domain dephasing noise using a discrete comb with
fundamental frequency ω0 = 2π × 4 Hz, and a cutoff ωc =
2π × 3 kHz. Selecting F (j ) = j −1 yields a white-dephasingnoise power-spectral density.
In our experiments, we perform Ramsey spectroscopy in
the presence of engineered noise. We observe the decay time
constant of fringe visibility is significantly reduced in the
presence of the engineered bath, as expected. A representative
Ramsey experiment is presented in the inset of Fig. 4(e)
showing the fringe visibility decays over a time scale of
order milliseconds in the presence of the engineered bath.
Since Ramsey spectroscopy measures the relative coherence
between two oscillators (the LO and the qubit), engineered
dephasing in the LO results in net decoherence even during
free-evolution periods.
The scaling of the measured coherence time with
noise strength is a key validation of our bath engineering techniques. We write the ensemble-averaged coherence for free evolution in the presence of dephasing noise as W (t) = exp[−χ (τ )] [48,49] where χ (τ ) =
2 ∞ Sβ (ω)
sin2 (ωτ/2)dω [21]. Incorporating the relevant
π 0
ω2
form of Sβ (ω) gives
750

χ (τ ) = 2α 2 ω02
j =1

sin2 (j ω0 τ/2)
,
(j ω0 )2

(4.8)

where the upper limit on the sum is determined from the
specifics of the comb tooth spacing and noise cutoff frequency.
The expected decay envelope resulting from the integral above
and for our value of ω0 is a simple exponential, although
slight modification yields more complex functional forms (see
Appendix C). As a result, we expect a quadratic scaling of the
decay time constant with α.
We study the scaling of the 1/e coherence time T2 as a
function of the noise strength, parametrized by α. Ramsey
fringes are recorded for each value of α and a fit to a sinusoid
with a simple exponential decay envelope is performed in order
to extract T2 . These data are plotted as the decay rate T2−1 of
the qubit coherence as a function of α in Fig. 4(e). The decay
rate is observed to scale as T2−1 ∝ α 2 , as expected, with the
overall decay time scales determined by the specifics of the
noise power-spectral density.
Similarly, we study driven evolution such as that presented
in Fig. 2(c), but now in the presence of engineered amplitude
noise [Figs. 4(f)–4(i)]. Increasing the strength of the noise
results in a Gaussian decay envelope for the Rabi flopping
data with decreasing decay constants. The evolution of the
measured decay constant does not take a convenient analytic
form with noise strength and so we perform numerical
integration of the Schrödinger equation considering a driving
field with the same noise characteristics. The data show good

agreement with the numerical calculations qualitatively and
quantitatively.
Other experiments incorporating dephasing noise during
driven evolution and/or universal noise also reveal behavior
in quantitative agreement with the formulation provided
above, but form the subject of separate papers. Overall,
these measurements validate the efficacy of our approach in
generating a quantitatively useful noise bath in a real quantum
system.
V. CONCLUSION

In this paper, we have presented a detailed technical
prescription for the quantitative engineering of unitary baths
for studies of quantum control. We produce a discrete comb
of noise frequencies possessing an overall scaling chosen to
reproduce a noise power spectrum of interest in either the
dephasing or amplitude-damping quadrature. We show how
this technique lends itself to simple numerical construction of
complex time-dependent noise processes using common I Qmodulated carriers for single-qubit control. We validate our
technique through both examination of the modulation form on
a vector signal analyzer and through application of engineered
dephasing noise to the free evolution of trapped 171 Yb+ ions.
Our measurements demonstrate that the coherent lifetime
of the qubits probed by a 12.6-GHz carrier incorporating
engineered noise scales as expected based on a simple physical
model.
The technique we present is applicable to a wide variety
of experimental systems employing carrier signals in the rf
or microwave. It is particularly useful in trying to understand
the spectral sensitivity of various quantum control protocols
such as dynamical decoupling and dynamically corrected
gates. For instance, our group has utilized this technique
to quantitatively validate the error-suppressing properties of
novel classes of modulated error-suppressing gates, as will be
described in future papers. The incorporation of engineered
noise in such experiments is vital to help elucidate the bounds
and performance scaling of such protocols in regimes where
the measured errors (the signal of interest) are in general
not sufficiently large to exceed intrinsic state preparation and
measurement errors. It is also possible to combine this kind
of unitary noise engineering with dissipation [50–53], for
instance, through leakage of off-resonant lasers or otherwise
inducing spontaneous emission properties, or to expand the
general technique to multilevel manifolds [8]. We hope that
our general technique will prove useful to the quantum control
and quantum information communities as they push towards
ultrahigh-fidelity gate operations.
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APPENDIX A: DERIVATION OF THE SYSTEM
HAMILTONIAN

The system considered in this paper consists of a qubit with
transition (angular) frequency ωa , driven by a local oscillator
with magnetic field component aligned with σ̂z taking the form
B(t) = (t) cos[ωμ t + φ(t)]ẑ,

(A1)

(t) = C (t) + N (t),

(A2)

φ(t) = φC (t) + φN (t)

(A3)

with ωμ the carrier frequency. In this formulation, the
time dependence of the phase φ(t) and amplitude (t) has
been formally partitioned into components denoted by the
subscripts C and N , capturing the desired control and noisy
interactions, respectively. Using the dipole approximation, the
system Hamiltonian ( = 1) in the laboratory frame is
ωa
σ̂z + (t) cos[ωμ t + φ(t)]σ̂x .
(A4)
HS =
2
The first term corresponds to the Hamiltonian of the qubit
under free evolution, and the second term corresponds to
the qubit-field interaction. Moving to the interaction picture
corotating with the carrier frequency and making the rotatingwave approximation, the dynamics are described by the
Hamiltonian
 

1
(ωμ )
σ̂z + (t){e−iφ(t) σ̂+ + eiφ(t) σ̂− },
HI =
(A5)
2
4
where  = ωa − ωμ is the carrier detuning from the transition
frequency, and we define the usual operators σ̂± = σ̂x ±
(ω )
i σ̂y . Setting  = φN (t) = 0, Eq. (A5) reduces to HI μ =
1
(t){cos[φC (t)]σ̂x + sin[φC (t)]σ̂y }, so the resonant carrier
2
field drives coherent Rabi flopping between the qubit states |1
and |0. The instantaneous Rabi rate in this case is proportional
to (t) and rotations, generated by the spin operator σ̂φC (t) , are
driven about the axis r = [cos φC (t), sin φC (t),0] in the xy
plane of the Bloch sphere. For instance, a noise-free π pulse
about the x axis would have N ,φN ,φC = 0, and C (t) = 
for t ∈ [0,τπ ], with τπ = π/ .
The noise component φN (t) of the engineered phase φ(t),
in the exponentials of Eq. (A5), may be mapped to rotations
about σ̂z if we move to a second interaction picture defined by
(ωμ ,φ̇N )

HI

†

(ωμ )

:= Uφ̇ HI
N

Uφ̇N − Hφ̇N ,

APPENDIX B: DERIVATION OF NOISE
POWER-SPECTRAL DENSITIES

Let h(t) be any time-dependent function. We use nonunitary
angular frequency notation consistent with the usage in
Ref. [30] to define a Fourier transform pair
 ∞
H (ω) = F [h(t)] =
h(t)e−iωt dt,
(B1)
−∞

h(t) = F −1 [H (ω)] =

(ωμ ,φ̇N )

H (ω)eiωt dω.

(B2)

−∞

In this paper, we assume all noise processes are wide-sense
stationary in which case the two-point correlation function
β(t1 )β(t2 ) depends only on the relative difference τ = t2 − t1
between t1 and t2 and reduces to the autocorrelation function
Cβ (τ ) := β(t1 )β(t1 + τ ). The angle brackets now denote
averaging over all times t1 with respect to which the relative lag
∞
1
iωτ
, or
τ is defined. Consequently, Cβ (τ ) = 2π
−∞ dω Sβ (ω)e
using Eqs. (B1) and (B2),




Sβ (ω) = F Cβ (τ ) =

∞

−∞

β(t)β(t + τ )e−iωτ dτ.

(B4)

1. Dephasing-noise PSD

We require an expression for the autocorrelation function
of βz (t), the dephasing-noise field, in order to derive the
corresponding PSD Sz (ω) given by Eq. (B4). Using Eq. (3.5),
it is straightforward to show
βz (t + τ )βz (t)
=

α 2 ω02
4
+e

J

jj F (j )F (j )[eiωj τ ei(ωj +ωj )t ei(ψj +ψj )
j,j =1

iωj τ i(ωj −ωj )t i(ψj −ψj )

e

e

+ c.c.].

(B5)

Or, averaging over t,
βz (t + τ )βz (t)t
α 2 ω02
=
4

(A6)

φ̇N (t)
σ̂z
2
1
+ (t){cos[φC (t)]σ̂x + sin[φC (t)]σ̂y }. (A7)
2

=−

∞

In this case, a time-domain signal β(t) is related to its PSD
Sβ (ω) by the Wiener-Khintchine theorem [43] which takes the
form
 ∞
1
β(t1 )β(t2 ) =
dω Sβ (ω)eiω(t2 −t1 ) .
(B3)
2π −∞

where Uφ̇N (t) = exp[−i φN2(t) σ̂z ] is the evolution operator under
the the engineered dephasing Hamiltonian Hφ̇N := 12 φ̇N (t)σ̂z .
Setting the carrier detuning  = 0, it is then straightforward
to show
HI

1
2π



+e

J

jj F (j )F (j )[eiωj τ ei(ψj +ψj ) ei(ωj +ωj )t t
j,j =1

iωj τ i(ψj −ψj )

e

ei(ωj −ωj )t t

+ e−iωj τ e−i(ψj −ψj ) e−i(ωj −ωj )t t
+ e−iωj τ e−i(ψj +iψj ) e−i(ωj +ωj )t t ].
Since ωj ,ωj are always positive, we know ωj + ωj is always
positive. Consequently, the term e±i(ωj +ωj )t is always an
oscillating term with nonzero frequency ±(ωj + ωj ), and
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average over t yields

Using the result from Fourier analysis that
e

±i(ωj +ωj )t

t = 0.



(B6)
F [cos(ω τ )] =

Similarly, when ±(ωj − ωj ) is nonzero (i.e., when ωj =
ωj ⇐⇒ j = j ), we have
e±i(ωj −ωj )t t = 0,

j = j .

e

j =j

(B8)

Sz (ω) =

t = δjj ,

α 2 ω02
2

J

[j F (j )]2 [π [δ(ω − ωj ) + δ(ω + ωj )]].
j =1

(B17)

(B9)
2. Amplitude-noise PSD

We require an expression for the autocorrelation function
of β (t), the amplitude-noise field, in order to derive the
corresponding PSD S (ω) given by Eq. (B4). Using Eq. (3.11),
and following the same procedure used in the above section,
it is straightforward to show

βz (t + τ )βz (t)t
α 2 ω02
4

J

jj F (j )F (j )
j,j =1

× [eiωj τ ei(ψj −ψj ) δjj + e−iωj τ e−i(ψj −ψj ) δjj ] (B10)

β (t + τ )β (t)t =

J

α 2 ω02
=
4

2

2

j [F (j )] [e

iωj τ

+e

−iωj τ

]

(B11)

j =1

[j F (j )]2 cos(ωj τ ).

(B12)

j =1

S (ω) =

Substituting this into Eq. (B4) yields
 ∞
Sz (ω) =
βz (t)βz (t + τ )t e−iωτ dτ

(B13)

=

−∞


=

∞

−∞



α 2 ω02
2

=


[j F (j )]2 cos(ωj τ ) e−iωτ dτ

J

[j F (j )]2 F [cos(ωj τ )].

α2
2

J

[F (j )]2 F [cos(ωj τ )]

(B19)

j =1

J

[F (j )]2 [δ(ω − ωj ) + δ(ω + ωj )].

(B20)

j =1

(c)

8

0

2.0

= 0.1 Hz

0

6

1.5

4

1.0

2

0.5

= 30 Hz

-3

= 4 Hz

x10

(non. dim.)

(B18)

j =1

In the case of a pure white-noise-detuning PSD it is
relatively simple to calculate an exact form for χ (τ ). Start∞ S (ω)
ing with χ (τ ) = π2 0 βω2 sin2 (ωτ/2)dω and incorporating

(B15)

j =1

0.2
0.1
0.0

π α2
2

(b)

0.3

[F (j )]2 cos(ωj τ ).

APPENDIX C: DEPENDENCE OF χ ON τ FOR FID
J

(a)
0

J

(B14)

j =1

α 2 ω02
2

α2
2

Substituting this into Eq. (B4) and using Eq. (B16), we
therefore obtain the result

J

α 2 ω02
=
2

(B16)

we therefore obtain our result

where δij is the Kronecker delta. Thus, the autocorrelation
function for βz (t) takes the form

=

−∞

(B7)

or more concisely
±i(ωj −ωj )t

cos(ω τ )e−iωτ dτ

= π [δ(ω − ω ) + δ(ω + ω )],

However, when ωj = ωj (which occurs when j = j )
e±i(ωj −ωj )t t = 1,

∞

0
0

2

4

6

8

10
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6

8

10

0.0
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6

8
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(ms)
FIG. 5. (Color online) Dependence of χ (τ ) on τ for various choices of ω0 . χ (τ ) is calculated for free evolution in the presence of engineered
white detuning noise. The τ axis runs over the time period used in the experiments described in the main text. Without loss of generality, we
eliminate α as a free parameter by setting it equal to 1.
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Sβ (ω) = α 2 gives
χ (τ ) =

producing a coherence integral
2α 2
π


0

∞

sin2 (ωτ/2)
τ α2
dω =
2
ω
2

750

χ (τ ) = 2α 2 ω02

(C1)

j =1

sin2 (j ω0 τ/2)
,
(j ω0 )2

(C2)

giving χ a linear dependence on τ , and hence producing a
simple exponential decay in fidelity (fringe visibility). By
contrast, in the limit of weak low-frequency-dominated noise,
use of the small-angle approximation for the sinusoidal term
results in a quadratic dependence χ (τ ) ∝ α 2 τ 2 , yielding a
Gaussian decay envelope in Ramsey fringe visibility.
The choice of fit function for the Ramsey decay therefore
depends sensitively on the details of the noise model employed.
Our engineered white-noise PSD consists of a finite set of
comb teeth spaced by a finite-frequency interval designed to
approximate a continuous white-noise PSD with a finite-cutoff
frequency. In Sec. III D, we defined a noise power spectrum

where ω0 = 4 Hz. In such circumstances, we rely on numerical
calculations to determine the behavior χ (τ ) over the time
interval relevant to the Ramsey spectroscopy experiments in
Fig. 5(a). For our choice of ω0 we find good approximation
of the integral to a linear function of τ , suggesting the use of
a simple exponential fit to Ramsey decay in free-induction
decay (FID) experiments with engineered noise. However,
we observe that modifying the fundamental frequency of the
power spectrum changes the dependence of χ (τ ) within the
same evolution time interval, requiring careful attention to the
noise model in use when performing quantitative studies of
bath engineering.

[1] T. J. Tarn, G. Huang, and J. W. Clark, Math. Modeling. 1, 109
(1980).
[2] J. W. Clark, D. G. Lucarelli, and T. J. Tarn, Int. J. Mod. Phys. B
17, 5397 (2003).
[3] L. Bouten, R. V. Handel, and M. R. James, SIAM J. Control
Optim. 46, 2199 (2007).
[4] H. I. Nurdin, M. R. James, and I. R. Petersen, Automatica 45,
1837 (2009).
[5] S. Foletti, H. Bluhm, D. Mahalu, V. Umansky, and A. Yacoby,
Nat. Phys. 5, 903 (2009).
[6] J. W. Britton, B. C. Sawyer, A. C. Keith, C.-C. J. Wang, J. K.
Freericks, H. Uys, M. J. Biercuk, and J. J. Bollinger, Nature
(London) 484, 489 (2012).
[7] M. S. Grinolds, S. Hong, P. Maletinsky, L. Luan, M. D. Lukin,
R. L. Walsworth, and A. Yacoby, Nat. Phys. 9, 215 (2013).
[8] A. Smith, B. E. Anderson, H. Sosa-Martinez, C. A. Riofrio, I. H.
Deutsch, and P. S. Jessen, Phys. Rev. Lett. 111, 170502 (2013).
[9] R. Islam, C. Senko, W. C. Campbell, S. Korenblit, J. Smith,
A. Lee, E. E. Edwards, C.-C. J. Wang, J. K. Freericks, and C.
Monroe, Science 340, 583 (2013).
[10] M. J. Biercuk, H. Uys, A. P. VanDevender, N. Shiga, W. M.
Itano, and J. J. Bollinger, Nature (London) 458, 996 (2009).
[11] K. Khodjasteh, J. Sastrawan, D. Hayes, T. J. Green, M. J.
Biercuk, and L. Viola, Nat. Commun. 4, 2045 (2013).
[12] J. Du, X. Rong, N. Zhao, Y. Wang, J. Yang, and R. B. Liu, Nature
(London) 461, 1265 (2009).
[13] Y. Sagi, I. Almog, and N. Davidson, Phys. Rev. Lett. 105, 053201
(2010).
[14] J. Bylander, S. Gustavsson, F. Yan, F. Yoshihara, K. Harrabi, G.
Fitch, D. G. Cory, Y. Nakamura, J.-S. Tsai, and W. D. Oliver,
Nat. Phys. 7, 565 (2011).
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[27] Ł. Cywiński, R. M. Lutchyn, C. P. Nave, and S. Das Sarma,
Phys. Rev. B 77, 174509 (2008).
[28] T. J. Green, H. Uys, and M. J. Biercuk, Phys. Rev. Lett. 109,
020501 (2012).
[29] B. Fauseweh, S. Pasini, and G. S. Uhrig, Phys. Rev. A 85, 022310
(2012).
[30] T. J. Green, J. Sastrawan, H. Uys, and M. J. Biercuk, New J.
Phys. 15, 095004 (2013).
[31] C. Kabytayev, T. J. Green, K. Khodjasteh, M. J. Biercuk, L.
Viola, and K. R. Brown, arXiv:1402.5147.
[32] D. Hayes, S. M. Clark, S. Debnath, D. Hucul, I. V. Inlek, K. W.
Lee, Q. Quraishi, and C. Monroe, Phys. Rev. Lett. 109, 020503
(2012).
[33] D. Hayes, K. Khodjasteh, L. Viola, and M. J. Biercuk, Phys.
Rev. A 84, 062323 (2011).
[34] M. Nielsen and I. Chuang, Quantum Computation and Quantum
Information: 10th Anniversary Edition (Cambridge University
Press, Cambridge, 2010).
[35] L. P. Pryadko and G. Quiroz, Phys. Rev. A 80, 042317 (2009).
[36] C. Langer, R. Ozeri, J. D. Jost, J. Chiaverini, B. DeMarco,
A. Ben-Kish, R. B. Blakestad, J. Britton, D. B. Hume, W. M.
Itano, D. Leibfried, R. Reichle, T. Rosenband, T. Schaetz, P.
O. Schmidt, and D. J. Wineland, Phys. Rev. Lett. 95, 060502
(2005).

042329-11

A. SOARE et al.

PHYSICAL REVIEW A 89, 042329 (2014)

[37] S. Olmschenk, K. C. Younge, D. L. Moehring, D. N. Matsukevich, P. Maunz, and C. Monroe, Phys. Rev. A 76, 052314 (2007).
[38] S. Pasini and G. S. Uhrig, J. Phys. A: Math. Gen. 41, 312005
(2008).
[39] L. M. K. Vandersypen and I. Chuang, Rev. Mod. Phys. 76, 1037
(2005).
[40] J. T. Merrill and K. R. Brown, arXiv:1203.6392.
[41] D. Pozar, Microwave Engineering, 4th ed. (Wiley, Hoboken, NJ,
2011).
[42] D. B. Percival, Comput. Sci. Stat. 24, 534 (1992).
[43] S. L. Miller and D. Childers, Probability and Random Processes
with Applications to Signal Processing and Communications
(Academic, Boston, MA, 2012).
[44] N. F. Ramsey, Molecular Beams (Oxford University Press,
London, UK, 1956).
[45] P. T. H. Fisk, M. Sellars, M. Lawn, and C. Coles, IEEE Trans.
Ultrason. Ferroelectr. Freq. Control 44, 344 (1997)

[46] J. R. Barry, D. G. Messerschmitt, and E. A. Lee, Digital
Communication, 3rd ed. (Kluwer Academic, Boston, MA,
2004).
[47] J. Chowning, J. Audio Eng. Soc. 21, 526 (1973).
[48] M. J. Biercuk, H. Uys, A. P. Van Devender, N. Shiga, W. M.
Itano, and J. J. Bollinger, Phys. Rev. A 79, 062324 (2009).
[49] G. S. Uhrig, New J. Phys. 10, 083024 (2008).
[50] K. Khodjasteh, V. V. Dobrovitski, and L. Viola, Phys. Rev. A
84, 022336 (2011).
[51] K. W. Murch, U. Vool, D. Zhou, S. J. Weber, S. M. Girvin, and
I. Siddiqi, Phys. Rev. Lett. 109, 183602 (2012).
[52] P. Schindler, M. Mller, D. Nigg, J. T. Barreiro, E. A. Martinez,
M. Hennrich, T. Monz, S. Diehl, P. Zoller, and R. Blatt, Nat.
Phys. 9, 361 (2013).
[53] Y. Lin, J. P. Gaebler, F. Reiter, T. R. Tan, R. Bowler, A. S.
Sorensen, D. Leibfried, and D. J. Wineland, Nature (London)
504, 415 (2013).

042329-12

