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to Blind Adaptive Multiuser Detection
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Abstract—An alternative blind adaptive multiuser detection
is investigated based on modified constrained constant modulus
(CM) criterion. It has been shown that the performance of a
CM-based receiver is limited by the received power of the desired
user. In this paper, we show that the limitation can be avoided
using noncanonical constraint CM criterion and that in the
presence of channel noise the modified CM criterion function is
strictly convex by properly selecting some constant. With analyzing the extrema of the cost function, we point out how to select
the constant. Moreover, a simple stochastic gradient algorithm
for implementing our scheme is presented, and the convergence
properties of the algorithm are analyzed. Simulation examples are
given to demonstrate the performance of the proposed scheme.
Index Terms—Blind multiuser detection, CDMA, constant modulus approach, multiple-access interference, stochastic gradient algorithm.

I. INTRODUCTION

D

IRECT-SEQUENCE (DS) code division multiple access (CDMA) is a promising technology for wireless
environments with multiple simultaneous transmissions. Multiple-access interference (MAI) due to many simultaneous
users constitutes the main limitation of DS-CDMA systems.
Multiuser detection techniques can efficiently suppress MAI
and substantially increase the capacity of CDMA systems.
Various multiuser detection schemes have been developed over
the past decade [1].
More recently, blind adaptive multiuser detection, which requires the prior knowledge of only the signature waveform and
timing of the desired user, has received considerable attention
[2]. The main motivation for employing a blind scheme is to
avoid the requirements of training sequence, to thus offer better
spectrum efficiency. The most representative methods of the
blind multiuser detection include the minimum output energy
(MOE) [3] and subspace approach [4].
Because of the analogy between intersymbol interference
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ization techniques, such as the so-called Godard algorithm
[5] or constant modulus algorithm (CMA) [6], to a multiuser
context. It has been shown in [7] that the CM receivers can
perform almost as well as the nonblind/trained receiver design
if undesirable local minima can be avoided. In [8], it has also
been discussed how the MMSE receivers approximate the local
minima of the CMA cost function. To avoid the undesired
local minima, the constrained versions of CMA should be
considered.
A technique that insures global convergence of blind equalizers was developed earlier in [9], and an anchored blind equalizer was proposed there. A preliminary attempt to apply blind
equalization techniques to a multiuser context appeared in [10],
but this paper did not satisfactorily address the issue of discriminating between local minima. Since then, several methods have
been proposed in the literature for this purpose. In [11]–[13],
CM-type algorithms for multiuser detection with the use of a
cross-correlation penalization term, as opposed to a hard constraint, have been presented to retrieve all user signals simultaneously, and they were shown to be, under certain conditions,
free of undesired stationary points. However, these techniques
are suitable only for the centralized multiuser receivers, where
there is a need for the detection and separation of all the users.
In [14], a linearly constrained constant modulus (LCCM) approach to MAI suppression was investigated, where the canonical constraint as given in [3] was employed. Such a strategy
is suitable for implementation both as downlink receivers and
centralized station receivers. However, it has been shown in [15]
that the performance of the LCCM is poor when the desired user
. This means that the
amplitude is less than critical value
capability of LCCM to remove MAI is limited by the received
power of the desired user.
In this paper, we consider a modified constrained CMA for
blind multiuser detection, where a noncanonical constraint is
employed. The capability of the modified CMA to suppress
MAI can be strengthened by properly selecting some constant
when the desired user’s power becomes weaker. So the modified
CMA overcomes the weakness of LCCM. In the noise situation,
we show that the modified CMA cost function is strictly convex
by properly selecting some constant. The extrema of the modified CMA cost function are indirectly given. According to the
extreme properties of the modified cost function and numeric
analysis, we point out how to select the constant. Moreover,
an adaptive algorithm for implementing the blind scheme presented here is given using stochastic gradient methods, and the
effect of strengths of users, as well as the level of noise on the
convergence of the algorithm, is analyzed.
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This paper is organized as follows. In Section II, the signal
model is introduced. The modified CMA is developed in Section III. Section IV presents an adaptive algorithm and analyzes
the convergence of the algorithm. Section V provides some simulation examples. Section VI contains some conclusions.
II. SIGNAL MODEL
Consider a synchronous baseband DS-CDMA system with
users. The received signal is given by
(1)
, , and
denote, respectively, the received
where
amplitude, transmitted symbol, and normalized signaling
is the additive white
waveform of the th user, and
.
Gaussian noise (AWGN) with zero mean and variance
is a binary phase-shift
For simplicity, it is assumed that
is assumed to be
keying (BPSK) signal, that is,
is
independent equiprobable random variables, and that
, which is of the
real and supported only on the interval
form
(2)
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where
is some constant and
is the noncanon, the constraint is canonical form as
ical constraint. When
given in [3].
Using the same analysis as given in [15], we can obtain the
following proposition.
, the constrained
Proposition 1: 1) When
CMA receiver possesses the ability to remove MAI. 2) When
, the constrained CMA receiver cannot completely remove MAI. For this case the performance is relatively
poor.
According to Proposition 1, the performance of the constrained CMA receivers can be enhanced by properly selecting
. In what
the constant subject to the condition
follows, we assume that the constant satisfies the condition
. We shall analyze the solution to optimization
problem (4) and show that the modified CMA cost function is
convex by properly selecting constant .
and
, then
Denote
where
and
.
Since there exists an orthonormal transformation such that the
, in what follows,
first column of matrix is
for convenience and without loss of generality, assume
. Then the constrained condition
is
or
. Therefore, the optimization
equivalent to
problem (4) transfers to
(5)

is the processing gain,
is a signawhere
’s assigned to the th user, and is a norture sequence of
. The
malized chip waveform of duration , where
extension to the MPSK signal and complex signaling is straightforward.
At the receiver, chip-matched filtering followed by chip rate
sampling yields an -vector of chip-matched filter output samples within a symbol interval

and
.
where
In analogy to the derivation given in [7] and [16], we can
calculate
(6)
where

(3)

is the normalized signawhere
ture waveform vector of the th user, and is an AWGN vector
. In this paper,
dewith mean and covariance matrix
identity matrix. Moreover, assume that the vecnotes the
, also called signal vectors, are independent.
tors
Henceforth, let user 1 be the desired user. We will use the following notations and definitions throughout this paper. For any
real symmetric matrix , it is nonnegative definite if
for any real vector , denoted by
, and it is positive defifor any nonzero vector , denoted by
.
nite if
Bold zero “ ” denotes zero matrix or vector with corresponding
dimension.

(7)
(8)
Define
(9)
where
vector, and

,
is

is
-dimensional
matrix. From (6), we have
(10)

where
(11)

III. THE MODIFIED CONSTRAINED CMA RECEIVERS
We consider a constrained CMA receiver, which is given by
the following constrained optimization problem:
(4)

(12)
in which

.
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We next analyze the extreme properties of the function
From (11) and (12), we can calculate the gradients

.

(13)
(14)
Moreover, we can derive the Hessian matrices
(15)

, we have
in any bounded region. Hence, we have
the conjecture that for the noisy case we can properly select
is strictly convex.
the constant such that the function
This also means that we can properly select the constant such
with the constraint
is strictly
that the function
and
. We have not given
convex when
the rigorous proof for this case, but an example to illustrate this
conjecture is given in example 1 below.
Remark 2: It is easily verified that the solution to the optimization problem (4) lies in the space spanned by the columns
. We have
of the signature waveform matrix . Let
or
. So the solution to the optimization problem (4) can be expressed with
. According to (6), we define
(20)
and
. Then the solution
where
to optimization problem (4) corresponds to the extrema of the
, which can be expressed as follows:
function

(16)
(21)

where
where
..
.

..
.

..

.

..
.

(17)
(22)

is nonnegative definite, i.e.,
Note that the matrix
(see Appendix A). The Hessian matrix of the
is as follows:
function

(18)
,
.
When
and
, we have
.
Since
and
, the function
Thus, when
is convex. Since
is continuous in terms of , we may
assume that the extrema of the function in noisy case can be
by a slight perturbation of the noise-free
deduced for small
is convex
extrema. Hence, for small , it also follows that
. According to the equivalence of (4) and (5),
when
we have the following proposition.
and
, the
Proposition 2: 1) When
with the constraint
is convex. 2)
function
and
, for small , the funcWhen
with the constraint
is also convex.
tion
Remark 1: It can be seen from the definition of (16) that
. Substituting
into
as defined
in (16), we have
(19)
where
. It is easily seen from (19) that we can select
in any
a sufficiently large value of such that
bounded region. Therefore, with properly selecting the constant

Equation (21) can be readily derived from the gradient of the
. Also, it is easily verified that
. Note
function
that the constrained CMA receivers can suppress the MAI if and
. In this sense, the CMA receiver is also called a
only if
zero-forcing receiver.
as
.
Remark 3: It is obvious from (21) that
as
,
Furthermore, it can be shown from (21) that
so a sufficiently large value of cannot be selected. For small
, we know from Proposition 2 that can be selected to be
. Example 2 is given below to
larger than critical value
illustrate how the norm of extrema of the constrained CM cost
function changes with parameter .
are plotted in
Example 1: The surfaces of function
,
and 1,
Fig. 1(a)–(c) for three different values
, processing gain
,
where the number of users
, and
. It is obvious from
is strictly convex when
Fig. 1(b) and (c) that the function
.
Example 2: The examples are given to illustrate how the
changes with parameter . We
norm of extrema of function
, processing gain
,
consider the number of users
,
. Numeric reand received amplitudes
sults are shown in Fig. 2(a) and (b) for three different variances
, 0.2, and 0.1. It can be seen from Fig. 2(a) that the
norm of the extrema approaches the minimum when is near
. Fig. 2(b) shows that the norm
to critical value
of extrema almost linearly increases as . So we know from
Fig. 2(a) and (b) that the parameter should be selected in the
.
field
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Fig. 2. Norm of the extrema of function '(u) for  = 1, 0.2, and 0.1, where
K = 5, N = 10 and A = 1, k = 1; . . . ; 5. (a) 1=2A
d 1=A . (b)
1=A
d 5:5=A .

 

 

orthogonal complement of vector . Then, for any
,
if and only if there uniquely exists
such
. Therefore, the constrained optimization
that
problem (4) can be converted into an unconstrained form
(23)
Using the stochastic gradient methods, we can solve the optimization problem (23) and derive the following adaptive algorithm to solve optimization problem (4).
Algorithm:
Fig. 1. Surfaces of function '(u) for number of users K = 3, processing gain
N = 5, A = A = A = 1, and  = 0:01. (a) d = 0:1. (b) d = 1= 3.
(c) d = 1.

p

IV. ADAPTIVE ALGORITHM AND CONVERGENCE ANALYSIS
In this section, we derive an adaptive algorithm to solve the
optimization problem (4) using the stochastic gradient algorithm and analyze convergence properties of the algorithm.
be the
matrix whose columns span the
Let

where is step-size and
. In practice, it can be
, correspondingly,
.
used that
be the solution to the optimization
Let the vector
problem (23). Then the solution to the optimization problem
. Denote the tap vector error
(4) is
. We have
(24)
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and taking expectation of both sides gives
(25)
where
cost function
, we have

. Since

is the gradient of the
and

(26)
, and
is
where
. According to Propothe Hessian matrix of cost function
sition 2, we can properly choose constant such that
(27)
Therefore, the above algorithm converges to the optimal solution if and only if

=

Fig. 3. Performance of the constrained CMA receiver for d
1, 10, and 50,
respectively. The number of users is K = 5 and the processing gain N = 10.
The desired user is user 1, and A = 0:1. There are four 20-dB MAIs. The SNR
is 10 dB. The data plotted are the average over 50 simulations.

and

(28)
is the largest eigenvalue of the matrix . Next, we
where
further analyze the effect of strengths of users, as well as the
level of noise on the convergence. The analysis is analogous to
that given in [3]. Assume that the condition (28) is satisfied.
Then, for large , it can be derived (see Appendix B) that

(33)
We have the following approximate inequality:

(29)
,
. From Remark 2, we can calcu.
late
. Then we can observe that eigenvectors
Let
lie in the space spanned by the signal vectors
,
of
eigenvectors of
are orthogonal
and the remaining
to the signal space. The eigenvalue associated with these latter
with eigeneigenvectors is , and is an eigenvector of
. Denote
as the orthogonal
value
onto , where
. It is obvious that
projection of
. If the signal vectors are approximately orfor
, furthermore
thogonal, then

(34)

where

, and

Moreover, it can be approximately derived from (31) that
(35)
.
where
The inequalities (34) and (35) show that the convergence of
the algorithm given here is affected by constant , amplitude
, as well as noise variance
and that the stability condition
.
(28) is satisfied with taking
V. SIMULATION EXAMPLES
In this section, we provide simulation examples to illustrate
the performance of the modified CMA receiver. The performance measure is the output signal-to-interference ratio (SIR)

(30)
so that the eigenvalues of

can be approximated as

(31)
Note that
(32)

(36)
We consider a synchronous CDMA system with processing
and number of users
. The spreading
gain
are randomly generated.
sequences
The desired user is user 1. The received amplitude of user 1 is
. There are four 20-dB multiple-access interferers, i.e.,
. The signal-to-noise ratio (SNR) is
10 dB. Numeric results are shown in Figs. 3 and 4, respectively.
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It is easily verified from induction that for any vector , we have
the equation

Thus, the matrix
negative definite.

is nonnegative definite. So

is non-

APPENDIX B
APPROXIMATE CALCULATION OF MATRIX
Ideally, in the asymptotic case, we have that
,
. Then
and
. Furthermore,
Fig. 4. Performance comparison between the constrained CMA receiver (d =
10) and the MOE receiver. Number of users K = 5 and the processing gain
N = 10. The desired user is user 1, and A = 0:1. There are four 20-dB MAIs.
The SNR is 10 dB. The data plotted are the average over 50 simulations.

Fig. 3 shows the output SIR of the constrained CMA receiver
versus number of iterations for three different constants , respectively. It can be seen from Fig. 3 that the performance of
, which corresponds
the CMA receiver is very poor when
to the canonical constraint. On the other hand, we know from
Fig. 3 that the constrained CMA receiver exhibits a good perand 50, respectively. At this moment, it
formance when
.
follows that
Fig. 4 shows the output SIR of the constrained CMA receiver
and the MOE receiver, respectively. It can be seen
from Fig. 4 that the modified CMA receiver outperforms the
MOE receiver when adaptive algorithms of two receivers reach
convergence.

In this paper, we have presented an alternative blind adaptive multiuser detection based on modified constrained CMA.
The performance of the modified CMA can be strengthened by
properly selecting constant . In the noise case, we have shown
that the modified CMA cost function is strictly convex under
some conditions. A simple stochastic gradient algorithm for implementing our scheme has been given, and the effect of users’
powers, as well as the level of noise on the convergence of the algorithm, was analyzed. Simulation examples demonstrated the
efficiency of the modified CMA and also showed that the modified CMA receiver performs better than MOE receiver when
adaptive algorithms of the two receivers reach convergence.
APPENDIX A
PROOF OF THE NONNEGATIVE DEFINITENESS OF MATRIX
We define the matrix

..
.

..

.

..
.

. So

Therefore,

where
term of noise, then

VI. CONCLUSIONS

..
.

where

. Omitting the high-order
.
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