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This paper investigates the Vlasov equilibrium

properties of a rotating, nonrelativistic, cylindrically

symmetric ion beam propagating parallel to a uniform

applied magnetic 'field B0g . Equilibrium properties

are calculated for the choice of ion beam distribution

function corresponding to thermal equilibrium, i.e.,

fb (H, P6' , ) = Const. x exp [-(H + wb P z P z)/T],

where H is the energy, P6 is the canonical angular momen-

tum, Pz is the axial canonical momentum, Vz= const. is the mean

axial velocity, and -wb= const. is the angular velocity of

mean rotation. The investigations include: (a) exact analytical

solutions in special limiting cases, (b) properties of the

general solutions, (c) necessary and sufficient conditions for

radially confined equilibria, and (d) numerical solutions in

regimes where solutions are not accessible analytically.



I. INTRODUCTION

As a result of recent technological advances in the generation of

intense ion beams, there is considerable interest in the basic equilibrium,

stability, and propagation properties of intense ion beams in a background

plasma. Such beams have a variety of possible applications, including

1-5 6,7
(a) light ion and heavy ion inertial fusion, (b) the production

8-10
of field-reversed configurations for magnetic fusion applications,

and (c) the development of techniques for focussing intense ion beams,

11
e.g., by radiation cooling. Perhaps one of the most significant recent

technical accomplishments in related areas is the successful application

12
of intense ion beams by Kapetanakos and co-workers to achieve field

reversal at the Naval Research Laboratory.

13-15
For the most part, theoretical descriptions of the equilibrium

and stability15-19 properties of intense ion beams and field-reversed i

layers have been based on the Vlasov-Maxwell equations. This provides

natural framework for describing such systems since the transverse bea

dimension is typically a few thermal ion Larmor radii in diameter. A

there is a growing literature on the Vlasov equilibrium and stability

erties of field-reversed, rotating ion layer configurations with zer

15-19
negligibly small) mean axial motion, there has been little wor

self-consistent equilibrium and stability properties of intense ion

with both rotational and axial motion.

In this paper, we investigate the equilibrium properties of a

nonrelativistic, cylindrically symmetric ion beam propagating par,

uniform applied magnetic field B with constant axial velocity



2

Equilibrium properties are calculated for the specific choice of ion beam

distribution function [Eq. (1)] corresponding to thermal equilibrium,

f (H, P ) = const. x exp [-(H + V P )/T],

where H is the energy, P is the canonical angular momentum, Pz is the

axial canonical momentum, T = const. is the temperature, V = const. is the
z

mean axial velocity of the ion beam, and -wb = const. is the angular velocit

of mean rotation. In the present analysis, we assume that the net current

carried by the background plasma electrons and ions is equal to zero, so th

the magnetic self fields, B (r) and B (r), are generated entirely by thez

mean rotational and axial motion of the ion beam. However, we do allow fo

possibility that the background plasma electrons and ions do not exactly

neutralize the ion beam charge. In particular, it is assumed that the ec

brium plasma electron density n (r), plasma ion density n.(r), and ion be1

density nb(r) are related by ne (r)-n(r) = fnb(r), where f = const.

charge neutralization [Eq. (2)). Within the context of these assumptio

present paper investigates a broad range of thermal equilibrium proper,

the choice of beam distribution function in Eq. (1).

The organization of this paper is the following. The equilibriu;

and assumptions are summarized in Sec. II. In Sec. III, we investigE

properties of the equilibrium Maxwell equations [Eqs. (23) and (24))

exact analytical solutions in the special limiting cases wb=O and2

ISec. III. B], properties of the general solutions when wb 0 and

[Sec. III. C], conditions (constraints on b' Ipb, etc.) for exist(

confined equilibria with nb(r -) = 0 [Sec. III. D], and numerical

regimes where solutions are not accessible analytically [Sec. III
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II. EQUILIBRIUM EQUATIONS AND ASSUMPTIONS

Figure 1 illustrates the equilibrium configuration considered

in the present analysis. A rotating, nonrelativistic, cylindrically

symmetric ion beam propagates parallel to a uniform applied magnetic

field B 2 with constant axial velocity Vziz. Cylindrical polar

coordinates (r,e,z) are introduced, where the z-axis coincides

with the axis of symmetry, r is the radial distance from the z-axis,

and e is the polar angle in a plane perpendicular to the z-axis.

All equilibrium properties (3/3t=O) are assumed to be azimuthally

symmetric (a/ae=0), and independent of axial coordinate ( /z=O).

In the present analysis, equilibrium properties are calculated for

the specific choice of ion beam distribution function

f (H,Pp ) b / exp(-m V /2T)exp[-(H+wb e P z)/T
b e Z (27rm.T) 3 2  1 z

1 (1

where H is the energy, P is the canonical angular momentum, PZ

is the axial canonical momentum, and , Vz, and T are constant

The thermal equilibrium distribution function in Eq. (1) is a

function of the single-particle constants of the motion H, P

P in the equilibrium field configuration. Therefore, Eq. (1
z

is also a solution of the steady-state Vlasov equation.

Equation (1) describes an ion beam equilibrium rotating

uniform mean angular velocity =-%b=const. and translating ay

with uniform mean axial velocity =V =const. In the present
z

we assume that the net current carried by the background p]

electrons and ions is equal to zero, so that the magnetic

fields, B (r) and B (r), are generated entirely by the meE
z e

and axial motion of the ion beam. However, we do allow f
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possibility that the background plasma electrons and ions do not

exactly neutralize the ion beam charge. In particular, we assume

that the equilibrium plasma electron density n (r), plasma ion

density n (r), and beam ion density nb(r) are related by

n (r)-n (r)=fnb(r) (2)

where f=const.=fractional charge neutralization.

The equilibrium electric and magnetic fields are determined

self-consistently from the Maxwell equations,

1a r = -4Te(-f)nb(r)=-47e(l-f) d 3pf 0 (H,P
r r ar b f(3)

a a S 47Te 4wre 3 0
r r As(r) = nb(r)V (r) -- - dpv f (HPeP )

r r rzC b z c z b z

(4)

-A (r) nb(r47() = - d' p f(HP P)

where c is the speed of light in vacuo, e (> 0) is the ion char

F?(r)=-3@/3r is the equilibrium radial electric field, Bs(r)=-2
r a

0 -1 0
is the azimuthal self magnetic field, and B (r)=r 3(rA )/ar

B0+B (r) is the total axial magnetic field. In this regard, I

can be expressed as

A (r) = B r+A (r)
e 2 0 e

where B0 is the externally applied axial magnetic field, ane

A s(r) is the e-component of vector potential for the axial
0

self magnetic field B sr) induced by the ion beam rotation.
z

Eqs. (1) and (3)-(5), the single-particle constants of the

are defined by

H = (p +p +p 2)+eo(r)
2m r e z
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P =r[p + e-rB + eAs (r)] (8)e c 0 c e(8
and

P =p + - As (r) (9)zz c z

where p=(p r 6'z) is the mechanical momentum, and v=p/m is the

velocity. Once the functional form of fb(H,P, z) is specified,

Eqs. (3)-(5) can be used to calculate detailed equilibrium propertief

self-consistently.

Substituting Eqs. (7)-(9) into Eq. (1), the beam equilibrium

distribution function in Eq. (1) can be expressed in the equivalent

0 (b HI
fb (H,P(2rrm)

3  exp(- 3/2T) exp[-P(r)]

(10)

where H' is defined by

H 1  2 2 2 (H' = [pr+(p +iw br) +(p -m V)

and *(r) is the dimensionless effective potential defined by

(() 1 2 )r2 + rAs(r) V As(
T (2 b ci b c b e c z z

In Eq. (12), 6 ci=eB Imic is the ion cyclotron frequency in the

applied field B . Moreover, from Eq. (11), we note that H' i

ion kinetic energy in a frame of reference rotating with angi

velocity -w b and translating axially with uniform axial velo

Substituting Eqs. (10) and (11) into Eqs. (3)-(5), we readi2

that the equilibrium beam density profile is given by

n b(r)=h bexp[-*(r)],

and the mean motion of the ion beam corresponds to a unif

translation with velocity
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Vz (r)=Vz=const (14)

and a rigid azimuthal rotation with angular velocity

V e(r)=-wbr , (15)

where wb=const. Furthermore, defining the effective beam temperatur

by T (r)=(2/3)<H'>, where <H'>=( d3pH'f )/(jd3pf ) and H' is defined

in Eq. (11), it is straightforward to show that the beam temperaturE

is isothermal with

T (r)=T=const., (16)b

for the choice of distribution function in Eq. (1) [or Eq. (10)).

We now substitute Eqs. (13)-(15) into the Maxwell equations

(3)-0). This gives

ra r = - 4we(l-f)nbexp(-P) 0

DA

rr r = - 4Dre b

and

1 (rA ) = 4T %rnbex(*)

where =v z /c=const., and the effective potential p(r) is def

in Eq. (12). It is convenient to express

*(r)=*e r)+z~r

where
5

M. 2 2 b A (r)
(r) =1 22Ccw~ be() 2T ci b cT

and

(r) [4(r)- zA (r).
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Physically, -nb (r)T/* /r is the radial force acting on a beam fluid

element due to the equilibrium electric field (E ) and the beam axial
r

motion (V xB force). Moreover, -nb(r)T * / r is the radial force

on a beam fluid element due to the beam azimuthal motion (V xB0

and centrifugal forces). Substituting Eqs. (20)-(22) into Eqs. (17)-

(19), we obtain two coupled nonlinear equations for * and Z , i.e.,

2 22

( a 1 )=2 bpb exp[-(*+)] (23)
c 2T/m8z

and
an / Z2 2--l +f) '
r r BT/ exp[-( )] , (24)

where @b=47rnbe /mi.

Equations (23) and (24) constitute the final equilibrium equ

in the present analysis. Once Eqs. (23) and (24) are solved

for * 6 (r) and *z (r), the resulting solutions can be used to dete7

various equilibrium properties, such as the equilibrium density

profile, nb(r)=fib exp[-(*,+*)], and the equilibrium field profi

B s(r)= - z T *z

e(l-f-0 2 r

E 0(r)= (1-f)T __z

r e(l-f-a )

and Z

B (r)=B +B (r) = cT 1 + 1i- r2
znQz.eII r r i 2T b

In Sec. III, we examine the solutions to Eqs. (23) and (24).
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III. EQUILIBRIUM SOLUTIONS

A. Introduction

In this section, we investigate several properties of the soluti

to the equilibrium equations (23) and (24) for and *z, including

2
exact analytic solutions in the special limiting cases w b=0 and 6 .1

[Sec. III.B], properties of the general solutions when w

and 6 #1-f [Sec. III.C], conditions (constraints on wb' pb, etc.)
z p

for existence of radially confined equilibria with nb(r -*)=O

[Sec. III.D], and numerical solutions in regimes where solutions a

not accessible analytically [Sec. III.E]. For future reference,

we define the length scales, 6 and b, that naturally occur in Eqs

(23) and (24) by

2 2
1 = v (2

-2 2
pb b

and 
pb b

222 4v-

pb z

where v.=(2T/m )/ 2 is the ion thermal speed, wpb (4  be /m )'

is the ion plasma frequency at density fb , and -Ob= const. is t

velocity of mean rotation. Denoting the sign of 6 -(1-f) by
z

+1 62> (1-f)
e=sgn[6 -_(1-f)]

z -1 , 2 < (1-f)
z

the equilibrium equations (23) and (24) can be expressed in

equivalent form

2 exp[-( +*
r Tr r= ez

and

1 r '*z) 2r:-exp[-(*,+*f
r r ar b=
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Note that c=+l whenever the V z xE e magnetic focussing force

exceeds the electrostatic repulsive force, i.e., whenever

22
a > 1-f. On the other hand, c=-l whenever the inequality 62 < 1-fz z

is satisfied.

It is evident from Eqs. (31) and (32) that the ratio 62/b2

plays a critical role in determining the nature of the equilibrium

solutions. For 62 << b2 , it follows from Eqs. (31) and (32) that

in the region of r-space where n (r) is not negligibly smalli and
b

azimuthal rotation and associated influence on the axial field pi

a
B (r) dominates the equilibrium behavior. On the other hand, fo
z

we find $z* 1PeI in the region of r-space where nb(r) is not r

small, and the axial motion and equilibrium space charge fields

2 2
the dominant role. From Eqs. (28) and (29), the ratio 6 /b ca

as 2 a2 I-(1-f) c.f~J I

Typically, in the parameter regimes of experimental interest,

(c/v )()pb/ ) >> 1. On the other hand, I a-(1-f)| can rang

from a2 -(1-f) 1=02 < 1 for a charge neutralized ion beam witl
z z

to 0 2-(1-f) 1 for a fully nonneutral ion beam with f=0. Th

it is important to analyze Eqs. (31) and (32) for the complet

2 2
of 6 /b

B. Exact Solutions

For general values of w% and a-(1-f), the solutions t

(31) and (32) are not tractable analytically. However, it

instructive to examine equilibrium properties for the two

cases where exact analytic solutions do exist, namely for

and 02>(1-f), and for (b) bO and 2 1f
z z

t
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Nonrotating Ion Beam with wb=0: We first consider Eqs. (31)

and (32) for the case where 21-f and the ion beam is not rotating,
z

i.e.,

b (34)

In this case, 6-+m [Eq. (28)) and % (r)=O [Eq. (31)]. From Eq. (32)1

it follows that radially confined equilibrium solutions, with z(r+

and nb(r-.,x))=fib exp[-*p(r+c)=O, exist only for c=+l, i.e., for

2 (35)
z

which we assume to be the case. Equations (31) and (32) then

reduce to $ e(r)= 0 and

r - exp (- )(3r r\ r b2

where b2=4v /(12 l 2-l+f . Equation (36) is the familiar equati

14,20
for the Bennett equilibrium. The solution for * z(r) is

2z

*z(r)=2Un +
b

and the density profile nb(r)=b exp(-*z) can be expressed as

nbr) 2 22

(1+r /b )

where Nb=2Trc drrnb(r)=rftbb  is the total number of ions per

axial length of the beam. Substituting Eq. (37) into Eqs.

(26), the equilibrium self fields are given by

2 22
B (r)b=2 r/b

r 1+r /b

and

b2 2 2
E (r)=2 eb(f) b r 2/b 2

r r 1+r 2 /b2

Moreover, since (r)=0 for w.=O, the axial magnetic fie
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uniform with Bz (r)=B0=const. [Eq. (27)3.

The equilibrium profiles for nb(r), B (r), and E (r) areb er/ r

illustrated in Fig. 2. As a final note, although Eqs. (37)-(40)

2
represent exact solutions in the limit wb =0 and 6 2*C, they are also

good approximate solutions whenever the inequality 62>>b2 is satisfie

26 2That is, for 6 >>b and finite 6 , the leading-order solutions to

Eqs. (31) and (32) are 6(r)=O and Z(r)=2kn(l+r 2/b 2) in the region c

r-space where nb(r) is not negligibly small.
2

Force-Free Equilibrium with 6 =1-f: As a second example where

Eqs. C31) and (32) are exactly soluble, we consider the case where

w O and

21f (41)
z

Equation (41) corresponds to an exact cancellation of the

Vz xB S(t)k, magnetic focussing force (proportional to 2 ) and tY

equilibrium space charge force (proportional to 1-f). The simpl

configuration that satisfies Eq. (41) is a charge neutralized b

(f=l) with zero mean motion in the axial direction (=O). For

=1-f, it follows from Eqs. (29) and (32) that b2 - and p(r):

In this case, Eq. (31) reduces to

I a(I a e) 2ep(-*,)
r ar 4

6

where' 0 =(c 2/fpb)(vi / ') Equation (42), which is similar ii

to the equilibrium equation analyzed by Marx and Pfirsch14,2

for a rotating electron layer, has the solution

r 2-r 2)*(r)=2in cosh (2
2

where rg is an integration constant. Substituting Eq. (4

nb(r)=^nbexp(-V 0) and the expression for axial magnetic fi

[Eq. (27)], we find
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2 2

nb (r)=fibsech 2  0 (44)
b_2

and

r 2 2 2
0 cT mi 'b 2 0rr)

B (r)=B 0+Bs(r) T + - tanh (45)
b 6 26

Note from Eq. (44) that the density assumes its maximum value

(fib) at r=r0 . Moreover, requiring that the axial self-magnetic

field satisfy B (r-w)=0, we obtain from Eq. (45) the equilibrium

constraint

V.

( cib + Ipb^sgnb (46)

where G i=eB /M c, B =B (r-*) is the externally applied field,
ci 0 i' 0 z

and use has been made of 6 =(c2 /b) v 2/W ). Moreover, evaluatir

Eq. (45) at r=0 and making use of Eq. (46) gives

BO-B (0) -1/2 b nh
B 0 i sgn b 1+tanh 26)B0  = .s26

where =8fibT/B 2=(v 2/2 pb 2/). For diamagnetic equilibri,

with B -B (0)>0, it is clear from Eq. (47) that sgnb=+l is re
1 0z

so that wb>O and the mean motion of an ion fluid element is ir

negative azimuthal direction [V 0(r)=-br< 0 from Eq. (15)].

fore, from Eq. (46), wb=(l- /2 ci and is necessarily in

range 0 < b cci for radially confined equilibrium solutio

2
As stated earlier, for $ =1-f we find *z (r)=0 from Eq. (32)

implies $(r)= A (r). Solving Eqs. (17) and (18) for (r)
0 z

we find that the equilibrium self fields E (r) and B (r) c,r8

expressed as

2 0 22 2 r
E (r)= B (r)=47en.- 6 tanh 0 )+tanh (
rezr26 2 2
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Making use of Eq. (44), the total number of ions per unit axial

length Nb 27 drrnb(r) is given by Nb=22i bc 2 l+tanh(r /2 62
2 [= Ot a nhl br 0 / 2 3

where 6= (c/C vpb i/^ ). Introducing Budker's parameter for the

2 2
beam ions, vb=Nbe /m c 2 we find

2

V w 1+tanh
b 2 c (26 2)

(49)
1 Wc b 1+tanh r 0
2 w b 262

0
where use has been made of Eq. (46). Moreover, defining n=B (r=Q)

z

Eq. (47) can be expressed in the. equivalent form

1-n = b (50
w. b
Cl

where use has been made of =(v /c2 )( /Z ) and Eq. (49).
1 pb ci

Eliminating wb from Eqs. (49) and (50), we find

V 21 [l+tanh(r2/262 1-2
b 2 0 tanh(r /26 )+n

For specified r /6 , it follows from Eq. (51) that the maximum

degree of reversal is n-tanh(r2 /26 2), which occurs for vb >>
0b

In the limiting case where 6 << r0, the thickness of the curr

layer is much smaller than the mean radius of the layer, and

(51) can be approximated by

1-n
vb - 1-n

Evidently, for vb << 1, the magnetic field depression is smE

11. On the other hand for an intense layer with v bl, i

0
Tr=-l- corresponding to -fillreversal with B~ (r=(Y) =,B-B

The equilibrium profiles for nb(r) [Eq.( 4 4)], 0r 0

B (r) and E (r) [Eq. (48)] are illustrated in Fig. 3 for

range of parameters.
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Vb ) )b' etc. As a final note, although Eqs. (43), (44), (45),

and (48) are exact solutions in the limit 6 21-f and b2-, they are
z

2 2
also good approximate solutions whenever the inequality b >>6

2 2 2is satisfied. In particular, for b >>6 and finite b , the leading

order solutions to Eqs. (31) and (32) are *z(r)~O and * (r)=2kn

cosh[(r 2-r )/26 2 in the region of r-space where %(r) is not negligi
0

small.

C. General Equilibrium Properties

We now examine properties of Eqs. (31) and (32) in the

general case where wb0 and a and no a priori assumption

2 2
is made regarding the relative ordering of 6 and b . In this

regard, it is important to keep in mind that the general

equilibrium constraint

0 ~ 2ewb
B -B0 (r=0) = b N (50 z c b

0
follows from integration of the Maxwell equation 3B /ar=(4e/c)(z

from r=0 to r=- [Eqs. (5) and (19)]. Here Nb=27rJ drrnb(r)=27r

1-(6*z ). Defining n=B0 (r=0)/B 0 and vb=Nbe /m c , Eq. (53)

also be expressed as

Wb

which is identical to the result in Eq. (50) obtained for th

special class of solutions with =l-f. However complicated

the actual solutions for B (r) and nb r)="b e z)] ma,
z

Eq. (54) is a powerful constraint relating wb, the magnetic

pression (n) and the total number of ions per unit axial le?

2
For general values of wb and (1-f), it is conveniE

introduce the dimensionless radial variable-squared defin
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22 2
X 2 2 b r2 (55)4 6 4 c 2 2 -(1-f)

z

where 6 and b2 are defined in Eqs. (28) and (29). Equations (31) and

(32) can then be expressed as

2 = aexp[-( +*z)) (56)

a X a z Eaexp[-(*e+*)] ( 57)aX \ax/ )

where E=sgn[ 2-(1-f)], and the common factor a in Eqs. (56) and (57)

is defined by

4 20
a=8 2 -l+f)2 . (58)

b v 2b

Equations (56) and (57) can be combined to give a second-order

differential equation for the sum function

and a first-order differential equation for the difference functi

*de *z

In this regard, Eqs. (56) and (57) can be rewritten in terms of

and 'd. We obtain

(1-ax) + (1+CX) =0

and

(l+ex) + (j-sX) =4 aexp (-*s)

Integrating Eq. (61), and eliminating pd/aX in Eq. (62), we

3ald a s +
(l+CX) =-(1-EX) + 2A 0
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and

X 0x 2 +cexp(-p) (64)
a X S) - (1+EX) aep-s

where 2

AO 0 c 162 _b+f ci) ( wb
0 ax - 2 z 2 (65)

X=0 v W b

and w .(0)=eB0 (r=0)/m.c [Eq. (21)]. Equation (64) constitutes a
Cl z I

differential equation for $s + z, and hence the density profile

nb(r)=exp(- s). Evidently, once the solution for *s is obtained

from Eq. (64), we can make use of Eq. (65) to determine the differen

function id P -. The solutions for is and * d can then be used to

reconstruct * se=(1P+i d)/2 and V,=( sVd)/2.

As a general remark, it is convenient to set Is (X=0)=0 and

bnb(r=O) for the remainder of this paper. Then, the boundary

conditions on $' and V" at X=0 are given by
S S

- =A +caax L ~O 0

and 2

2 - a(A0+ca)

ax 21=

There are important differences in the solutions to Eq. (64)

for c=+l and c=-l. We therefore examine the general propertieE

Eq. (64), treating the two cases separately.

1. Equilibria with 2 >1-f (E=+l): For equilibria in whic
z

magnetic focusing force dominates the repulsive electric forc

(C=+l), Eq. (64) reduces to

a 11p A0
aX i+X ax ~(1+X) +exp(-,)

with @s/3 X X==0 +a and 3 2  2 )/2 The most

property of the solution to Eq. (68) is that all solutions
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and increase asymptotically for large X without bound for any finite A0

and nonzero a (> 0). First, note that *p is not allowed to have

singularities at finite X, say, X . If * were to approach positive

infinity at X., either from the left or the right, then the highest-

order derivative [i.e., the second derivative of * in Eq. (68)] would

be positive infinite. However, A /(l+X ) 2 is finite for any finite A 0

and exp(-s ) would be equal to zero. Therefore, such divergent behavi

of is is inconsistent with Eq. (68). Moreover, if *p were to approac

negative infinity at X , then the left-hand side of Eq. (68) would be

negative infinite at X,, whereas aexp(- p ) would be positive infinit.

Again, this behavior is inconsistent with Eq. (68). A corollary is

that ip and aip /aX are both continuous. In the absence of singular
5 5

exp(-* s) can at most be finitely discontinuous at some X. A straiE

forward analysis of Eq. (68) shows that ps /DX is continuous at th

occurrence of such a discontinuity in exp(- ) It therefore foll
s

s cannot be discontinuous.

Integrating Eq. (68) with respect to X, we find

3* s
=A + J dXexp(-*s

Since is is continuous and nonsingular, Eq. (69) is valid for a

It then follows, for X-.-, that a* /X is given by

- - =A +a dXexp (-* S).ax O0f0

We note from Eq. (69), for sufficiently large X, that a*p /X

positive so that *p may not approach a finite asymptotic vali

oscillate for large X. Comparing Eqs. (56) and (70), we fin

3a e /aX..=a*s iaX . Making use of Eq. (21) then gives
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2
s c2cib (71)

aX 2 z W 2
X=w v.

b

where ! .=eB 0/m c is the ion cyclotron frequency associated with the
ci 0i

externally applied magnetic field B0 . We note from Eq. (71) that

0 < b <ci (72)

is necessary for existence of radially confined equilibria with *p (X-+-

and hence n%(X-*)=bexpI- P(X4o))=0.

Further properties of the equilibrium profiles can be determined

by considering the behavior of *p near the origin. In this regard,

we examine Eq. (68), distinguishing the three cases:

(a) 0 < A 0 <, or equivalently

0 < W W (0)-w < CO (73
-b ci b

(b) -a < A 0 < 0, or equivalently

* - A2 $2 -l+f < 2<0 (7
2 pbl z - b ci b

(c) -- <A 0 < -a, or equivalently

-0 < W W. (0)-W2 < - 2 a -l+f .
b ci b 2 pbl z

In obtaining Eqs. (73)-(75), use has been made of Eqs. (58) and

Moreover, w (0)=eB (r=0)/m c is the on-axis (r=0) ion cyclotron
ci z

frequency. It should also be kept in mind that a 2 > (1-f) (e+
z

assumed in this subsection. -We now consider the three cases

separately.

(a) 0 < A < -: From Eq. (66), it follows for E=+l that

A+a > 0 for A0 > 0, and * s(X) is an increasing function near

In addition, Eq. (69) shows that a*p /3X >0 for all X > 0. Th

* (X) is a monotonically increasing function of X, and the d

profile nb(X)=fb exp[-1s (X)] decreases monotonically, with n,

its maximum. value (nb) on axis (X=0).



19

(b) -a A 0 < 0: As in case (a), 3$s/DXX=0 o+a > 0, and i (X)

has a positive slope near the origin. However, for -a < A  < 0, a

close examination of Eq. (68) shows that * (X) need not be a monotonic
5

increasing function for all X. Indeed, depending on the choice of

equilibrium parameters, a numerical analysis of Eq. (68) [Sec. III.E]

for -a < A 0 shows that both types of solutions exist. That is,

Eq. (68) has solutions where * s(X) monotonically increases for all X

(density peaked on axis) and solutions where * (X) has a local maxim,

at some X > 0 in addition to a density maximum on axis.

(c) -- < A 0 < -a: For this class of solutions, it follows that

A 0+a < 0. Thus, *s (X) is a decreasing function near the origin.

From the discussion that follows Eq. (71), we know that * (X) even

becomes large and positive with s (X -* -)=+o. [Keep in mind that
25

b .- > 0 is assumed, which is necessary for a radially confin
bci b

equilibrium with nb (x + ')=Q.J Therefore, for A 0+a < 0, *s (X) n

2 2pass through a local minimum with both 3*5 /aX=0 and a *s/ax > 0

Moreover, for A 0+a < 0, the density profile nb (X) is always peak

The three regions of (a, A0 ) parameter space discussed abo

illustrated in the right-half plane of Fig. 4. In Region I, wh

corresponds to 0 < A0 < -, the density profile is peaked on ax

Region II, which corresponds to -a < A < 0, the density profil

peaked on axis, with several density maxima off axis. Finall!

in Region III, which corresponds to -- < A < -a, the density

peaked off axis.

2
2. Equilibria with 2 < 1-f (E=-l): We now consider ge

z

equilibrium properties for the case where the repulsive ele

is larger than the magnetic focussing force (e=-l). This

corresponds to the left-half plane in Fig. 4. For c=-l, Ec
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reduces to

0 2 -a exp(-p ) , (76)
(1-X)

with a$ s/3XIX=O AO-a and D2 /aX22 X0 -a+a(AO )/2. An important

property of Eq. (76) is that s(X) cannot tend to positive infinity fo

any finite X. In addition, (X) cannot tend to negative infinity fox

X > 1. Thus, * (X) is nonsingular and continuous for X > 1, Further-

more, *s(X) does not tend to a finite asymptotic value or oscillate f

large X. We will show that some solutions are singular in the inter,

0 < X < 1. For the nonsingular solutions, integrating Eq. (76)

with respect to X, we find

a =A 0 -a X dXexp(-*S) (7

For X + m, Eq. (77) gives

SX=A 0+a dXexp(-* )
X= 0 f

which is identical to Eq. (70) (derived for e=+l). As before,

it is also found that a*s X=+i p X=+ is given by Eq.

and that 0 < < i[Eq. (72)).is necessary for existence of

radially confined equilibria with * (X->-)=-, and hence nb

nb exp [- (X-w) )=0.

In order to study the behavior of * (X) in the interval (

we consider the two cases:

(a) A O-a > 0, or equivalently

(0 W2 >1 -2 21f
b Wci(0)b > 2 pb6 z

(b) A 0 -a < 0, or equivalently

%c(0)w2<~ 1 bO2I 1+fI
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In obtaining Eqs. (79) and (80), use has been made of Eqs. (58) and

(65). Moreover, w .(0)=eB 0 (r=0)/m.c, and a2 < 1-f(c=-l) is assumed in t
ci z i z

present analysis. We now examine the two cases separately.

(a) A -a > 0: For this case, A0 > a > 0 and a3p 5 is X=0 0=A0 -a > 0

so that *p (X) is an increasing function near the origin. Noting that

A 0/(l-X) is an increasing positive function in the interval 0 < X < I

it is straightforward to show from Eq. (76) that *p (X) increases mono-

tonically over the interval 0 < X < 1. Moreover, it follows triviall

from Eq. (77) that *s (X) increases monotonically for X > 1. Therefoi

for A -a > 0, we conclude that P s(X) increases monotonically for all

and hence that the density profile nb(X)=ibexp(-*S) is peaked on ax

(b) A 0-a < 0: In this case, a*s/DX1X=o=A o-a < 0, and *s(X) is

decreasing function near the origin. A careful examination of Eq.

shows that *s (X) may have singularities in the interval 0 < X < 1,

*s(X) may decrease without bound at some X< 1. In particular,

a given finite value of AO, it is found that a must be lower than

critical value in order for the solution *s(X) to be nonsingular

As a general remark, a singularity in $s is logarithmic. In par

in a small neighborhood of X.,

X-X(X)~A 0X+2E.n sin1

s (X 0Xj2X /aexp (-A X ) (1-X )

Thus, the density profile nb (Xsexp(-*) has a nonintegrable i-

at X=X . We exclude such solutions as nonphysical solutions.

We now show that if a*p/aXX=0=A0-a is at least larger t

then tp (X) is nonsingular in the interval 0 < X < 1. For A0

be shown from Eq. (76)that *s(X) is nonsingular and continuo

and that *s (X) increases monotonically for large X, correspo

radially confined equilibrium solutions.
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It is convenient to define the function Xs by

(X)=*s (X)+2X . (81)

From Eqs. (76) and (81), we find

A+2 2aexp (2X) exp(- )
x _X a )(-X)

where

S -A -a+2 (83)
X=0

2%

Vs =a + 0 (A -a) , (84)
ax 2 1X0

and $s (X=O)=s (X=0)=0. For A 0-a > -2

A 0+2 > a >0 (8

and a*5/DXI X= > 0. We now define a function K(X) by

K (X)E (A 0 +2) 2 a +) exp(2X) .

Comparing K(X) with the right-hand side of Eq. (82), we find tha

right-hand side of Eq. (82) is always larger than K(X) as long z

$ (X) > 0. Moreover, if $s(X) is an increasing function near

the origin, then (X) remains an increasing function as long i

is positive. For X < 1, the function K(X) can be expanded to

K(X)=(A0 +2) ((1- a +2(1- A +2) X+3(1- 2a+2)X2+.

4
From the inequality in Eq. (85) and the fact that 2 < 4!, w

K(X) is always positive for X < 1. Therefore, (X) increas

monotonically over the interval 0 < X < 1, which implies th;

remains finite everywhere in this interval. Therefore, if
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least greater than -2, *P has no singularities in the interval 0 < X < 1,

and the solution corresponds to a radially confined density profile.

Close examination of Eq. (68) shows that the above condition for

radial confinement can be made more stringent. In particular, for smal

values of a, the quantity A 0 may be significantly more negative than th

values indicated by the condition A O-a > -2. For example, for A 0=-2.5

it can be shown that *P has no singularities for a < 0.6. The presenc

the term exp(-* s) in Eq. (68) further increases the maximum allowed

value of a for radially confined equilibria.

The precise boundary curve in (AO, a) space that separates sing

nonsingular solutions must be determined numerically (Curve C in Fig

The significance of the boundary curve C is that the solution *p haf

a singularity at X=1 for any choice of A and a on the boundary.

Indeed, the quantity (2*s/@X). tends to positive infinity as the bf

curve C is approached from the right.

D. Summary of Results and Necessary and Sufficient Conditio

Radially Confined Equilibria

It is important to note that the boundary curve C determine

necessary and sufficient conditions for existence of radially cc

equilibria, i.e., A0 and a must lie above the boundary curve C.

important point is that the line defined by A 0 -a=-2 is the asyr

of the boundary curve C as Ea+--. This can be shown directly

For any given 0 < 6 << 1, where 6=-(A O-a+2), the second deriv;

2 2
(a2 /2X )0=-a6/2 tends to negative infinity as ca--. Thus,

boundary curve C must approach A -a=-2 asymptotically.

A close examination of Eq. (76) in Regions IV and V (Fi

that the density profile nb X) is peaked off axis and that

and only one such density maximum. In Region IV, the densi



A close examination of Eq. (76) in Regions IV and V (Fi

that the density profile nb(X) is peaked off axis and that

and only one such density maximum. In Region IV, the densi
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occurs for X > 1, and in Region V, the density maximun occurs for X < 1.

On the other hand, in Region VI (Fig. 4) it can be shown from Eq. (76)

that the density profile nb(X) assumes its maximum value on axis (X=0).

The boundary curve C in Fig. 4 crosses the a-axis at ca~-3.55. For A =

and Eca>-3.55, the density maximum occurs at X=l. Physically, X=1

corresponds to the distance r* where

c2 2 -l+f
2 cr 2 (88)

Wb

Equation (64) is a two-parameter second-order differential

equation for * . Given values of (AOa) in the allowed region of th

parameter space, there is a unique solution ' s(X). [Note, however,

a specification of 'p and (9'p /3X) only at the origin does not uniq'
S S

determine the solution). Except for the exact s6lutions obtained i

Sec. III.B, the density and field profiles must be calculated nume

Since the ion beam equilibrium parameters have been incorporated j

dimensionless quantities A and a, it is necessary to solve Eq. (

numerically only once for (AOa) in the allowed region. For the

of summarizing the numerical results, it is convenient to introd

quantity A defined by [Eq. (71)]

2
2 2 c

A = - =7 - -l+fi 2
O X 2 z2

X=- v%

Since the solution s (X) is unique for each pair (Aca) in the

region, we may write

A =A (A0 ,a)

and the constant-A curves form a contour map in (A Oa) spac

* map is illustrated in Fig. 5.
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The allowed range of A for radially confined equilibria is

given by 0 < A. < o. Moreover, A->+o for solutions approaching the

boundary curve C. This can be seen from Eq. (70) [or Eq. (78)]

and the fact that the singularities that occur in the forbidden

region are nonintegrable. For A 0 0, the constant-A. curves originat#

from points on the A0 -axis where AO =. (Strictly speaking, the AO-a

itself is excluded.) For A 0 <0, all the contour curves become paralle'

to the A -axis and approach it asymptotically. For c=+l, it is evide

from Fig. 5 that there is a separatrix for A,=0.59.

From the contour map in Fig. 5, it is possible to determine

several equilibrium properties. For example, given (AOa) and A.(A,

we obtain

B 0 (0) A0-PY
ri= . (9

B - A . .(

V A -A 0  rcci +Wci(0 1-) (
-b 2y 2wb 1+

wbA +y ci

and 2 2 2

4awb pb _z f
-Y cO -2ci ci

where
2

-=( J2-l+fj

From Eqs. (70) and (90), it is evident that

* n~<l

where the equality holds only for A -H- or y-H-c. In additi

shows that n < 0 whenever
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A 0 < -y (96)

This is, of course, equivalent to the onset of field reversal

with w ci(0) < 0. The straight line A0=-y (where n=0) is plotted

in Figs. 4 and 5. Furthermore, it can be shown that n=0 on the bounda7

curve C. Equations (90) and (94) also imply that it is impossible

to attain field reversal in the cold-ion limit (T-0), since y-+- as T-

Equation (90) also shows that it is possible to find configurations w

n << -1. These configurations require relatively small magnetic fie]

for radial confinement. For given finite y, and A 0 < -y, an interes

feature in Region II is that the equilibrium configuration has densi

profile peaked on axis (r=0) with field reversal, i.e., wci(0) < 0.

The necessary and sufficient condition for existence of radial

confined equilibria can also be mapped into the space (mwb), wher

defined by Eq. (93). For this mapping, it is necessary to specif,

quantity y, generating a one-parameter family of curves, as illus

Fig. 6. For c=-l, it is interesting to note that as T-+0 (i.e.,

the curve approaches the parabola defined by

2
r=4(u)ci )

This parabola is similar in nature to the parabola representinj

fast and slow rotational frequencies for an electron beam with

uniform beam density and uniform axial velocity. The boundar

in the space (A0 ,ca) is mapped onto the origin, %b=0 and r=0.

curve in the space (r,w ) corresponds to the mapping of the r

allowed values of a for each of the constant-A contour line

for a given value of -y, a pair of numbers (F,w-) in the allc

corresponds to two solutions. For (rwb) on the boundary 1

solution. For (P,wb) outside the allowed region, there is
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In concluding this section, for completeness, we summarize in Table 1

the nature of the general solution to Eq. (64) in the six regions of

(Aoa) parameter space illustrated in Fig. 4.

E. Numerical Solution of Equilibrium Equations

In Sec. III. B, we examined the exact solutions to the equilibrium

2
equations (31) and (32) in the special limiting cases wb=0 and z =1-f,

and in Secs. III.C and III.D, general properties of the equilibrium

solutions were discussed for general values of wb and 0 -(1-f). In t

section, Eqs. (31) and (32) are solved numerically in a region of par

space where exact solutions are not accessible analytically. This ar

will illustrate several of the general equilibrium properties discus

in Secs. III.C and III.D.

For the sake of definiteness, we consider the region of parame

space where the magnetic focussing force exceeds the repulsive elec

2
static force. That is, we assume Sz > 1-f and take c=+l in Eq. (3

Moreover, in the numerical analysis, it is assumed that

a=8(6/b) =4.0

and

y=(c/v )2 1a2-l+fj=l.0
z

From Eq. (97), b=2 1 4 6, and approximate analytic solutions to E

and (32) are not tractable. Moreover, if f=l (charge-neutrali;

2 2
equilibrium), we note from Eq. (98) that V =v., i.e., the axia

velocity of the ion beam is equal to the ion thermal velocity

In the numerical analysis presented here, we solve Eqs. (31)

along the m-const.=4 line (Fig. 4) for several values of

A 0=Y[Wci (0)/%-1] ranging from A 0=+4.0, to A0=-6.0.

The results of the numerical solutions to Eqs. (31) an

summarized in Figs. 7(a)-7(e), where the equilibrium densit
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nb(r)f b exp( z), and normalized axial magnetic field profile

0 1/2 2
B (r)/B are plotted versus X =br/26 for various values of Az 0 0*

We note from Fig. 7(a) (Region I) and Fig. 7(b) (Region II) that the

density profile assumes its maximum value on axis (r=0) and that the

0
diamagnetic depression of B (r) increases as A decreases from positiviz 0

values [Fig. 7(a)] to negative values [Fig. 7(b)]. For A0 -Y=-l, it i

0
evident from Fig. -7(c) that B (0)=0, and the onset of field reversal

z

occurs in Region II for Ao=-y (Fig. 4). In Fig. 7(d), we note that

0
B (0) < 0 and the density peaks on axis. Since -2.0=A > -a=-4,
z 0

the profiles in Fig. 7 (d) are still in Region II. Finally, in Fig.

we choose (AOa)=(-6,4), which corresponds to Region III. In this

0
we note that the density profile is peaked off axis, and B (0) is e

further depressed to larger negative values.

4!
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IV. CONCLUSIONS

In this paper, we have investigated the equilibrium properties of a

rotating, nonrelativistic cylindrically symmetric ion beam propagating

parallel to a uniform applied magnetic field B0e with constant axial

A
velocity Vze *' Equilibrium properties were calculated for the specific

choice of ion beam distribution function corresponding to thermal equilibi

[Eq. (1)]. The equilibrium equations and assumptions were summarized in

Sec. II, and in Sec. III we investigated several properties of the equili

Maxwell equations [Eqs. (23) and (24)]. These included: exact analytica

2
solutions in the special limiting cases wb= 0 and 0 1-f [Sec. III.B],

z
properties of the general solutions when c%# and S #l-f [Sec. III.CI,

conditions for existence of radially confined equilibria with nb(r4 )

[Sec. III.D], and numerical solutions in regimes where solutions are nt

accessible analytically [Sec. III.E].
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FIGURE CAPTIONS

Fig. 1 Equilibrium configuration and coordinate system.

Fig. 2 Bennett equilibrium (w b= 0 . Radial plots of density profile

nb(r)=fb/(l+r 2/b 2) [Eq. (38)) and self-magnetic field Bs(r)

[Eq. (39)] versus r/b.

2
Fig. 3 Force-free equilibrium (62 =1-f). Radial plots of density

z
2 2 2 2profile nb(r)=nbsech [(r -r0 )/26 } [Eq. (44)] and field

profiles [Eqs. (45) and (48)] versus r/6. (a) and (b):

W =0.01 6ci and r /6 2=0; (c) and (d): w =0.01 ci and r /62
b ci 0 b ci 0

Fig. 4 Allowed region for radially confined equilibria in the parar

space (AVsa) [Eqs. (58) and (65)]. No equilibrium solutio

exists in the shaded (forbidden) region below the boundary

Fig. 5 Constant-A. contour map [Eq. (89)]. The A0-axis is exclud

from the allowed region. The choice of the A 0 -y intercej

[Eq.(94)] is arbitrary in Fig. 5.

Fig. 6 Allowed region for radially confined equilibria in the p;

space (ru%) [Eq. (93)] for several values of y [Eq. (94

For each y, the allowed region satisfies 0 < < Ci a7

lies to the right of the corresponding y=constant line.

Fig. 7 Radial plots of density profile nb(r)=nb sexp(-*) and a,

0 1/2 2
field profile B (r) [Eq. (27)] versus X =(br/26 ) [E

z

for a=4, y=-l, and several values of A 0  The values

are calculated from Eqs. (90) and (92):

(a) A0=4 and a=4 (Region I); n==O.90 and wb=O. 8 6ci

(b) A0=-0.5 and a=4 (Region II); n=O.2 6 and wbO051

(c) A0=-1.0 and a=4 (Region II); n=O and w%=0.60

(d) A0=-2.0 and a=4 (Region II); Tl-0.77 and b 7

(e) A0=-6.0 and a=4 (Region III); n=-4.92 and wb



Region

(Fig. 1)

Inequalities

(AO, E 'a)

Density Profile

nb (r)

A0 >0 Peaked on axis B0 (r= 0
> 0 z

0 > A 0
A 0

- Y

-C a

0

Peaked on axis

or multiple

density maxima

0
B (r
z

A0 < - Y Peaked on axis

II A 0 > - a or multiple B (r
0 sz

C a > 0 density axima

0 > A 0

A 0
Sa

-Y

- a
0

Peaked off axis
0

Bz

III 0 < - a Peaked off axis B0

C a > 0

0 > A0 > -

e a <- 0

Above curve C

Peaked off axis

A0 < - Y
IV E a < 0 Peaked off axis

Above curve C

0< A < - Ea

Ea < 0

Above curve C

Peaked off axis

VI A > - E a > 0 Peaked off axis

Table 1. Properties of equilibrium profiles in various regimes of(

Lagnetic Fir
0

Bz (r)

II

III

IV

V
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(a) Ao = 4.0

1.0

1.0

Wb= 0 .I8 Wi

77 = 0.90

1.0

1/2 = (br/ 2 82y

Fig. 7 (a)

nb (r)

[nb]max

0.5

0.0

1.0-

B, (r)

B0
0.0

- I .0j-

0.0

a =4.0

I I I

I. I I



1.0

I

b=

\.0
0.51 A2

77 = 0.26

1.0

X 1/2= (br/28

Fig. 7(b)

(b) Ao= -0.5

a 4.0
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(c) Ao = -1.0

a = 4.0

I
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A
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I
1.0
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Fig. 7(c)
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