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1. Introduction. In either one of the following two problems:

(A) generation of uniform pseudorandom numbers (in the normalized
domain [0, 1]),

(B) quasi-Monte Carlo methods (i.e. random samples in a Monte Carlo
method are replaced by deterministic points)

a well-chosen finite point set P = {xg,X1,...,Xxy—_1} in the s-dimensional
unit cube [0, 1[* has to be generated. To assess the quality of P, it is essential
to determine the deviation of the (empirical) distribution of P from uniform
distribution on [0, 1[* (see Niederreiter [5, Chapters 2 and 7] for a thorough
discussion). Discrepancy has turned out to be the appropriate concept to
measure this deviation. There are several notions of discrepancy. The most
important are the following.

DEFINITION 1. Let P be a finite point set in [0,1[°, P = {xqg,x1,...

e ,XN_l}.
(i) The (extreme) discrepancy Dy (P) of P is defined as
A(J,N
Dn(P) := sup ’() - )\S(J)‘.
ser| N
(ii) The star discrepancy Dy (P) of P is defined as
A(J,N
Dy (P) := su AUN) As(J)].
seg-| N
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Here J denotes the class of all subintervals of [0,1[* of the form J =
[T;_;[ui, vi[; A(J,N) represents the number of n, 0 < n < N, for which
x, € J; A stands for Lebesgue measure on [0,1[%; and J* denotes the
family of all subintervals of [0, 1[* of the form J = []:_; [0, v;[.

In scientific computation we have to cope with finite precision arith-
metics. Hence only rational point sets P are relevant in practice. Niederre-
iter [3] established a general upper bound for the discrepancy of such sets
P in terms of exponential sums. This result has turned out to be of funda-
mental importance in both problems, (A) and (B). In its latest version the
result is the following:

THEOREM 0 (Niederreiter [5, Theorem 3.10]). Let M > 2 be an integer.
Lety, €Z°,0<n < N. Let P = {x0,X1,...,XN_1}, where X,, := {y,/M}
is the fractional part of y, /M. Then

1 L Nl
1 D <1-— ].—].MS e 2mih-x,,
M) DaP)<i--yMy s 3OS
heC* (M) n=0

)

where h - x,, denotes the usual inner product on R® and furthermore,
Cs(M):=]|-M/2,M/2)° N Z?,
Cs(M) - = Cy(M)\ {0},

r(h, M) : =[] r(hi, M), heCi(M),

i=1
and
(2) r(hi, M) = {Msimr[hi!/M if hi # 0.

In the same monograph (see [5, Theorem 3.12]) Niederreiter gave an
estimate of the star discrepancy for point sets P where the coordinates of
all points have finite digit expansion in some fixed base b. This result can
be generalized to allow different bases b;, 1 <14 < s, in each coordinate (see
[4, Satz 2]).

In this paper we apply the theory of generalized Walsh series, sometimes
called Vilenkin—Fourier series, to present a concise treatment of discrepancy
estimates of this type. Our method yields Theorem 3.10, Corollary 3.11, and
Theorem 3.12 of [5] as well as Satz 2 of [4] as corollaries to Theorem 1 of
this paper.

2. The Walsh functions estimate. For the theory of Walsh series the
reader is referred to the comprehensive monograph of Schipp, Wade, Simon
and Pal [6].
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Let ¢ > 2 be a fixed integer. For a nonnegative integer k, let
k=Y k¢!, kj€{0,1,...,¢—1},
§j=0

be the unique g-adic expansion of k in base ¢. Every number z € [0, 1[ has
a unique g-adic expansion

o0
T = ijq’jfl, zj €{0,1,...,9—1},
j=0

under the condition that z; # ¢ — 1 for infinitely many j. In the following,
this uniqueness condition will be assumed without further notice. Let ¢ :
Zy — K, where Zy :={0,1,...,q — 1}, the least residue system modulo g,
and K := {z € C: |z| = 1}, denote the function

¢o(a) = > (a € Z,).

DEFINITION 2. The k-th Walsh function wg, k > 0, to the base ¢ is
defined as

(3) wi(x) = [ [ (do(;))"
j=0

where = 0.zgx; . .. is the g-adic expansion of z € [0, 1] and k = Z;io kiq.

Remarks. (i) An interval of the form [ag™ 9, (a + 1)¢g7 9, 0 < a < ¢9,
g > 0, a and g integers, is called an elementary g-adic interval of length ¢~9.
(ii) Let bg, b1, ...,bg—1 be arbitrary digits in {0,1,...,¢ — 1}. Let

I(bo,b1,...,bg—1) ={z€0,1][:2; =0;Vj:0<j<g}

denote the cylinder set of length q=9 defined by bg,bi,...,by—1. Then,
for any elementary g¢-adic interval I = [ag™ Y, (a + 1)¢~9[ of length ¢~ 9,
g € N, there is a unique cylinder set I(bg,b1,...,bs—1) such that I =
I(bg,b1,...,by—1). We only have to observe that ag=9 = 0.bpb; ...b,—1 with
suitable digits b;.

(iii) As a consequence of (ii), the Walsh functions wy, 0 < k < ¢9, are
constant on the elementary g-adic intervals of length ¢—9:

g—1
x € I(bo, by, ... bg—1) = wi(x) = [ (do(b;))".
j=0

~

(iv) Let f(z) = ligbg,by,....0,_1) (%), © € [0,1[. If f(k) denotes the kth
Walsh coefficient of f,
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then
(4) f(k)=0 Vk> ¢

To prove (4) we note that, for a given digit b,

q—1 N
> ()t ={ & 320

a=0

Notation. (i) Let « € [0, 1], with g-adic expansion z = 0.z¢z; ..., and
let k£ be a nonnegative integer, k = Z;io kjg’. For g € N we define

g—1
x(g) == 0.x0x1 ... 249-1, k(g):= Z kiq’.
§=0

Then z(g) € {ag™9: 0 <a < ¢} and k(g) € {0,1,...,¢7 — 1}. Further, put
z(0):=0, k(0):=0.

(i) If f is an integrable function on [0,1[° and if k = (k1,...,ks) is an
integer vector with nonnegative coordinates, then let f(k) denote the kth
Walsh coefficient of f,

)= [ fEuwe)dx,
[0,1[
with respect to the Walsh function wy on [0, 1%,
wi(x) == Hwk(xz), x = (r1,...,25) € [0,1]".
i=1

LEMMA 1. Let f(x) :=1;(z)—A(I), where I =[0,3], 0 < 5 < 1. Suppose
that ¢9 < k < q971, where g > 0. Then:

~

(i) The Walsh coefficient f(k) of f has the following value:

R ( 1 eQﬂ'ikTgﬁg _ 1
q

k) = et G g +e2ﬂ?ﬂg<ﬂ—ﬂ<g+m>.
e e —

(ii) The following estimate holds:

~ 1
k)| < —/———m.
Fk)] = q9ttsinmky/q
Proof. To prove (i), we note that from (4) it follows that
B(9)

f wg(z) dx = 0.
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Hence
. B8

(k) = f wi(x) dz.
B(9)
The Walsh function wyg) is constant on the elementary g-adic interval

[8(9), B(g) + ¢~ [ with value wy(4)(3(g)). This implies

)

[y

_ B
f(k) = wi(g)(B(9)) f (o(xg))*s da,
B(g)
where = 0.29x1 ... 24T441 ... in base ¢. It is easily verified that
B 1 Bg—1
| (@olay))' de = o1 2 (90(@)™ + (60(85))" (8 = Blg + 1)
B(9) a=0
To show (ii), we note that
~ 1 |CB —1
lf(k)| = 7q9+1 1 + CPa§ ,

with C := ¢g(ky) and § := ¢ (8 — B(g+ 1)); here C is a complex number
of modulus 1, C' # 1, and 0 < § < 1. Hence

~ 1 1 1
< - — .
o< g |+ + )

Now, for every real number v, 0 < v < 1, we have the inequality

EESIN P
c—1" 7 =c—1

The result follows easily. =
LEMMA 2. Let f(z) := 17(z) — X(I), where I = [ag~*,bg~ [, 0 < a <
b <q%, a>1, with integers a, b and «. Then, clearly, f(k) = I[(k) for all
k # 0 and the following estimates hold:
(i) f(k) =0 Vk > ¢°.
(ii) For all k such that ¢9 < k < ¢+, where 0 < g < a,

-~

[ (K)]

(iii) In the case a =1 and g = 0 the result of part (ii) can be improved

< —.
¢9ttsinmky/q

to
~ 1 1 b— k
f(B) = —- |81n7r.( @) /q]7 where 1 < k < q.
q sink/q

Proof. For all £ > 1 we have the identity
(5) Flk) = Tjg pg-a((k) = Tjo,aq-((k)-
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Part (i) of this lemma follows from Remark (iv). To prove (ii), we note
that, if b = ¢“, then the first Walsh coefficient on the right-hand side of (5)
is always zero. If a = 0, then the second Walsh coefficient in (5) is always
zero. In these two special cases, Lemma 1(ii) implies the result directly. In
the general case, we apply the triangle inequality in identity (5). The result
follows.

For (iii) we observe that in Lemma 1, with 3 equal to ag™! or bg~!, we
have § — B(1) = 0 and 5(0) = 0 by definition. As a consequence,

=, 1 c-ce
f(k e,

g CO-1
k.

1

\_/

with C as above, and kg =
LEMMA 3. Let f(x):=1 ( ) — As(G), where

|: -|:7 Ogai<bi§qa7

is a subinterval of [0,1[3. Define A :={k € Z° : 0 < k; < ¢“ Vi} and
A* .= A\ {0}. Then:

(i) For all k € Z° \ A* with nonnegative coordinates k;, 1 <1i < s, we
have

|F )] = 0.
(ii) For all k € A*,

’J/C\(k)‘ S QWalsh(k)7
where

QWalsh(k) = H QWalsh(k

1 if k=0,
2
if ¢ <k<g¢gl, g>0.

Owaish (k) := {

q9ttsinmky/q

(iii) (Special case) Let all a; be zero, i.e. G = [[._1[0,b;q7*[, 0 < b; < ¢“.
Then, for all k € A*,

’f(k” S Q{;Valsh(k)a
where

Q:)Valsh(k) = H Q:)Valsh(k

1 if k=0
Owarsh (k) == { b e k<qgot g>0
¢t sinmky/q s ¢ 9=0
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Proof. For all k # 0 we have the identity f(k) =1¢(k) and f(0) =
But 1¢(k) = [I5_, 1¢, (k:), where k = (ky, ..., k) and G; = [aiq~*, big~°.
The results (i) and (ii) above follow directly from Lemma 2 if we let I = G;.
To prove (iii), we apply Lemma 1(ii). m

Remark. The reader should note that in the case where o = 1 (hence

1 < k; < g for all i), we have a better estimate for 1¢,(k;) than the

number owaish(ki), respectively o3y, (ki). This is a direct consequence of
Lemma 2(iii):

0 1 |sinm(b; — a;i)ki/q|

(6) 1e, (k)| = rh :

This sharper estimate will be useful in Corollaries 1 and 2.

sink;/q

THEOREM 1. Let P = {x0,X1,...,Xn_1} be a finite point set in [0, 1],
with x,, of the form x, = {yn/M?}, yn € Z°. Suppose that M = q%, where
a and q are positive integers, q > 2. Then the following estimates hold:

(i) For the extreme discrepancy Dy (P),

(7) Dn(P) <1—(1=1/M)*+ Y owaisn(k)[Sn (wid)]-
ke Ax
(ii) For the star discrepancy Dy (P),
(8) Dy(P) < 1= (1=1/M)*+ > Ofyaren (k) S (wic)]
ke Ax
where

1 N=
©) =¥ g
wy the k-th Walsh function on [0,1[°.
Proof. For an arbitrary Borel subset E of [0, 1[* we define

N-1
1 A(E, N)
B)i= gy 2 st - x2) (= 25 - nm)
Let J = [];_,[u;, v;[ be an arbitrary rectangle in [0, 1[". Let
1
I .= MZS mod 1.

We consider two cases, following an idea of Niederreiter (see [5, p. 34]).

Case 1: JNI' = (. In this (trivial) case, there is a coordinate i,
1 <4 < s, such that v; — u; < 1/M. This implies the estimate

Rn(I)] = M(J) < 77 <1- <1 - ;4) |
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Case 2:JNTI # (. In this case, define
a; :=min{a € {0,1,...,. M — 1} 1 u; < a/M},
bi :=min{a € {1,...,. M} :v, <a/M}
and
G:= f[ [ai, b [
P MM
Then
[Bn ()| < |Rn(J) = Rn(G)] + BN (G)].
We observe that (see Definition 1 for the notation)
A(J,N) = A(G,N)

and, due to Lemma 3.9 in [5],

() = A(G)] <1 — <1 - ;4)

Hence the discretization error |Rn(J) — Ry(G)| is bounded by the number
1—(1—-1/M)%. From Lemma 3(i) it follows that the function

f(x) = 1a(x) = A(G)
is a Walsh polynomial, i.e. it has a finite Walsh series. We have
(10) Fo0) = Te(ku(x) vxe[o1["

ke A*
This relation implies
(11) Ry(G) = > 1a(k)Sn(wi).

keA*

An application of Lemma 3 ends the proof. m

COROLLARY 1. Theorem 1(i) implies the fundamental Theorem 0 of
Niederreiter (see [5, Theorem 3.10]).

This is easily seen. Let M = q. Then A* = C*(M) mod M. From (6) it
follows that
~ 1
11g,( )’_r(kzi,M) or a 0 <
where r(k;, M) has been defined in Theorem 0. Hence [1¢ (k)| < 1/r(k, M).
This proves Theorem 0.

COROLLARY 2. Theorem 1(i) implies Corollary 3.11 of Niederreiter [5].

This corollary is fundamental to assess the quality of pseudorandom
number generators. For the proof, let M = ¢. From identity (11) and the
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remark following the proof of Lemma 3 (see (6)) we deduce that

s M-1, .
1 ‘Slnﬂ'(bi —ai)ki/q\
|RN(G)‘ B =1 <1 i k=1 ,

sink;/q

where B is some positive constant with |Sy(wk)| < B for all k € A*. We
apply the well-known estimate of Cochrane [1] to complete the proof.

COROLLARY 3. Theorem 1(ii) implies Theorem 3.12 of [5] and its gen-
eralization, Satz 2 of [4].

The proof is straightforward. In every coordinate i, 1 < ¢ < s, we have a
finite ¢;-adic expansion to the base ¢; > 2 of length «;. Lemma 1(ii) implies
the estimate

~ 1
1e, (k)| < ~—,
ngi+1 sin ﬂ_kl(gz)/qi
for every k;, where ¢* <k; < qfiH. Here k; has the g¢;-adic expansion
ki= > kP, kK e{01,...,q4 -1}
j=0

Identity (11) then yields the result. It is interesting to compare the above
estimate, in our terminology it is the number gy, ., (k:i), to Niederreiter’s
corresponding expression (see [5, (3.17), page 37] and [4, p. 113]), which is

1 1 5
qigH_l (sinﬂ'kl(gi)/qi " i>’
where 6; € {0,1}, 6; :==1if g; <a; — 1 and 6; :=0if g; = o; — 1.
COROLLARY 4. Let P and M be as in Theorem 1. Suppose that B is
such that
|ISv(wk)] < B Vke A"
Then

1 S
Dn(P)<1-— (1 - M) + B(2.43log M +1)°,

1 S
Dy (P) <1-— (1 - M) + B(1.221log M + 1)°.

This is seen as follows. From identity (11) in the proof of Theorem 1 we
deduce
q*—1

By (@) < BT (He. 01+ Y [Te.®)1).
=1 k=1
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We then change summation:

q*—1 1 g—1 (a+1)q?-1

k=1 g=0 a=1 k=aq9
If k is in the range aq? < k < (a + 1)¢7, then the digit k, is equal to a. In
this case, Lemma 2(ii) implies

~ 2
1, (k)| £ —————.
e (k)] < g9t sinma/q

Q
|

This yields
q—1

I e

q a=1
From Niederreiter [2, p. 574, inequality (5)] it follows that
Ct g 2 2
‘A sinma/q w
A short calculation gives the result. The case of the star discrepancy is
completely analogous.
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