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Phonon dynamics of the Sn/Ge(1 1 1)-(3  3) surface
D. Farı́asa,*, W. Kamińskib,c, J. Loboa, J. Ortegab, E. Hulpked, R. Pérezb,
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Abstract
We present a theoretical and experimental study on the phonon dynamics of the low-temperature Sn/Ge(1 1 1)-(3  3)
structure. High-resolution helium atom scattering (HAS) data show that, besides the Rayleigh wave, there are three surface
phonon branches with low dispersion related to the (3  3) surface phase. Their energies are approximately 6.5, 4, and 3 meV at
the G point. In addition, we detect phonon peaks in the Q range 0.4–0.5 Å1 at ~2 meV, which correspond to (3  3) folding of
the Rayleigh wave. Ab initio DFT–GGA total energy calculations have been performed to determine the frequencies associated
with the vertical displacements of the three Sn atoms in the unit cell. The values obtained are in good agreement with the
experiment.
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1. Introduction
Phase transitions in low-dimensional systems provide insight into several fundamental aspects of solid
state physics, and have therefore been extensively
investigated in the past [1,2]. The system formed by
1/3 of a monolayer (ML) of Sn in Ge(1 1 1) undergoes
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fax: +34 91 397 39 61.
E-mail address: daniel.farias@uam.es (D. Farı́as).

a temperature-induced phase transition between room
temperature (RT) and low temperature (LT). This
phase transition presents a complex experimental
behavior that has given rise to several controversial
interpretations on its physical properties [3–14]. This
fact and the accessible temperature range explain the
considerable attention received in recent years [3–14].
pﬃﬃﬃ
The
pﬃﬃﬃ RT surface structure corresponds to a ( 3
3)R308 superperiodicity. It reverts to a (3  3) at
LT [3]. In both phases Sn adatoms occupy the T4
coordination sites of the unreconstructed Ge(1 1 1)
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substrate
pﬃﬃﬃ pﬃﬃﬃ[5,6]. All Sn adatoms look similar in the
( 3  3)R308 phase when observed with scanning
tunneling microscopy (STM) [3]. As the (3  3) phase
is stabilized at LT, a (3  3) asymmetry shows up in
the STM images. Surface X-ray diffraction experiments have concluded that this asymmetry is due to a
total vertical distortion of ~0.3 Å between the three
adatoms that form the unit cell (one is displaced
upwards and the other two inwards), both for Sn/
Ge(1 1 1)5 and Pb/Ge(1 1 1)6. Different models have
been put forward to explain the structural and electronic properties of the phase transition [3–14]. In the
dynamical fluctuations model [4], Sn adatoms fluctuate at RT between ‘up’ and ‘down’ positions, with a
correlated motion that keeps locally the (3  3)
structure, explaining the apparent contradiction
between electronic and structural evidences [3,4,9].
STM studies have shown that defects have a significant influence on the phase transition [10,11], stabilizing (3  3)-ordered regions around them. Recent
theoretical work has proposed that a soft phonon
associated with the dynamical fluctuations of the Sn
atoms may be the driving force of this phase transition
[15]. This prediction has been recently confirmed by
experiments which demonstrate the existence of a
phonon softening in the RT phase [16]. Theoretical
calculations relate the surface phonon associated with
the vertical fluctuation to the (3  3) ordering around
defect sites [12].
In this work, we report a combined experimental
and theoretical study on the phonon dynamics of the
(3  3) structure. The experimental dispersion curves
were determined using high-resolution helium atom
scattering (HAS), and show the existence of three lowdispersion bands in addition to a Rayleigh wave. Also,
several points were found in the Q range 0.4–0.5 Å1
at ~2 meV, which correspond to the (3  3) folding of
the Rayleigh wave, as expected for the existence of a
well-ordered (3  3) structure. Understanding this
complicated phonon spectrum has required a combination of ab initio DFT–GGA total energy calculations
and numerical fitting of an up to second-nearestneighbor force constant model to the experimental
data. This combined approach allows us to identify the
character of the different modes in terms of the zdisplacements of the three Sn atoms in the unit cell and
to predict phonon frequencies in excellent agreement
with the experimental results.
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Fig. 1. Reciprocal space of the ( 3  3)R308 (bold lines) and (3
 3) (thin lines) structures. High symmetry crystallographic directions are shown as dashed lines. The lettering refers to the symmetry
points of the (3  3) structure.

2. Experimental
The experiments were performed in a high-resolution helium atom scattering (HAS) time-of-flight
(TOF) apparatus that has been described previously
[16,17]. The Ge(1 1 1) crystal was cut from a n-type
polished commercial wafer (0.58, r < 0.4 V cm).
The surface temperature was monitored using a thermocouple situated very close to the sample. The
sample temperature during the experiments was
140 K, well below the critical temperature of the phase
transition [16]. The sample was prepared following the
same procedures described in references [4,6,18].
Coverage was calibrated by monitoring the intensity of a 1/3 peak along the [110] azimuth (see Fig. 1),
which exhibits a maximum at a coverage of 1/3 ML
(see Fig. 2). We used a low deposition rate (1 ML/

Fig. 2. Evolution of the (1/3, 1/3) peak along [1 1 0] as a function of
Sn deposition time. The sample temperature was 500 K, and the
deposition rate 1 ML/60 min.
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60 min) that allows to determine the ideal coverage of
1/3 ML within 0.01 ML [19] (1 ML is defined as the
Ge(1 1 1) surface density, 7.21  1014 atoms/cm2).

3. Results and discussion
Fig. 3 shows HAS angular distributions of the
(33) phase recorded along the two high symmetry
directions ([1 1 2] and [1 1 0], see Fig. 1). The sharp
diffraction peaks indicate that the reconstruction is of
high quality. The full width at half maximum
(FWHM) of the fractional order peaks is ~0.258. From
this value, the average domain size can be estimated in
~200 Å [20]. The incidence conditions were chosen in
such way that the specular intensity was maximum,
since phonon measurements are performed at angles
of incidence close to the specular one. For the Sn/
Ge(1 1 1)-(3  3) surface this corresponds to a beam
temperature of 138 K, i.e. to ki = 7.54 Å1 and Ei =

Fig. 3. HAS angular distributions recorded from the (3  3) phase
along the [1 1 2] (top) and [1 1 0] (bottom) azimuths. The surface
temperature is 140 K. The incoming He beam wave vector is
7.54 Å1 (Ei = 29.7 meV).

29.7 meV. From the relative intensity between the
specular and the fractional order peaks we conclude
that the corrugation amplitude of the (3  3) phase is
not very large, i.e. not larger than 0.3 Å.
Time-of-flight spectra were recorded along the two
main symmetry directions to probe the low-energy
dynamical vibrations of the (3  3) phase. Different
momentum transfers have been sampled by changing
the incidence angle and the incident He beam energy.
Typically, incidence angles ui ranged from 478 to 538,
and the incident beam energies from Ei = 20 to
30 meV. Representative TOF spectra recorded at Ei
= 23.8 meV (ki = 6.75 Å1) are shown in Fig. 4. The
largest peak located at ~2100 ms corresponds to the
diffuse quasielastic peak, and additional peaks corresponding to single phonon events are clearly resolved.
The diffuse quasielastic peak is much more intense
than any other peak by roughly a factor of 5. This
suggests the existence of surface defects in the (3  3)
phase, in agreement with STM findings [10]. Indeed,
HAS is very sensitive to the presence of surface
defects. Their density can be estimated from the
spectra shown [17] as <~5%, also in agreement with
STM results [10].
Since the formation of the (3  3) structure affects
more strongly the [1 1 2] direction (see Figs. 1 and 3),
we concentrate in the following on the data corresponding to this direction. Fig. 5 shows the phonon
dispersion curves along [1 1 2] obtained by converting the TOF-data into energy loss spectra. A comparison with the phonon modes of the clean
Ge(1 1 1)-c(2  8) surface [21] allows to identify
the mode at lower energies with Q = 0.0–0.2 Å1 as
the Rayleigh wave. As it is expected for a wellordered surface reconstruction where the atoms
exhibit well-defined vibrational modes, the Rayleigh
wave is folded in the new (3  3) unit cell. The points
found in the Q range 0.4–0.5 Å1 at ~2 meV are due
to this folding. An estimate of the Rayleigh wave
dispersion, folded into the (3  3) unit cell, is shown
as dashed lines in Fig. 5. Additional experimental
points in Fig. 5 are typical of the (3  3) phase. They
are within the gap of the projected bulk phonon
modes. Thus, we conclude that these points can be
identified as coming from surface phonon modes.
We detect a branch with low dispersion around
6.5 meV, and two additional modes around 4 and
3 meV.
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Fig. 4. TOF spectra converted into an energy-transfer scale for the (3  3) phase along the two main symmetry directions. The incident
momentum is 6.75 Å1 (Ei = 23.8 meV).

4. Theoretical approach
In order to understand the origin of the phonon
spectra of the (3  3) reconstruction we have favored
an approach that combines first-principles calculations
of the phonon frequencies at the G -point with the
fitting of a second-nearest-neighbor force constant

Fig. 5. Surface phonon dispersion curves for the (3  3) phase.
Rayleigh waves are indicated by dashed lines. Solid lines correspond
to the calculated surface bands (see text). Shaded areas correspond
to the projection of the Ge(1 1 1) bulk phonon modes. The surface
temperature is 140 K.

model to the experimental results. This approach
optimizes the use of the computationally demanding
first-principles simulations: theoretical calculations at
G compensate for the lack of experimental information around that point (where the surface phonons
strongly overlap with the bulk modes) and provide
additional constraints to the fitting, that has to reproduce the energetic ordering and character of the modes
determined in the calculations. On the other hand, the
fitting is needed in order to reproduce the different
phonon branches associated with the atomic vibrations
normal to the surface along the main symmetry lines.
As the first step to understand the phonon dynamics
of the (3  3) reconstruction we have performed DFT–
GGA calculations of the (3  3) G -point phonon
frequencies associated with the vertical (z) displacements of the Sn atoms with respect to their positions in
the ground state of the (3  3) reconstruction. An
effective way of calculating these three phonon frequencies, that again minimizes the computations and
provides direct insight into the relevant phonon
modes, is to use a modal analysis for the atomic
motions. We focus on the three vibrations z  (z1,
z2, z3), associated with the displacement of the top
most Sn atom (z1) and the lower Sn atoms (z2, z3).
These vibrations can be completely described in terms
of any basis set containing three vibration modes k1,
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Fig. 7. Total energy curves as a function of the normal mode
displacement associated with the modes k1  l/H3(1,1,1) and k3
 1/H2(0,1,1). Notice the harmonic character of both modes. The
different curvatures on the graph provide a direct comparison of the
associated frequencies.
Fig. 6. Ball-and-stick model for the vibration patterns considered as
a basis to describe the vertical motion of the Sn atoms.

k2, k3 that are mutually orthogonal and normalized.
The z-vibrations can be decomposed as a linear combination of the corresponding three basis vectors: z =
ak1 + bk2 + gk3. In our case, we have chosen as basis
vectors three displacement patterns that we expect to
be close to the exact phonons of the system: k1 
1/H3(1,1,1), k2  1/H6(2,1,1), and k3 
1/H2(0,1,1) (see Fig. 6). Notice that, although we
refer, for the sake of simplicity, to the displacement of
the Sn atoms, our calculations (both the ab initio
calculations and the force constant model discussed
below) involve the motion of the tetrahedra formed by
the corresponding Sn atom and the three Ge atoms in
the first layer bonded to it, as discussed in reference
[15]. Note also that these calculations are not expected
to reproduce the dispersion of the Rayleigh wave
observed in the experiment.
In order to characterize the phonon modes at G , we
have to determine the dynamical matrix of the system.
In our modal approach, this involves the calculation of
the frequencies associated with the modes in our
chosen basis set (that correspond to the diagonal
elements of the dynamical matrix) and the ones associated with other displacements, that result from the
mixing of these modes, in order to determine the offdiagonal (coupling) elements. Those frequencies have

been extracted from the total energy curves as a
function of the normal mode displacement d calculated for the following modes: k1 and k3 in our basis
(see Fig. 7), as well as two other vibrations, (0 1 1) and
(1 0 0), associated with the mixing of the (1,1,1) and
(2,1,1) modes. Notice that the (0,1,1) represents
a well-defined vibration of the (3  3) reconstruction.
In this calculations, the coordinates of the Sn adatoms
in the (3  3) reconstruction are modified according to
the corresponding displacement pattern (e.g. Dz = d/
H3(1,1,1) for the k1 mode) and kept fixed, while the
rest of the atoms in the unit cell are allowed to relax to
the condition of zero force in order to determine the
energy of the corresponding ground state for that value
of d.
The total energy curves have been calculated using
a DFT–GGA pseudopotential method implemented in
a plane wave (PW) basis set [22]. In these calculations
we have used a (3  3) unit-cell with six Ge atomic
layers, the last one being saturated with H atoms. The
technical details of the calculation are the same as in
reference [15]. Cutoff and k-sampling convergence for
the calculated frequencies have been thoroughly
checked: errors due to these factors in the calculated
frequencies are less than 0.1 meV.
Using the total energy curves in Fig. 7 we have
calculated the dynamical matrix for this problem, and
have obtained the phonon frequencies and character
of the three vertical vibrational modes. We obtain the
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following phonon energies: 5.4, 4.0 and 3.7 meV, at
the G -point of the (3  3) Brillouin zone. The lowest
energy corresponds to the (0,1,1) vibration, while
the two other modes are a mixture of the (1,1,1) and
(2,1,1) modes: the highest frequency mode is
mainly associated with the (1,1,1) mode, and the
intermediate one with the (2,1,1) mode.
In parallel, we have also obtained these frequencies
by fitting an up to second-nearest-neighbor coupling
model to the experimental phonon frequencies. Our
force constant model relates the force Fi on a given Sn
adatom with its displacement (with respect to the 3 
3 structure), zi, and the relative displacements of the
surrounding adatoms, (zj – zi), including effective
interactions up to second nearest-neighbors:
X
X
bij ðzj  zi Þ þ
g ik ðzk  zi Þ (1)
Fi ¼ ai zi þ
j;nn

k;nnn

The phonon dispersion relations of the three modes,
associated with the z-displacements of the three Sn
atoms, are then calculated with this model and compared with the experimental results in order to determine the force constants by a least-square fit. The
values that we obtained, already normalized by the
corresponding atomic mass and in the proper units to
get the phonon frequencies in meV, are: 58.2 (34.0)
meV2 for the on-site term (ai) for the lower (upper) Sn
adatom; 3.3 (2.6) meV2 for the coupling between
upper and lower (lower and lower) nearest neighbor Sn
adatoms; and 0.2 meV2 for the coupling between
two second nearest neighbor Sn adatoms in lower
positions. The result of the fit is shown as solid lines
in Fig. 5. Our fitted model reproduces the dispersion of
the three experimental modes (in the areas of the SBZ
where they can be detected), and yields the following
frequencies at the G -point: 6.8, 4.0 and 2.8 meV. The
fitting to the experiment and the DFT–GGA calculation yield the same energetic order and character of the
modes, with values at the G -point in reasonable
agreement. In this regard, it is interesting to comment
that the first principles DFT calculations (both in the
LDA and GGA approximations for the exchangecorrelation functional) yield a difference in energy
of the (3  3) reconstruction with respect to the ideal
(H3 H3)R308 surface of only ~ 4 meV/Sn-atom.
This energy difference is probably too small to explain
the observed transition temperature of ~150 K, suggesting that the frequencies calculated with the DFT–
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GGA method should only be taken as a first approximation to the real spectrum at the G -point.
In summary, the joint analysis of the DFT–GGA
calculations and the fitting to the experimental data
indicates that the solid lines in Fig. 5 are a good
approximation to the (vertical) vibrational spectrum
of the (3  3) LT phase. At the G -point, the higher
band is at ~6.8 meV, and its character is approximately (1,1,1), while the other two bands (character
at G : (2,1,1) and (0,1,1)) appear at 4.0 and
2.8 meV.

5. Conclusions
High-resolution HAS has been used to study the
phonon dynamics of the low temperature (3  3)
structure formed by 0.33 ML of Sn deposited on
Ge(1 1 1). Three low-dispersion branches were
observed, in addition to a Rayleigh wave. Several
points corresponding to the (3  3) folding of the
Rayleigh wave were also observed, as expected for a
well-ordered (3  3) structure. We have also analyzed
the phonon modes of this surface using a combination
of DFT–GGA calculations and a second-nearestneighbor force constant model. The three G -point
frequencies and the low-dispersion modes were found
to be in very good agreement with experiment.
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