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Abstract

The potential use of the marginalized particle filter for nonlinear sys-
tem identification is investigated. The particle filter itself offers a general
tool for estimating unknown parameters in non-linear models of moderate
complexity, and the basic trick is to model the parameters as a random
walk (so called roughening noise) with decaying variance. We derive al-
gorithms for systems which are non-linear in either the parameters or the
states, but not both generally. In these cases, marginalization applies to
the linear part, which firstly significantly widens the scope of the particle
filter to more complex systems, and secondly decreases the variance in the
linear parameters/states for fixed filter complexity. This second property
is illustrated on an example of chaotic model. The particular case of freely
parametrized linear state space models, common in subspace identifica-
tion approaches, is bi-linear in states and parameters, and thus both cases
above are satisfied. One can then choose which one to marginalize.

Keywords: System identification, Nonlinear estimation, Recursive
estimation, Particle filters, Kalman filters, Bayesian estimation
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Abstract: The potential use of the marginalized particle filter for nonlinear system identifi-
cation is investigated. The particle filter itself offers a general tool for estimating unknown
parameters in non-linear models of moderate complexity, and the basic trick is to model the
parameters as a random walk (so called roughening noise) with decaying variance. We derive
algorithms for systems which are non-linear in either the parameters or the states, but not both
generally. In these cases, marginalization applies to the linear part, which firstly significantly
widens the scope of the particle filter to more complex systems, and secondly decreases
the variance in the linear parameters/states for fixed filter complexity. This second property
is illustrated on an example of chaotic model. The particular case of freely parametrized
linear state space models, common in subspace identification approaches, is bi-linear in states
and parameters, and thus both cases above are satisfied. One can then choose which one to
marginalize.

Keywords: System identification, Nonlinear estimation, Recursive estimation, Particle
filters, Kalman filters, Bayesian estimation.

1. INTRODUCTION First, we briefly review the problem formulation in
(Gustafsson and Hriljac, 2003). By augmenting the
In this contribution, the particle filter (Doucet al, state vector with the parameters! = (z],07),

2001a) is applied to some classical system identifi- and assuming a random walk parameter variation (of
cation problems (Ljung, 1999) based on time-varying which constant parameters is a special case), we get

parametric state-space models |:Zt+1:| _ [f(zt;é’t)} . [vtz ert:} 2a)
ze41 = f(ze50¢) + 07, (1a) Or11 0 vy +wy
yr = h(ze;0¢) + e, (1b) ye = h(z;04) + e, (2b)

wherez € R" is the state variabled, € R? is where the noises are physical state noige state
the parameter vector, ang € R™ is the output r_oughenir_lg noisew;, parameter random walk f_or
variable. The additive noise terms are assumed to beime-varying parameters’ and parameter roughening

independent and identically distributed (i.i.d.). noisew;. The roughening noise is instrumental in the
particle filter to get good performance, and is a sec-

ond level design parameter. For system identification,
I This work was supported by the Swedish Research Council. vf =0 andwf has a variance decaying to zero, which




yields converging parameter estimates. The particle
filter recursively approximates the posterior density Pz lYy) = /pmﬂm)p(%tmm% (72)
functionp(X:|Y:), whereX; = {xo,...,2:}, and the p(ye|ze)p(ae| Yi1)
approximation converges to the true posterior when p(ye|Yii1)
the number of particles tends to infinity. The only . )

For expressions op(ziy1|xz:) and p(y:|a:) in (7)

problem is that the practical limit for 'infinity’ de- ¢ 7
pends on the dimension of, that is, the sum of num- we use the known probability densitigs, () and
Doy tw, () = Do, * Dw, (x), With all noises assumed

ber of parameter8; and states;. As a very coarse

p(ae]Ys) = (7b)

rule of thumb, do not try to use the particle filter for independent,
more than five unknowns. P(Te41]24) = Do, 4w, (xt+1 _ f(:Et)), (8a)
Now, if there is linear substructure available in the p(yelee) = pe, (e — hixy)). (8b)

model this can be exploited usingarginalization

Conceptually, marginalization means that the linear

states are marginalized out and then we can apply .

optimal filters for these states and the particle filter 2-2 Implementation

is only applied to the truly nonlinear states. In this . o o

way, the samples in the particle filter will live in a A numerical approximation to (7) is given by
lower dimensional space. Hence, we will intuitively

obtainmore accurate estimatdsr a given number of p(x|Ys) Z q( )5 ) 9)
samples, since we use the optimal filters for a part

of the state vector. Alternatively, we can apply the \yhere(.) is the Dirac delta function. The particles

part|ele f|!ter onmore complex medeljhese are the xii) and the corresponding weigh@%i) represent a
practical implications of our contribution.

sampled version of the posterior distributipfy::|Y;)
We will in this contribution consider the two following  (Doucetet al,, 2001), and intuitively, the more sam-
special cases of (1a): ples the better approximation.

(1) The model is affine in the parameters and possi-
bly nonlinear in the statesge.,

Fz6:00) = Ap(20)0, + f7(20) ©) 2.3 The algorithm

10;) = HEN) 4
T3 60) = Ci(20)0: + hi (=) @) The discussion in the previous section is summarized
(2) The model is affine in the states and possibly in the algorithm below. This is the algorithm presented
nonlinear in the parameteiis., in (Gordonet al, 1993) under the namé&ayesian

0 bootstrap filter
f(z;00) = Ae(0)z + f7 (0) )
h(ze;0;) = Ce(0)z + h* (0,). (6)  Algorithm 1. The Particle Filter

(1) GenerateV samples{xé?_l}if\i1 from p(x).

2. THE PARTICLE FILTER (2) Calculate the weightgi = p(y|z”) and nor-
i = o’
We here briefly present the theory and main algorithm. malize,l.e., e

For a more intuitive presentation, see the accompany- (3) Resample with replacement
ing paper (Gustafsson and Hriljac, 2003).

Pl =) )=,

(4) Predict (.e.,simulate) new particles by

21R ive B [ i i i i

ecursive Bayesian estimation 93§+)1|t = f(z tlz) + v§ D) 4 w§ ).
Consider systems that are described by the generic (5) Iterate from stef2).
state space model (2). The optimal Bayesian filter
in this case is given below. For further details, con-

The particle filter can be interpreted as a simulation-
sult (Doucett al, 2001b; Bergman, 1999).

based method,e., N possible state trajectoriesgi)
Denote the observations attimby Y; = {yo, ...,y }. i =1,...,N, are simulated. Based on the measure-
The Bayesian solution to compute the posterior distri- ments each trajectory is assigned a Welg‘ﬁ?,, rep-
bution,p(x:|Y:), of the state vector, given past obser- resenting the probability of that trajectory being the
vations, is given by (Bergman, 1999) correct one.



3. MARGINALIZATION FOR VARIANCE is referred toe.g.,(Chen and Liu, 2000), (Doucet
REDUCTION al., 200%), (Nordlund, 2002).

Consider the case where the model is linear in some of

the states. Then the Kalman filter can be used to esti- 4. MODELS

mate the linear states, denotédand the particle filter

can be used to estimate the nonlinear states, denoteth this section it will be shown how the particle filter

ay. To separate the problem of estimatif(@}, #7'[Y;) ~ can be used to estimate the nonlinear states and the
into one linear and one nonlinear problem, Bayes' rule Kalman filter to estimate the linear states, using the
is used marginalization technique discussed above. All noise
p(ah, XY3) = p(a} | X7, Y )p(XP|Yy). (10) terms associated wi'Fh the Ii_near states are here as-
sumed to be Gaussian, which means that the opti-
mal estimator for the linear states/parameters is given
Py the Kalman filter. For the details concerning the
% alman filter equations, the state transition densities,

ggg‘]’gNa”‘él it gago'ggetid t?ﬁ proven (Dimaf'" and the likelihood functions in Algorithms 2 and 3 the
. , oraiund, ) tha evariance otany func- . o jer is referred to (Nordlund, 2002). First there will
tion of the state and parameter is decreased or re-

) . N _ be a discussion on models that are linear in the states
mains constant when using marginalization for a given : . .
) : ) ~ 2~ and nonlinear in the parameters. This is followed by
number of particles. This technique of marginaliz-

. . . the reversed caség., linear in the parameters and
ing out the linear state is also referred to as Rao-

N nonlinear in the states.
Blackwellization (Douceet al., 2001Lc).

Here the density(zl| X, Y;) is given by the Kalman
filter and the particle filter is used to estimateX;"|Y; ).
This means that the particles live in a lower-dimension

Before we state the theorem we have to introduce
some notation. Let the estimate of any inference func-4.1 State-space models linear in the states
tion of the state vector be given by

A state-space model linear in the states and possibly
1(g(x1)) = Ep(a,v)lg(w:)] = /g(xt)p(xtmthv nonlinear in the parameters is written as
(11) 241 = At (Ot)zt + fe (Gt) + Utz (128.)
and its estimate usingy particles and the standard Opi1 = 0 + 07 + ! (12b)

particle filter be denoted by3 (g(x)). When the

_ 6
marginalized particle filter is used the same estimate ye = Ce(0)ze + h7(0:) + ex, (12¢)

is denoted by (g(x+)). wherev; € N(0,Q%), voy € N(0,Q) and
B " we., € N(0,Q""?)3 . Note that we can let the rough-
Theorem 1.Assume i.i.d. sample§z;”}}, com-  ening noisew; be zero when using marginalization.

puted by Algorithm 1 and that the expected value The posterior density will here be separated using

and variance of the inference functigz;) and the  Bayes’ rule according to

likelihoodg; exist and are finite. Then there is a central

limit theorem stating that for larg®', p(zt, ©¢|Y:) = p(2¢|O4, Yy )p(O:[Y2). (13)
15(g(z0)) = N(I(g(z), Rs(N)), Note that we here consider the posterior of the com-

. N plete parameter trajectoy,, but only the last state
I (g(ar)) = N(I(g(x2), B (N)), vector z;. The first density on the right hand side

whereR (N) > R,,(N). in (13) is given by the Kalman filter, while the second
one is approximated by the particle filter. That is, we
Seee.g.,(Doucetet al., 200k) for a proof. randomize particles in the parameter space according

to our prior, and then each particle trajectory will be
Asymptotically as the number of particles tend to in- associated with one Kalman filter. The exact algorithm
finity there is nothing to gain in using marginalization, s given below.
since then the particle filter will provide a perfect
description ofp(z}, z}'|Y:). However, since we only  Algorithm 2. The particle filter for linear states
can use a finite number of particles it is certainly Below, we IetCt(i) - Ct(gi"iz_l) andA,Ei) - At(@i’\?)
useful to marginalize and use the optimal filtee,, for ease of notation.
the Kalman filter, for the linear states. For details
concerning the marginalized particle filter, the reader

3 The noise on the non-linear part, herd andv?, can in fact
have an arbitrary distribution. Similarly, The PQ¥6,) does not

2 We have to use all the old nonlinear stat&g}, in order to make have any restrictions, since it is only used in the particle filter, the
the Kalman filter work. The densit]y(azi, x}') is then obtained by same goes fop(e¢) if C' = 0 in (12c).However, we leave these
integratingp(zi, X*) over the old nonlinear stateX(; 1 generalizations as a remark and assume Gaussian distributions.




(1) Sampl&'? . ~ p(6y) and set, foi = 1,..., N, 21 = Ag(20)0: + 7 (20) +vf +wy (16a)

0]—1
{Z(()T)—lv P0|—1}1N=1 = {20, o} Orr1 = 0: + Ute (16b)
(2) Calculate the weights yr = Ce(24)0: + h7(2¢) + ex. (16¢)
qt(i) zp(yt|6§i), Y1) In this case the posterior will be split the other way

around, compared to the previous sectios,
P(Zt,0:|Yr) = p(0:]Zt, Yi)p(Z4]Y2). (17)

The last density is approximated by the particle filter,

=N(RO) )+ Pz ),
Ri+CP Py (CIHT

and normalizeje., ¥ — 0" . while the first one can be solved by a Kalman filter for
) D a parameter estimation problem in a linear regression
(3) Resample with replacement, framework. The corresponding algorithm will thus be
P o5 i

Algorithm 3. The part|cle f||ter for linear parameters
(4) Kalman filter measurementupdate: Below, we IetCt() Ct( )andA() Az tlt)

for ease of notation.

t\t 1

S(z —Rt"‘c(z t|t 1(C(i))T (4)
L(Z) Pt(‘t) (Ct(l)) (S(Z)) (1) Samplez0|_1 ~ p(zp) and setfor = 1,..., N
, Po_1}Y, = {60,100}
50 _ (1) (1) 0 (i) (1) 5(9) 17 40[-1Ji=1 0,270
2 =Zje— + L (ye —h (et\t) G 2y 1) (2) CaquIate the weights
(4) (4) (1) o(@) (7 (ONT
e =Py = LS (L) gt =p(el 2", Yi 1)
(5) PLedlct(l.e.,smuIate) new particlesp;  1;|0:, ¥3), =N (h(z trt) 1)+C(Z)91(5\t) .
where i
(i) (i) (i) w0 w,0 Ri+ G )Pt(‘t) 1(0( o
9t+1\t (9t+1\t|®t 7Y;5) = N(@t‘t, t7 + Qt ’ ) () (i)
) and normalizei.e., ;" = <=+
(6) Kalman filter time update: Do
. (3) Resample with replacement,
2’521“ = A(z At|t + fe( t|t) (1) (4) =(7)
P(zt|t - Zt\t71) =4q (18)

PO 40 pl) AT (D) 4 v | gt
t+ e A (Gygp) + Q0 + Q4 (4) Kalman filter measurement update:

(7) Compute relevant estimates froife;, 6;|Y;). S() (R +C(Z)Pt(‘t) 1(C(i));r)
Z Ve (15a) Ly = t_|t e Cr (19)
N Ggrt = étrz 1t L( )( — h(z t\t) Ct(z 9t|2t 1)
4 :% 20 (15b) Py =Py - L s @)
=1 (5) Predict (i.e., simulate) new particles by
(8) lterate from step2). (24111 Zt, Yz), where

() (4)
z ~p(z |Z:" . Yy)
Comparing the algorithms 1 and 2 we see that the dif- ik R

(i) p(2) 6,v
ferences are in the prediction step, which now consists =N (4 9t\t’ i+ + (20
of a Kalman filter update stage (split into stepnd6) A(z t|t (A(Z 7).

besides the prediction of the nonlinear states. i
(6) Kalman filter time and state update:

In some cases the same Riccati recursion can be used

H(i) 5(1) (2) _ A@) )
for all the particles, and hence a lot of computations 9t+1lt et\t + K ( t+1lt A otlt)
can be saved. This occurs when the matr(j%gaandct Pt(-:-)l\ .= Pt(ft + QY+ QY
in (12) are independent éf. In this caseP,”’ = Py;. ;

It It (4) (D) pli) ( gONTy( (DT
foralli = 1,..., N and hence the covariance only K@+ 47)P tt (A" (")
has to be updated once for eaciViore on this can be K" = Pt(ft (A(Z )T(QP + A )Pt(ft (AT~
foundin (Gustafssoat al, 2002). (7) Compute relevant estimates frite,, 6:|Y;).

N
1 .
o =2 (22a)
4.2 State-space models linear in the parameters N =
R N
A state-space model that is linear in the parameters 0 => g ’)Qf‘t( 2 (22b)

can be written as



(8) lterate from step2). zep1 = (1 = 2¢) 240 + vy, (24a)
Yt = 2t + €, (24b)
The measurements used in the Kalman filter are thuswhere,zt,
the “normal” measuremenis and the predicted state
trajectoryz; 11, i.e.,the samples from the particle fil- ;50 ange, is the measurement noise. Both these
ter. Stef in the currentalgorithm contains ameasure- e densities are Gaussian distributed. The aim is
ment update, using the prediction (since this containsto recursively estimate both the state, and the pa-
information aboutd;) from the particle filter, and @ 5 eterg. This model is linear in the time-invariant
time update. parameted and nonlinear in the statg. This fits our
framework, according to Section 4.2 and hence Algo-

rithm 3 can be applied. This problem has also been
. PARAMETRIC INNOVATION MODELS .
° c © © studied in (Gustafsson and Hriljac, 2003), where the

An interesting special case of the two different model Particle filter was directly applied to the augmented
types discussed above is when we consider “the inter-St&t€z¢ = (21, ;). The model (24) can be written on
section” of the two types,e.,a model that is bilinear ~ the form (16)i.e.,

is the state variabley,, is the measure-
ment, § is the unknown parameter; is the process

in the statesz;, and in the parameterg,. 2i41 = Ay(20)0; + vy + w7, (25a)
A particular case of interest is a general state-space Or11 = 0p + w), (25b)
model in innovation form yr = hi(zt) + ex, (25c)
zi41 = A(O)ze + K (6 )es (23a)  whereA,(z) = z(1 — z) andhy(z) = z. The two

yr = C(0) 2 + ey, (23b)  noisesw; ~ N(0, Q%) andw! ~ N(0, Q) are

where the parameters enter linearlydn K, andC. roughening noises. Furthermare~ A'(0, ;).

The posterior will here be according to (17). One pop- In the simulations, two different particle filters were
ular approach here is so called subspace identificationused, the standard particle filter, Algorithm 1, applied
see ). This class of algorithms usually perform very to the augmented state vectay, and the marginal-
well and gives consistent estimates. One limitation is ized particle filter according to Algorithm 3. The true
that it is hard to give the posteriordistribution of value of § is 3.92, and the initial guess iy _; ~

the parameters, even in the Gaussian case, and this ig/(3.83,0.04). The initial state iszy ~ N(0,1).
perhaps where the particle filter can help. However, We do not use any process noise, however we have
the particle filter has perhaps not so much to offer to roughening noise§);,”* = Qg"v" = 1072, which is

this bi-linear model, and this case is mentioned more decreased at each time step, according to (Gustafsson
to show the relation to classical system identification and Hriljac, 2003). The measurement noise has vari-
problems. anceR, = 10~°, and we have use2D0 Monte Carlo
simulations. In Fig. 1 the filtered estimates tfre
shown using these two algorithms fos0, 1000, and
10000 particles respectively. In order to make the dif-

Assume, to avoid ambiguities in the state coordinates,
an observer canonical form and scalar output, where
C = (1,0,...0) and that all parameters id and

K are unknown. Then, given the state trajectory and T
measurement, we have from (16) the linear regression _ 4 R KA oo L
yr = Az + K (y; — 2{")). This regression problemhas 34} T Vo : ']
to be solved for each particlg”. 5 i =5 = 100
In the case where there are more states to be estimate 4| R \ o
than parameters,e., dimz > dim# it is better to o j,_,yf Evae S
split the densityp(Z;,0:|Y:) in (17) the other way 3.8r I
around,i.e., as in (13). This time, a Kalman filter 0 20 20 60 80 100
estimating the states for each particl@é") is needed. | ‘ ‘ ‘ ‘ ]
In this way the dimension of the state estimated by the o |t e
particle filter is kept as low as possible. An example 3.8—/
where this situation typically occurs is in gray-box 0 20 20 50 0 700
identification (Ljung, 1999). Time
Fig. 1. Estimates of using the standard (dotted) and
6. CHAOS EXAMPLE the marginalized (solid) particle filters. The true
f is shown using a dashed line. Top plot50
The ideas presented in this article will be illustrated particles, middle 1000 particles, bottom 10000

using the following chaotic model particles.



ference more apparent the Root Mean Square Errorto give the algorithm for an arbitrary mix of linear
(RMSE) is plotted in Fig. 2 as a function of the num- and nonlinear states and parameters. The advantage
ber of particles used in the simulations. Note that the of marginalization is that one can apply the filter to
RMSE values are calculated from tirbe. In that way larger problems with more states and parameters, or
the transient effects are not included in the RMSE that fewer particles and thus less filter complexity is
values. According to Theorem 1 the estimates shouldneeded for a given performance. Finally an example
was given, which illustrates the improvement in es-
timation performance compared to using a standard

o107, ] particle filter.
L ~
2] .
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The potential use of particle filtering for system iden-
fication of unknown parameters in non-linear systems
was explained in the accompanying paper (Gustafsson
and Hriljac, 2003). Here, we have proposed the use
of marginalized particle filters. More specifically, we
studied the cases where the model is either linear in the
states and nonlinear in the parameters, or nonlinear in
the states and linear in the parameters. The algorithms
were given for these two cases. It is straightforward



