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Telegraph Equations

This report is devoted to the numerical computation of the
nonlinear telegraph equations takes the following form:

utt + a1ut = a2uxx + f (u), (1)

where a1, a2 are known constant coefficients, f (u) = αu3 + βu2 + γu,
α β and γ are real constant. Eq.(1) referred to as second-order non-
linear telegraph equation.

Telegraph equation describes various phenomena in many applied
fields, such as a planar random motion of a particle in fluid flow,
transmission of electrical impulses in the axons of nerve and muscle
cells, propagation of electromagnetic waves in superconducting media
and propagation of pressure waves occurring in pulsatile blood flow in
arteries[1, 2].



Telegraph Equations

In the recent years much attention has been given in the literature
to the development, analysis and implementation of stable numerical
methods for the solution of second-order telegraph equations [3, 4].
The existence of time-bounded solution of nonlinear bounded
perturbations of the telegraph equation with Neumann boundary
conditions has recently been considered in [5]. The approach is based
upon a Galerkin method combined with the use of some Lyapunov
functionals. The exact solution of nonlinear telegraph equations are
also given in many papers [6, 7].



Meshless Method

Over the past several decades, many numerical methods have been
developed to solve boundary-value problems involving ordinary and
partial differential equations. Finite difference methods are known as
the first techniques for solving partial differential equations [8, 9]. But
the need to use large amount of CPU time in implicit finite difference
schemes limit the applicability of these method. Furthermore, these
methods provide the solution of the problem on mesh point only [10]
and accuracy of these well known techniques is reduced in non-
smooth and non-regular domains.

To avoid the mesh generation, in recent years meshless techniques
have attracted attention of researchers. Some meshless schemes are
the element free Galerkin method, the reproducing kernel particle, the
point interpolation and etc. More descriptio see [11] and reference
therein.



Meshless Method

In last 25 years, the radical basis functions (RBFs) method is
known as a powerful tool for scattered data interpolation problem.
Because of the collection technique, this method does not need to
evaluate any integral. The main advantage of numerical procedures
which use RBFs over traditional techniques is meshless property of
these methods. RBFs are used actively for solving partial differential
equations. The examples see [12, 13].

In the last decade, the development of the RBFs as a truly meshless
method for approximating the solutions of PDEs has drawn the
attention of many researchers in science and engineering. Meshless
method has became an important numerical computation method, and
there are many academic monographs are published[14, 15].



We present a new numerical scheme to solve nonlinear telegraph
problem using the meshfree method with Radial Basis Functions
(RBFs). The results of numerical experiments are presented, and are
compared with analytical solutions to confirm the good accuracy of
the presented scheme.



Radial basis function approximation

The approximation of a distribution u(x), using RBF, may be
written as a linear combination of N radial functions, usually it takes
the following form:

u(x) '
N∑

j=1

λjϕ(x, xj) + ψ(x), for x ∈ ˙ ⊂ Rd, (2)

where N is the number of data points, x = (x1, x2, ..., xd), d is the
dimension of the problem, the λ,s are coefficients to be determined
and ϕ is the radial basis function. Eq. (2) can be written without the
additional polynomial ψ. In that case, ϕ must be unconditional
positive definite to guarantee the solvability of the resulting system
(e.g. Gaussian or inverse multiquadrics). However, ψ is usually
required when ϕ is conditionally positive definite, i.e, when ϕ has a



Radial basis function approximation

polynomial growth towards infinity. We will use RBFs, which defined
as:

TPS : ϕ(x, xj) = ϕ(rj) = r2m
j ln rj, m = 1, 2, 3 · · · ,

IMQ : ϕ(x, xj) = ϕ(rj) =
1√

r2
j + c2

, c > 0, (3)

where rj = ‖x− xj‖ is the Euclidean norm. Since ϕ given by (3) is
C∞ continuous ,we can use it directly.

The IMQ radial basis function takes the form: 1√
r2+c2 , c > 0. The

choice of parameter c is very important for the solution accuracy.
Unsuitable parameter will produce the singular matrix. Moreover,
how many nodes we choose can also affect the accuracy. The theory
of radial basis function difference method can see[16, 17].



Radial basis function approximation

If Pd
q denotes the space of d-variate polynomial of order not

exceeding than q, and letting the polynomials P1,P2, ...,Pm be the
basis of Pd

q in Rd, then the polynomial ψ(x) in Eq. (2), is usually
written in the following form:

ψ(x) =

m∑
i=1

ζiPi(xj), (4)

where m = (q− 1 + d)!/(d!(q− 1)!).
To get the coefficients (λ1, λ2, ..., λN) and (ζ1, ζ2, ..., ζm), the

collocation method is used. However, in addition to the N equations
resulting from collocating (2) at the N points, an extra m equations are
required. This is ensured by the m conditions for (2),

N∑
j=1

λjPi(xj) = 0, i = 1, 2, ...,m. (5)



Radial basis function approximation

In a similar representation as (2), for any linear partial differential
operator L, Lu can be approximated by

Lu(x) '
N∑

j=1

λjLϕ(x, xj) + Lψ(x). (6)



Nonlinear telegraph problems

We consider the following time-dependent problems:

utt + a1ut = a2uxx + f (u), (7)

x ∈ Ω ∪ ∂Ω = [a, b] ⊂ R, 0 < t ≤ T, (8)

with initial condition

u(x, 0) = g1(x), x ∈ Ω,

ut(x, 0) = g2(x), x ∈ Ω,
(9)

and Dirichlet boundary condition

u(x, t) = h(x, t), x ∈ ∂Ω, 0 < t ≤ T, (10)

where a1, a2 are known constant coefficients, f (u) = αu3 + βu2 + γu
and α, β, γ are known constant coefficients, the function u(x, t) is
unknown.



Nonlinear telegraph problems

First, let us discretize (7) according to the following θ-weighted
scheme:

u(x, t + dt)− 2u(x, t) + u(x, t − dt)
(dt)2 + a1

u(x, t + dt)− u(x, t − dt)
2 · dt

= a2θ∆u(x, t + dt) + a2(1− θ)∆u(x, t) + f (u(x, t + dt)),
(11)

where 0 ≤ θ ≤ 1,and dt is the time step size and ∆ is the Laplace
operator, using the notation un = u(x, tn) where tn = tn−1 + dt, we get

(1 + a1
dt
2

)un+1 − a2(dt)2θ∆un+1 = 2un + a2(dt)2(1− θ)∆un

+(a1
dt
2
− 1)un−1 + (dt)2f n+1,

(12)

where f n+1 = f (un+1).



Nonlinear telegraph problems

Assuming that there are a total of N − 2 interpolation points, un(x)
can be approximated by

un(x) =

N−2∑
j=1

λn
j ϕ(rj) + λn

N−1x + λn
N , (13)

To determine the coefficients (λ1, λ2, · · · , λN−1, λN), the collection
method is used by applying (13) at every point xi, i = 1, 2, · · · ,N − 2.
Thus we obtain

un(xi) =

N−2∑
j=1

λn
j ϕ(rij) + λn

N−1xi + λn
N , (14)

where rij =
√

(xi − xj)2. The additional conditions due to (5) can be
written as

N−2∑
j=1

λn
j =

N−2∑
j=1

λn
j xj = 0. (15)



Nonlinear telegraph problems

Writing (14) together with (15) in a matrix form

[u]n = A[λ]n

where [u]n = [un
1 un

2 · · · un
N−2 0 0]T , [λ]n = [λn

1 λn
2 · · · λn

N ]T and
A = [aij, 1 ≤ i, j ≤ N] is given as follows:

A =


ϕ11 · · · ϕ1(N−2) x1 1

...
. . .

...
...

...
...

ϕ(N−2)1 · · · ϕ(N−2)(N−2) xN−2 1
x1 · · · xN−2 0 0
1 · · · 1 0 0

 . (16)



Nonlinear telegraph problems

Assuming that there are p < N − 2 internal points and N − 2− p
boundary points, then the N × N matrix A can be split into:
A = Ad + Ab + Ae, where

Ad = [aij for (1 ≤ i ≤ p, 1 ≤ j ≤ N) and 0 elsewhere]

Ab = [aij for (p + 1 ≤ i ≤ N − 2, 1 ≤ j ≤ N) and 0 elsewhere]

Ae = [aij for (N − 1 ≤ i ≤ N, 1 ≤ j ≤ N) and 0 elsewhere]

(17)

Using the notation LA to designate the matrix of the same dimension
as A and containing the elements âij where âij = Laij, 1 ≤ i, j ≤ N,
then Eq. (12) together with the boundary conditions (10) can be
written, in matrix form as

B[λ]n+1 = C[λ]n + (a1
dt
2
− 1)un−1 + (dt)2 · [f ]n+1 + [H]n+1, (18)

where



Nonlinear telegraph problems

C = 2Ad + a2(1− θ)(dt)2∆Ad,
B = (1 + a1

dt
2 )Ad − a2θ(dt)2∆Ad + Ab + Ae,

[H]n+1 = [0 · · · 0 hn+1
p+1 · · · hn+1

N−2 0 0]T ,
and [f ]n+1 = [f n+1

1 · · · f n+1
p 0 · · · 0]T . Eq. (18) is obtained by

combining (12), which applies to the domain points, while (10)
applies to the boundary points.

At n = 0 the Eq. (18) has the following form:

B[λ]1 = C[λ]0 + (a1
dt
2
− 1)u−1 + (dt)2 · [f ]1 + [H]1. (19)

To approximate u−1, the second initial condition can be used. We
discretise the second initial condition as

u1(x)− u−1(x)

2 · dt
= g2(x), x ∈ Ω. (20)



Nonlinear telegraph problems

Writing (19) together with (20) we have

(B+(1−a1
dt
2

)Ad)[λ]1 = C[λ]0 +(2−a1dt)dt[G2]+(dt)2 · [f ]1 +[H]1,

(21)
where [G2] = [g1

2, · · · , g
p
2, 0 · · · , 0]T . Together with the initial

condition (9) and (18), we can get all the λ, thus we can get the
numerical solutions.



Example 1
In this example, a1 = 2, a2 = 1, α = 1, β = 0 and γ = −1 Eq.

(1) takes the following form:

utt + 2ut = uxx + u3 − u, 0 < x < 1, t > 0,

the analytical solution by [6] is

u(x, t) =
1
2

+
1
2

tanh(
x
8

+
3t
8

+ 5),

We extract the boundary function and the initial conditions from the
exact solution.

We use the radial basis functions (TPS, IMQ) for the discussed
scheme. These results are obtained for dx = 0.01 and dt = 0.001.
The L∞, L2 errors and Root-Mean-Square (RMS) of errors are
obtained in Table 1 for t = 0.5, 1, 1.5, 2, 3. The results obtained in
the table show the very good accuracy.



Table: Numerical errors using TPS (m = 2) and IMQ (c = 0.01)
represented at different times, where dx = 0.01, dt = 0.001, θ = 1/2.

L∞ − error L2 − error RMS
t

TPS IMQ TPS IMQ TPS IMQ

0.5 1.014×10−53.599×10−67.434×10−63.077×10−67.325×10−63.032×10−6

1 1.668×10−56.375×10−71.209×10−55.437×10−71.192×10−55.357×10−7

1.5 1.087×10−51.156×10−67.769×10−69.843×10−77.655×10−69.698×10−7

2 3.633×10−66.750×10−72.606×10−65.754×10−72.568×10−65.670×10−7

3 2.159×10−64.154×10−71.580×10−63.541×10−71.557×10−63.489×10−7

We also give the analysis of the parameter c in IMQ for the
results. In Table 2 The L∞, L2 errors and Root-Mean-Square (RMS)
of errors with different c at time t = 3 are presented.



Table: Numerical errors using IMQ represented with different parameter c
at time t = 3, where dx = 0.01, dt = 0.001, θ = 1/2.

c L∞ L2 RMS
0.01 4.154×10−7 3.541×10−7 3.489×10−7

0.03 2.178×10−6 1.591×10−6 1.568×10−6

0.05 2.163×10−6 1.582×10−6 1.559×10−6

0.07 2.160×10−6 1.581×10−6 1.557×10−6

0.09 2.159×10−6 1.580×10−6 1.557×10−6

0.093 0.001 2.485×10−4 2.449×10−4

0.095 8.991 1.959 1.930



Example 2
In this example, we consider the nonlinear telegraph equation

takes the following form:

utt + ut = 2uxx + u3 − 2u, 0 < x < 1, t > 0,

the analytical solution by [6] is

u(x, t) =

√
2

2
+

√
2

2
coth(x +

3t
2

+ 5),

We extract the boundary function and the initial conditions from the
exact solution.

We use the radial basis functions (TPS, IMQ) for the discussed
scheme. These results are obtained for dx = 0.01 and dt = 0.001.
The L∞, L2 errors and Root-Mean-Square (RMS) of errors are
obtained in Table 3 for t = 1, 2, 3, 4, 5. The results obtained in the
table show the very good accuracy.



Table: Numerical errors using TPS (m = 2) and IMQ (c = 0.03)
represented at different times, where dx = 0.01, dt = 0.001, θ = 1/2.

L∞ − error L2 − error RMS
t

TPS IMQ TPS IMQ TPS IMQ

1 1.728×10−62.199×10−61.032×10−61.340×10−61.017×10−61.320×10−6

2 4.132×10−62.302×10−62.877×10−61.610×10−62.835×10−61.587×10−6

3 5.728×10−72.399×10−63.783×10−71.662×10−63.728×10−71.637×10−6

4 1.387×10−61.133×10−69.397×10−78.134×10−79.260×10−78.014×10−7

5 6.159×10−71.563×10−74.083×10−79.434×10−84.024×10−79.296×10−8

Similar to the previous example, we also give the analysis of the
parameter c in IMQ for the results. In Table 4 The L∞, L2 errors and
Root-Mean-Square (RMS) of errors with different c at time t = 5 are
presented.



Table: Numerical errors using IMQ represented with different parameter c
at time t = 5, where dx = 0.01, dt = 0.001, θ = 1/2.

c L∞ L2 RMS
0.01 5.848×10−7 4.512×10−7 4.446×10−7

0.03 1.563×10−7 9.134×10−8 9.296×10−8

0.05 1.968×10−7 1.191×10−7 1.173×10−7

0.07 2.046×10−7 1.242×10−7 1.224×10−7

0.09 2.061×10−7 1.252×10−7 1.234×10−7

0.095 0.394 0.090 0.089



We proposed a numerical scheme to solve the nonlinear telegraph
equation using the Kansa’s method using Thin Plate Spline (TPS),
Inverse Multiquadric (IMQ) radial basis function. The numerical
results given in the previous section demonstrate the good accuracy of
this scheme and also see that the choice of parameter c is very
important for the solution accuracy. The method proposed can be
extended to solves more important nonlinear partial differential
equations.



S.Y.Lai, The asymptotic theory of solutions for a perturbed
telegraph wave equation and its application,[J]. Appl Math
Mech,1997,43(7):657 662.

A.Y.Kolesov, N.K.Rozov, Parametric excitation of high-mode
oscillations for a non-linear telegraph equation[J]. Sbornik
Mathematics,2001,191(7 8):1147 1169.

M.Dehghan, A numerical method for solving the hyperbolic
telegraph equation, InterScience 24(2008):1080-1093.

F.Gao, C.Chi, Unconditionally stable difference schemes for a
one-space-dimensional linear hyperbolic equation, Appl Math
Comput 187(2007):1272-1276.

J.M.Alonso, J.Mawhi, R.Ortega, Bounded solutions of second
order semilinear evolution equations and applications to the
telegraph equation, J Math Pures Appl 78(1999):49-63.



Y.D.Shang, Explicit and exact solutions for a class of nonlinear
wave equations, Acta Math Appl Sinica 23(2000):21-30.

E.G.Fan, H.Q.Zhang, The solitary wave solutions for a class of
nonlinear wave equation, Chin Phys Soc 46(1997):1245-1248.

M.Dehghan, Paramenter determination in a partial differential
equation from the overspecified data, Math Comput Model
41(2005):196-213.

M.Dehghan, Implicit collocation technique for heat equation with
non-classic initial condition, Int J Non-Linear Sci Numer Simul
7(2006):447-450.

M.Dehghan, Finite difference procedures for solving a problem
arising in modeling and design of certain optoelectronic devices,
Math Comput Simulation 71(2006):16-30.



G.R.Liu, Y.T.Gu, Boundary meshfree methods based on the
boundary point methods, Eng Anal Bound Elem
28(2004):475-487.

T. S. Jiang, M. Li, C. S. Chen, The Method of Particular
Solutions for Solving Inverse Problems of a Nonhomogeneous
Convection-Diffusion Equation with Variable Coefficients,
Numerical Heat Transfer, Part A: Applications, vol. 61, issue 5,
2012., 338-352.

T. S. Jiang, Z. L. Jiang, and K. Jospeh, A numerical method for
one-dimensional time-dependent Schrodinger equation using
radial basis functions, Internatioal Journal of Computational
Methods, 2013, accepted.

G. R. Liu, Mesh Free Method:Moving Beyond the Finite Element
Methods [M]. Florida:CRC, Press. 2002.



G. R. Liu, M. B. Liu, Smooth Pariticle Hydrodynamics-a
meshfree particle method [M].Singapore:World Scientific. 2003.

R. Schaback, Error estimates and condition numbers for radical
basis function interpolation. J, Advances in Computational
Mathematics, 1995, 3(7):251-264.

Z. Wu. R. Schaback, Local error estimates for radical basis
function interpolation of scattered data. J, IMA Journal of
Numerical Analysis. 1993, 13(1):13-27.



Thank You!

Return


	Introduction
	Telegraph Equations
	Meshless Method

	The work we do
	The Meshless Method
	 Radial basis function approximation
	Nonlinear telegraph problems

	Examples
	Example1
	Example2

	Conclusion
	References

