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Abstract: Conventional narrowband spectrum polarization devices are
short but not robust, based on quasi-phase matching (QPM) technique,
in periodically poled lithium niobate (PPLN) crystal. In this paper, we
propose short-length and robust polarization rotators by using shortcuts
to adiabaticity. Beyond the QPM condition, the electric field and period
of PPLN crystal are designed in terms of invariant dynamics, and further
optimized with respect to input wavelength/refractive index variations. In
addition, the stability of conversion efficiency on the electric field and
period of PPLN crystal is also discussed. As a consequence, the optimal
shortcuts are fast as well as robust, which provide broadband spectrum
polarization devices with short length.
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1. Introduction

Design of polarizing devices has attracted much attention with applications in polarization
splitting, rotation and retarder in optical communication and integrated optics for the last two
decades [1–4]. However, these traditional devices face many unsolved issues, such as low con-
version efficiency of output polarization, shift of central wavelength, and difficulty of minia-
turization and integration because of the large volume of the optical components. Recently, the
analogy between quantum mechanics and wave optics [5] provides alternative protocols, in-
cluding adiabatic Landau-Zener scheme, to solve those problems, at least partially. For instance,
the adiabatic polarization retarder is robust against variations of the propagation length, rotary
power, but requires long propagation distance to satisfy the adiabatic condition [3]. In addition,
the composite pulse scheme, originally proposed in nuclear magnetic resonance (NMR) [6],
has been applied to design fast as well as robust polarization converters with highly efficient
broadband conversion [4].
Recently, the techniques of “shortcuts to adiabaticity” (STA) [7–9] have been put forward

to accelerate slow adiabatic quantum processes in the field of atom, molecular, and optical
physics, see recent review [10]. In particular, STA provides the intriguing methods to design
fast mode conversion and directional coupler in optical waveguide devices [11–15]. Among
all the techniques, the inverse-engineering approach [7], based on Lewis-Riesenfeld invariant
theory [16], provides a versatile toolbox for designing optimal shortcuts in presence of different
types of noise and systematic errors, by combining time-dependent perturbation theory and
optimal control theory [17–19]. This can be directly utilized to design short-length directional
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Fig. 1. Schematic diagram of polarization rotators in a PPLN crystal, where the electric
field E is applied by voltage V , and Λ is the period of PPLN crystal.

couplers that are also robust against input wavelength/couple coefficient variations [15].
In this paper, we will apply STA to design the short-length and robust polarization rotators

in the ferroelectric crystals under external electric field. As a matter of fact, an electro-optic
polarization converter, e.g. LiNbO3 waveguide, has been already proposed in 1980s, with the
applications in single-mode fabric-optic systems [20], since the phase matching and coupling
strength can be easily adjusted by electro-optic effect. Later on, the periodically poled lithium
niobate (PPLN) and periodically poled lithium tantalate (PPLT) have been investigated theo-
retically and experimentally [21–26] for optical polarization state control with applications in
wavelength filter, electro-optic switch, polarization-state generator, and even optical logic gates.
Most of above applications in PPLN crystals are based on the so-called quasi-phase-matched
(QPM) technology, but such resonant scheme of polarization state manipulations in PPLN is
sensitive to wavelength variation, when the condition for QPM is satisfied. Thus, beyond the
QPM condition, the polarization state control becomes interesting and important, especially
when the QPM wavelength is actually unstable [25]. Here we will design the electric field and
the period of crystal, driven by the optimal shortcuts [17–19], to achieve short-length and robust
polarization devices with respect to different variations.

2. Model

Our starting point is the linear polarization state control on the basis of electro-optic effect of
PPLN [21,24], see Fig. 1. To have an insight into the polarization state evolution in PPLN, a po-
larization coupled-mode theory is established, and the coupled wave equations of the ordinary
and extraordinary waves are written as

dA1
dx

= −iκA2ei∆βx, (1)

dA2
dx

= −iκ∗A1e−i∆βx, (2)

with ∆β = (β1−β2)−Gm, Gm = 2πm/Λ, and

κ = iκ0 =− ω
2c
n20n2eγ51E√n0ne

i(1− cosmπ)
mπ

(m= 1,3,5...),

where A1 and A2 are the normalized amplitudes of the ordinary and extraordinary waves, re-
spectively; β1 = 2πno/λ0 and β2 = 2πne/λ0 are the corresponding wave vectors (λ0 is the
wavelength of light); Gm is the m-th reciprocal vector, Λ is the period of PPLN crystal, no and
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ne are the refractive indices of ordinary and extraordinary waves, respectively; γ51 is the electro-
optic coefficient, E is the intensity of electric field along y direction. In the following calcula-
tions, the parameters from experiments are chosen to be λ0 = 1494.8 nm, γ51 = 32× 10−12
m/V , no = 2.214, ne = 2.140 [22, 23], and m= 1 for simplicity.
In analogy to the time-dependent Schrödinger equation (h̄ ≡ 1) for two-level quantum sys-

tems, the above coupled wave equation (1) can be rewritten as, dA/dx = −iH0(x)A, with
A= [A1,A2]T and

H0(x) =
!

0 κei∆βx

κ∗e−i∆βx 0

"
. (3)

Applying the rotating wave approximation, we write Hamiltonian H0(x) in the interaction pic-
ture as follows,

H(x) =
1
2

!
∆ −iΩ
iΩ −∆

"
, (4)

where ∆ = ∆β andΩ =−2κ0 play the same role of detuning and (real) Rabi frequency in quan-
tum optics. In general, Rabi frequencyΩ(x)≡Ω and detuning ∆(x)≡∆ are spatial dependence,
which are determined by the following electric field

E =
c
ω

Ω√n0ne
n20n2eγ51

mπ
(1− cosmπ)

, (5)

and the period of PPLN crystal

Λ =
2πm

β1−β2−∆
. (6)

In what follows we will focus on how to design the x-dependent electric field and period of
PPLN crystal to achieve perfect polarization conversion within short length, by assuming the
input light is the extraordinary wave i.e. A1(0) = 0 and A2(0) = 1.
When the detuning ∆ = 0, that is, ∆β = (β1− β2)−Gm = 0 (m = 1,3,5...), the recipro-

cal vector totally compensates for the wave vector mismatch between ordinary and extraor-
dinary waves. In this case, the QPM condition is satisfied, thus the period of domain inver-
sion is Λm = mλ0/(no − ne). Meanwhile, when the static electric field is applied, the Rabi
frequency Ω, proportional to the electric field, is constant. As a result, the power exchange be-
tween the extraordinary and ordinary waves behaves like Rabi oscillation driven by the flat π
pulse in quantum optics. Complete conversion can be achieved for the crystal length, L= nπ/Ω
(n= 1,2,3...). The resonant scheme for n= 1 gives the minimal length L= 2.18 mm for com-
plete polarization conversion, when the electric field is E = 1.63 kV/mm. The shorter device
with L = 0.46 mm can be further achieved when the electric field is increased up to E = 7.66
kV/mm. However, the resonant scheme is very sensitive to the wavelength variation, tempera-
ture fluctuation and length error. With such property, QPM technique actually provides the
advantage to design tunable wavelength filter [22].
On the other hand, when the adiabatic condition,

#####
2κ0∆̇β −2κ̇0∆β
(4κ20 +∆β 2)3/2

#####& 1, (7)

is satisfied, one can convert the polarization state from the extraordinary wave to the ordinary
wave along one of the instantaneous eigenstates of Hamiltonian in Eq. (4). We take Landau-
Zener (LZ) scheme as an example, that is, linearly x-dependent detuning with ∆=α(x/L−1/2)
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Fig. 2. (a) Functions of electric field E (solid blue line) and the period of PPLN crystal Λ
(dashed red line) for LZ protocol, whereΛ is re-scaled by (Λ−Λ1)/Λ1 with Λ1 = 20.2 µm.
L= 2.18 mm, E = 7.66 kV/mm, and other parameters are in the maintext. (b) Dependence
of conversion efficiency on the device length, where P= 0.65 at L= 2.18 mm, and L≥ 10
mm for P> 0.99.

and a constant Rabi frequency, see Fig. 2(a). Based on the adiabatic condition (7), the crystal
length requires L≥ 10mm to achieve high conversion efficiency (≥ 0.99), when α = 1.5×105
and E = 7.66 kV/mm are chosen. As compared to resonant scheme, the slow adiabatic protocol
is more robust against the wavelength variation and length error, but requires longer crystal
length with the same maximal value of electric fields. Figure 2 show the spatial dependence of
electric field and period of PPLN crystal, and the conversion efficiency versus device length L.
Obviously, when the short-length device with L = 2.18 mm is chosen, the adiabatic condition
is not satisfied and conversion efficiency is only P= 0.65. The adiabatic technique requires the
polarization rotator with longer length of device, that is, L≥ 10 mm for a given maximal value
of electric field, E = 7.66 kV/mm, see Fig. 2(b).

3. Dynamical invariant and optimization

Next, we shall apply STA to design the polarization rotation with high conversion efficiency
but within a short length of crystal. To this end, we shall engineer the electric field and period
of PPLN crystal in terms of invariant dynamics. The dynamical invariant I(x) can be parame-
terized by [17, 18],

I(x) =
Ω0
2

!
cosθ sinθe−iβ
sinθeiβ −cosθ

"
, (8)

with the eigenvalue ε± = ±Ω0/2 (Ω0 is an arbitrary constant with units of mm−1), and the
eigenstates

|φ+(x)〉 =

$
cos(θ/2)e−iβ
sin(θ/2)

%
, (9)

|φ−(x)〉 =

$
sin(θ/2)

−cos(θ/2)eiβ
%
. (10)

The solution of Schrödinger equantion, ih̄∂xΨ(x) = H0Ψ(x), can be presented as the superpo-
sition of eigenstates of dynamical invariant [16], |Ψ(x)〉 = ∑± c±eiγ±(x)|φ±(x)〉, where c± are
x-independent amplitudes and the Lewis-Riesenfeld phase γ± satisfies

γ̇±(x) =±1
2

$
β̇ − θ̇ tanβ

sinθ

%
. (11)
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Fig. 3. Functions of electric field E (solid blue line) and the period of PPLN crystal Λ
(dashed red line) for ∆-optimal (a) and Ω-optimal (b) protocols designed by shortcuts to
adiabaticity, where L= 2.18 mm and other parameters are the same as those in Fig. 2.

The invariant condition, ∂xI− (1/i)[H,I] = 0, gives

Ω = −θ̇/cosβ , (12)
∆ = β̇ + θ̇ tanβ cotθ , (13)

allowing us to design the electric field and period of the PPNL crystal by Eqs. (5) and (6).
Our goal is to achieve complete polarization state conversion from the extraordinary wave at

x = 0 to the ordinary wave at x = L, within short crystal length. So our initial and final states
are assumed to be |Ψ(0)〉 ≡ |1〉 =

&0
1
'
and |Ψ(L)〉 ≡ |2〉 =

&1
0
'
. Supposing the polarization

state evolution follows the eigenstate, |φ+〉, of dynamical invariant, we can set the following
boundary conditions:

θ(0) = π and θ(L) = 0. (14)

In general, if the polarization rotation is desired to be from initial angle θi to arbitrary angle θ f ,
rather than at 90◦, the initial and final boundary condition can be further modified as θ(0) = θi
and θ(L) = θ f . In addition, the commutativity between H and I at the boundaries gives more
boundary conditions,

θ̇(0) = 0, θ̇(L) = 0, (15)

which implies that the polarization states at input x = 0 and output x = L can transform into
the eigenstates of I(z) smoothly. There is still much freedom to design Ω and ∆ (finally E and
Λ), see Eqs. (12) and (13), by choosing arbitrary functions of θ and β except at the boundaries.
The freedom allows one to engineer stable or robust system evolution against different errors
[17–19].

3.1. ∆-optimal protocol
First of all, we shall concentrate on the robust polarization rotation with respect to input wave-
length/relative refractive index variations, since in the experiment the parameters like the cen-
tral wavelength λ0 for QPM condition and refractive index are unstable due to the temperature
fluctuation or other perturbations [22,25]. The dominant effect of input wavelength/relative re-
fractive index variations can be simply described by the systematic frequency error in diagonal
terms of Hamiltonian (4), that is, H′ = δσz, where σz is Pauli matrix, and the amplitude of sys-
tematic errors δ is δ + 2π(n0−ne)δλ/λ 20 or δ + 2πδn/λ0. In the error-free case, we consider
the family of protocols that results in perfect polarization conversion from the extraordinary
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wave, |1〉, to the ordinary wave, |2〉: the unperturbed solution, |Ψ(x)〉= eiγ+(x)|φ+(x)〉, satisfy-
ing Eq. (14). Considering H′ as perturbation, we define the wavelength/refractive index-error
sensitivity as [17, 18]

q∆ =−1
2

∂ 2P(L)
∂δ 2

####
δ=0

, (16)

where P is conversion coefficient, which is the output power of ordinary wave at z = L, i.e.
P≈ 1−q∆δ 2. Using perturbation theory and keeping the second order, we finally obtain

q∆ =
1
4

####
( L

0
dxsinθeim(x)

####
2
, (17)

with m(x) = −2γ+(x)+β (x). To nullify q∆, i.e. q∆ = 0, we assume m(x) = 2θ + 2ζ sin(2θ),
and solve for free parameter ζ [18, 19]. As an example, we may choose

θ =
π
2

!
1− sin π(2x−L)

2L

"
, (18)

and β can be solved as

β = sin−1
)

2M sinθ*
1+4M2 sin2 θ

+
. (19)

with M = 1+ 2ζ cos(2θ). Combining Eqs. (18) and (19), we solve for the design parameters
as follows

Ω = −θ̇
*
1+4M2 sin2 θ , (20)

∆ = 2θ̇ cosθ
!
M+

1−4ζ +6ζ cos(2θ)
1+4M2 sin2 θ

"
, (21)

which finally gives q∆ = 0 with the parameter ζ =−0.206. The electric field and the period of
PPLN crystal are eventually calculated from Eqs. (5) and (6), see Fig. 3(a). For the designed
shortcuts, the maximal value of Rabi frequency is calculated as,

Ωmax =
*
1+4(1−2ζ )2π2

2L
∝
1
L
, (22)

which provides the corresponding maximal value of electric fields as follows,

Emax =
πc
2ω

Ωmax
√n0ne

n20n2eγ51
. (23)

Clearly, the electric field, Emax, is proportional to 1/L, as shown in Fig. 4, which means the
driven electric field will increase when shortening the device length. Therefore, the physical
constraint on the driven electric field will set the limit of device length, L, though any arbitrarily
short-length polarization rotation can be ideally achieved by using shortcuts to adiabaticity with
right boundary conditions (14). The larger driven electric field with the magnitude of E = 7.66
kV/mm can be implemented in the technique proposed by Thaniyavarn [20] to make the device
shorter, though the usual polarization devices in PPLN systems require much smaller driven
electric fields with the magnitude of E = 0.1 kV/mm [25].
Figure 5(a) illustrates the robustness of conversion efficiency against input wavelength in

2.18 mm crystals. Clearly, ∆-optimal protocol is more robust than the resonant scheme, ob-
tained from QPM condition, In Fig. 5(a) we see that the full width ratio at half maximum
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Fig. 5. Conversion efficiency versus input wavelength (a) and relative refractive index (b)
variations for ∆-optimal protocol (solid red line) and resonant protocol (dotted-dash blue
line). L= 2.18 mm and other parameters are the same as those in Fig. 2.

of conversion efficiency, δλ/λ0, is increased from 0.74% for QPM scheme up to 2.88% for
shortcut scheme. With high-order cancellation, more robust protocol can be further designed to
make spectrum width broader [19]. Therefore, this result can be applicable to design broadband
spectrum polarization devices. In addition, as compared to the resonant scheme obtained from
QPM condition, Fig. 5(b) also shows that the deigned shortcuts is more stable with respect the
relative refractive index variation induced by temperature fluctuation. Usually, the refractive in-
dices (n0 and ne) are temperature dependent, so that to design more robust polarization devices
with respect to the derivation of birefringence is useful to have better tolerance with respect to
the temperature fluctuation. In the experiment [22], the derivation of birefringence can be cal-
culated from δn/δT = (1/Λ1)dλ/dT , where the wavelength-tuning rates to temperature are
measured as dλ/dT =−0.422 nm/◦C for PPLN and and dλ/dT =−24 nm/◦C for PPLT. So
the stability with respect to temperature fluctuation becomes more significant when PPLN is
replaced by PPLT.

3.2. Ω-optimal protocol
Next we turn to the optimization of shortcuts for robust polarization rotation with respect
to the driven electric fields, which only affects Rabi frequency, based on Eq. (5), and thus
can be described as H′ = δσy, where σy is Pauli matrix, and the amplitude of error is
δ = (2ω/πc)(n2on2eγ51/

√none)δE. Similarly, we use the perturbation theory and obtain the
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Fig. 6. Conversion efficiency versus electric field (a) and crystal period (b) variations for
Ω-optimal protocol (solid red line), ∆-optimal (black dashed line) and resonant protocols
(dotted-dash blue line). L= 2.18 mm and other parameters are the same as those in Fig. 2.

electric field-error sensitivity

qΩ =
1
4

####
( L

0
dxθ̇ sin2 θeim(x)

####
2
, (24)

in the second order approximation. Following [17], we can impose m(x) = 2θ − sin(2θ), so
that

β = arctan(4sin3 θ), (25)

to make qΩ = 0. In this case, Eqs. (20) and (21) are valid when ζ =−0.5, which finally give the
period of PPLN crystal and electric field, as shown Fig. 3(b). The profiles of the period of PPLN
crystal and electric field for Ω-optimal protocol are similar to those for ∆-optimal protocol, but
we can see from Eqs. (22) and (23) that the maximal values of electric fields are larger, see Fig.
4. In the following discussion, we will make the comparison for the different protocols with the
same length L= 2.18 mm.
Figure 6(a) demonstrated that Ω-optimal protocol is more stable with respect electric field

variation than the resonant scheme, obtained from QPM technique. Since the fluctuation of
electric field is descried by the symmetric error in Rabi frequency,Ω-optimal protocol has better
tolerance than ∆-optimal one, especially when the actual fields are less than the desired ones.
In fact, the robustness against electric field variation is extremely important for our shortcut
schemes, since all protocols designed here require special spatial dependence of electric fields,
which could make the experiments more complicated. Similarly, bothΩ-optimal and ∆-optimal
protocols are more insensitive than the resonant scheme with respect to the error in period of
crystal, Λ, see Fig. 6(b). In this case, ∆-optimal protocol is better than Ω-optimal one, since the
fluctuation of crystal period is nothing but the symmetric frequency error in detuning. Finally,
we would like to mention that ∆-optimal and Ω-optimal protocols can somehow improve the
stability of conversion efficiency with respect to length error, and thus they are more robust than
the resonant schemes [15], since the length-scaling errors are formally reduced to systematic
errors of the Hamiltonian, in both Rabi frequency and detuning terms [27].

4. Conclusions

To conclude, we propose short-length and robust polarization rotators in PPLN crystal by using
shortcuts to adiabaticity. The electric field and period of PPLN crystal are designed to optimize
the stability with respect to input wavelength/refractive index variations. In addition, the stabil-
ity of conversion efficiency with respect to the fluctuation of electric field and crystal period are
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also discussed. As an example, our shortcuts presented here are designed to polarization con-
version from extraordinary wave to ordinary wave from x = 0 to x = L. Actually, by changing
the initial and finally boundary conditions, we can further realize the arbitrary control of polar-
ization states, which are applicable to other polarization devices, such as polarization splitter
and polarization-state generator. Last but not least, the electric field and period of crystal length
are in principle feasible with state-of-the-art technologies, but the details of experimental im-
plementation are worthwhile for a separate study.
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