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Bézier Curves and Surfaces

Parametric Bézier curves and surfaces are widely used to represent
geometric objects in a computer for design and manufacturing.

While classical, they were rediscovered in 1959/62 by De Casteljau
(Citroën) and Bézier (Renault) for automotive design.

Used in animation software such as Adobe flash.

You were able to fly here because of design, testing, and manufacture
of airplane wings based on Bézier surfaces.

You are looking at several thousand Bézier curves: Many fonts (LATEX,
and type 1 fonts) are defined in terms of cubic Bézier curves.
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Rational Bézier Curves

For i ∈ [0, d ] ∩ Z, and s ∈ [0, d ], we have βi ;d (s) := s i (1− s)d−i .

Weights wi > 0 and control points bi ∈ Rn (typically, n = 2, 3), define a
rational Bézier curve of degree d , which is the image of

[0, d ] 3 s 7−→
∑d

i=0 wiβi ;d (s)bi∑
i wiβi ;d (s)

.

The control polygons of these rational Bézier curves connect the control
points, and large weights pull the curve towards the control points.
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Degenerations of Bézier Curves

Theorem (Craciun-García-S)
Let b0, . . . ,bd ∈ Rn be control points. For any ε > 0, there are weights
w0, . . . ,wd ∈ R> so that the rational Bézier curve lies within a distance ε
of the control polygon.

GEOMETRICAL ASPECTS OF CONTROL POINTS 3

in Section 4 when we investigate the e!ect of systematically varying the weights of a patch
while keeping the control points and blending functions constant.

The control points and weights a!ect the shape of the patch which is the image of the
map F (1.1). For example, the convex hull property asserts that the image F (") of the
patch lies in the convex hull of the control points. To see this, note that if we set

!a(x) :=
wa!a(x)!

a!A wa!a(x)
,

then !a(x) ! 0 and 1 =
!

a!A !a(x). Then formula (1.1) becomes

F (x) =
"

a!A
!a(x)ba ,

so that F (x) is a convex combination of the control points and therefore lies in their convex
hull. In fact, if there is a point x " " at which no blending function vanishes, then any
point in the interior of the convex hull of the control points is the image F (x) of some
patch for some choice of weights. In this way, the convex hull property is the strongest
general statement that can be made about the location of a patch.

Another well-known manifestation of control points is the relation of a Bézier curve to
its control polygon. Fix a positive integer d and let A := { i

d
| i = 0, . . . , d} so that " is

the unit interval. The blending functions of a Bézier curve are the Bernstein polynomials,

!i(x) (= ! i
d
(x)) :=

#
d
i

$
xi(1 # x)d"i .

Given control points b0,b1, . . . ,bd, the control polygon of any Bézier curve with these
control points is the union of the line segments b0,b1, b1,b2, . . . , bd"1,bd between con-
secutive control points. Figure 1 displays two quintic plane Bézier curves with their control
polygons (solid lines). The convex hulls of the control points are indicated by the dashed

b5

b4

b3

b2

b1

b0

b5

b4

b3

b2

b1

b0

Figure 1. Quintic Bézier curves

lines. The first curve has no points of self intersection, while the second curve has one point
of self intersection. While this self intersection may be removed by varying the weights
attached to the control points, by Theorem 3.7 it is impossible to find weights so that a
curve with the first set of control points has a point of self intersection.
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We will also show that the control polygon may be approximated by a Bézier curve. We
state a simplified version of Theorem 4.4 from Section 4.

Theorem. Given control points in Rn for a Bézier curve and some number ! > 0, there
is a choice of weights so that the image F [0, 1] of the Bézier curve lies within a distance !
of the control polygon.

For example, we display one of the quintic curves from Figure 1, but with weights on b0—
b5 of (1, 202, 203, 203, 202, 1) and (1, 3002, 3003, 3003, 3002, 1), respectively. In the second we
do not draw the control polygon, for that would obscure the curve.
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1.1. Toric Patches. Krasauskas [14] introduced toric patches as a generalization of the
classical Bézier and tensor product patches. These are based upon toric varieties from
algebraic geometry and may have shape any polytope with integer vertices. The articles [3,
18] provide an introduction to toric varieties for geometric modeling.

A polytope ! is defined by its facet inequalities

! = {x ! Rd | 0 " hi(x) , i = 1, . . . , "} .

Here, ! has " facets (faces of maximal dimension) and for each i = 1, . . . , ", hi(x) = vi·x+ci

is the linear function defining the ith facet, where vi ! Zd is the (inward oriented) primitive
vector normal to the facet and ci ! Z.

For example, if our polytope is the triangle with vertices (0, 0), (d, 0), and (0, d),

(1.3) d := {(x, y) ! R2 | 0 " x, y and 0 " d # (x + y)} ,

then we have h1 = x, h2 = y, and h3 = d # x # y. Here, d is the unit triangle with
vertices (0, 0), (1, 0), and (0, 1) scaled by a factor of d.

Let A $ ! % Zd be any subset of the integer points of ! which includes its vertices. For
every a ! A, Krasauskas defined the toric Bézier function

(1.4) #a(x) := h1(x)h1(a)h2(x)h2(a) · · ·h!(x)h!(a) ,

which is non-negative on ! and the collection of all #a has no common zeroes on !. These
are blending functions for the toric patch of shape A. If we choose weights w ! RA and
multiply the formula (1.4) by wa, we obtain blending functions for the toric patch of shape
(A, w).

 Gives meaning to the control polygon.
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Rational Bézier Surfaces

Tensor product patch
is the image of [0, c]× [0, d ] under

(s, t) 7−→
∑c

i=0
∑d

j=0 wi ,jβi ;c(s)βj;d (t)bi ,j∑c
i=0

∑d
j=0 wi ,jβi ;c(s)βj;d (t)

.

Triangular Bézier patch
For (s, t) ∈ d := {(s, t) | 0 ≤ s, t, s + t ≤ d} and (i , j) ∈ d ∩ Z2, set

βi ,j;d (s, t) := s i t j(d − s − t)d−i−j .

A triangular Bézier patch is the image of under

Example: Bézier triangles

Bézier triangles are toric surface patches.

Set A := {(i, j) ! N2 | i " 0, j " 0, n # i # j " 0}, then

w(i,j)!(i,j) := n!
i!j!(n!i!j)!x

iyj(n # x # y)n!i!j.

These are essentially the Bernstein poly-
nomials, which have linear precision.

The corresponding toric variety is the
Veronese surface of degree n.

Choosing control points, get Bézier tri-
angle of degree n.

This picture is a cubic Bézier triangle.
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(s, t) 7−→
∑

(i ,j)∈d wi ,jβi ,j;d (s, t)bi ,j∑
(i ,j)∈d wi ,jβi ,j;d (s, t)

.
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Goldman and de Boor’s Question

What is the significance for modeling of the control net?
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Evocative Pictures

Executive Summary: Control nets encode all possible
limiting positions of a patch.
The answer requires a generalization.
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Toric Bézier Patches

Krasauskas’s toric Bézier patches generalize the classical patches.
Let A ⊂ Zd be finite. Its convex hull ∆A is defined by facet inequalities

∆A := {x ∈ Rd | hF (x) ≥ 0, F a facet of ∆A} .

For a ∈ A and x ∈ ∆A, the toric Bézier function βa,A(x) is

βa,A(x) :=
∏
F

hF (x)hF (a) .

For weights w ∈ RA> and control points B := {ba | a ∈ A} ⊂ Rn, the toric
Bézier patch YA,w ,B is the image of ∆A under

∆A 3 x 7−→
∑

a∈A waβa,A(x)ba∑
a∈A waβa,A(x)

.
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Why Toric?

Given A ⊂ Zd and w ∈ RA> as before, let A be the simplex with
vertices indexed by A. Then the closure XA,w of the image of the map

Rd
> 3 x 7−→ [waxa | a ∈ A] ∈ A

,

is a translated toric variety, and the
toric patch YA,w ,B is the image
of XA,w under the natural projection
πB :

A
� Rn given by B.

XA,w is the positive part
of a toric variety.

-
�
�
�
�
�
�
��

?

πB

XA,w

YA,w ,B
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Regular Subdivisions

Given A ⊂ Rd and a function λ : A → R, form the polytope
Pλ := conv{(a, λ(a)) | a ∈ A} ⊂ Rd+1.

Upper facets of Pλ are those with positive outward pointing normals.

The system of subsets F of A consisting of lattice points lying on a face
of an upper facet forms the regular subdivision Sλ of A induced by λ.

(The middle point on the right is not in any face F of Sλ.)
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Regular Control Surfaces

For F ⊂ A, the toric Bézier patch YF ,w ,B := YF ,w |F ,B|F is the image of

∆F 3 x 7−→
∑

a∈F waβa,F (x)ba∑
a∈F waβa,F (x)

.

Given any system S of subsets F of A where the convex hulls of the F
form a polyhedral decomposition of ∆A, the control surface of S is

YA,w ,B(S) :=
⋃
F
YF ,w ,B .

It is regular if S is a regular subdivision.

Regular Not Regular
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Toric degenerations

Given A,w ,B and a function λ : A → R inducing a regular subdivision Sλ,
the toric degenerations of XA,w and YA,w ,B are families of varieties
depending upon t ∈ R>:
Replace the weight w by wλ(t), where w(t)a := tλ(a)wa, and define

XA,w ,λ(t) := XA,wλ(t) and YA,w ,Bλ(t) := XA,wλ(t),B

λ :=

0 2 2 0
1 1 1 1
1 2 2 1
0 1 1 0.5

Regular subdivision
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Toric Degenerations of Bézier Patches

Theorem

A regular control surface is the limit of the corresponding patch under a
toric degeneration. In the Hausdorff metric,

lim
t→∞

YA,w ,B,λ(t) = YA,w ,B(Sλ) .

t = 1

πB

?

Toric degenerations of a rational cubic Bézier curve
t = 3

πB

?

t = 9

πB

?
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Limiting Positions are Regular

Theorem

Given A ⊂ Rd and control points B ⊂ Rn, if Y ⊂ Rn is a set for which
there exists a sequence w1,w2, . . . of weights such that

Y = lim
i→∞

YA,w i ,B

in the Hausdorff metric, then Y is a regular control surface for A,B.

a limit never a limit
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One Page About the Proof

First, consider the sequence of toric varieties XA,w i ⊂ A.

Work of Kapranov, Sturmfels, and Zelevinsky implies that the set of
all translated toric varieties is naturally compactified by the set of
regular control surfaces in A, and this compactification equals the
secondary polytope of A.
M. M. Kapranov, B. Sturmfels, and A. V. Zelevinsky, Quotients of toric varieties, Math. Ann. 290 (1991), no. 4,
643–655.

M. M. Kapranov, B. Sturmfels, and A. V. Zelevinsky, Chow polytopes and general resultants, Duke Math. J. 67
(1992), no. 1, 189–218.

Thus some subsequence of {XA,w i} converges to a regular control
surface in A, whose image must equal Y , which is therefore a
regular control surface.

We do not have a simple way to recover the lifting function
λ or the weight w from the sequence w1,w2, . . . .
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Irrational Degenerations

All definitions and questions make sense for irrational patches, which are
when A consists of real (not-necessarily rational) vectors.
In particular, regular control surfaces and toric degenerations make sense
for irrational patches.
Theorem 1 (regular control surfaces are limits of toric degenerations) holds
for irrational patches.
There is no version of Hilbert schemes (a tool for Kapranov, et al.) for
irrational patches, nor can nice algebra be used to study them.

Nevertheless, with Postinghel and Villamizar, we can show the analog of
Theorem 3 for irrational patches, using nothing but the equations and our
collective wits. The result is an interpretation of the secondary polytope of
any vector configuration A as the natural space of toric
degenerations of XA under the Hausdorff metric.
Next Step: Fibre polytopes and degenerations?
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