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Abstract. We present explicit optimality conditions for a nonsmooth func-

tional defined over the (properly or weakly) Pareto set associated with a multi-

objective linear-quadratic control problem. This problem is very difficult even
in a finite dimensional setting , i.e. when, instead of a control problem, we

deal with a mathematical programming problem. Amongst various applica-

tions, our problem may be considered as a response for a decision maker when
he has to choose a solution over the solution set of the grand coalition p-player

cooperative differential game.

1. Introduction

Optimizing a real valued function over an efficient set (or Pareto frontier) asso-
ciated with a vector (multiobjective) optimization problem could be a very useful
tool for a decision maker. Indeed, the efficient set is usually very large (infinite),
and choosing an efficient solution may be done having an additional objective in
mind. Also, solving this problem may avoid generating all the Pareto frontier.

Beginning with the work of Philip [25], the problem of optimizing a scalar ob-
jective over the efficient set of a multicriteria programming problem has been in-
tensively studied in the last decades (see e.g. [2, 4, 5, 6, 7, 8, 9, 12, 13, 14, 17, 19]
and [27] for a survey). In all these papers the efficient set is associated with a
multicriteria mathematical programming problem, not with a multiobjective con-
trol problem. In the case of a multiobjective mathematical programming problem,
optimizing a real valued function over the efficient set is already very difficult due
to the fact that the efficient set is not described explicitly and, in general, it is not
convex (even for linear multiobjective programming).

Our paper continues the research initiated in [10], and is probably the second
paper dealing with the much more difficult problem of optimizing a scalar objective
over the (weakly or properly) efficient set associated with a multiobjective control
problem.

To motivate our problem we notice that a p-objective control problem can de-
scribe in particular a p-player grand coalition cooperative differential game (see
e.g. [16]) which takes place during a finite period of time [t0, t1]. Indeed, consider
p-players such that player i interacts with its own control ui ∈ Ui and wants to
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minimize his objective

Ji(x, u1, · · · , up) = αi(x(t1)) +
∫ t1

t0

fi(t, x(t), u1(t), . . . , up(t))dt

where the state x(t) ∈ Rn, t ∈ [t0, t1] satisfies the differential system

ẋ(t) = g(t, x(t), u1(t), . . . , up(t)), t ∈ [t0, t1], x(t0) = x0.

The initial state x0 is specified. These objectives are often conflictual.
To simplify notation, denote u = (u1, . . . , up). A Pareto process is a feasible pair

(x̄, ū) (i.e. it satisfies the above differential system) such that there is no other
feasible pair (x, u) satisfying Ji(x, u) ≤ Ji(x̄, ū), i = 1, . . . , p with at least one
inequality strictly verified.

In other words, for a Pareto process there is no conflict anymore amongst the
objectives; that is to say, none of the objective functional values can be improved
further, without deteriorating another. Thus all Pareto processes correspond to
strategies according to the grand coalition cooperative differential game between
the p-players.

The drawback is that the set of all Pareto processes is often very large, therefore
a decision maker has to choose such a process using his own criteria. Thus we are
led to consider the problem

min J0(x, u)
over the set of Pareto processes associated with the grand coalition cooperative
p-player differential game.

The paper [10] deals with a p-objective convex control problem. Using weighted
sum scalarization techniques, i.e., considering a convex combination of the p-objective,
it is obtained a scalar convex control problem. It is shown that a feasible pair
(x(·), u(·)) is a weakly (resp. properly) Pareto process1 iff there exists at least a
nonzero vector of nonnegative weights (resp. positive weights) θ = (θ1, . . . , θp) such
that (x(·), u(·)) is an optimal control process for the scalarized problem. On the
other hand, under some suitable conditions it is shown that for each nonnegative
nonzero θ, the scalarized problem has a unique optimal solution (x(·, θ), u(·, θ)).
Hence the map θ 7→ (x(·, θ), u(·, θ)) is a surjection from the set of nonzero nonneg-
ative weights (resp. positive weights) to the set of weakly (resp. properly) Pareto
processes.

Thus, theoretically, the problem min J0(x, u) over the set of (weakly or properly)
Pareto processes associated to the p-objective convex control problem becomes the
finite dimensional problem minθ Ĵ0(θ) := J0(x(·, θ), u(·, θ)). The major difficulty is
to find x(·, θ), u(·, θ) and their derivatives with respect to θ. Thus, in the paper [10]
are used the necessary conditions for (x(·, θ), u(·, θ)) together with the adjoint state
as the solution of a bilocal differential system obtained from Pontryagin maximum
principle. Some numerical approaches, based on shooting method for the bilocal
problem and a barrier method or an inner loop algorithm are briefly presented.
However this presentation is rather theoretical, and finding concrete numerical is-
sues remains a challenging task.

In the present paper we consider the particular but important case of a linear-
quadratic p-objective control problem, and the additional objective J0 may be

1see Section 2 for the definition of weakly or properly Pareto process
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nonsmooth. Then, different from paper [10], we find an explicit expression of
(x(·, θ), u(·, θ)) and their derivatives with respect to θ as a function of θ using
a 2n × 2n resolvent matrix of associated with a linear differential system. More-
over, we do not need to approximately solve the bilocal (limit) problem which has
been essential in the approach presented in [10]. Thus, different from paper [10], we
find explicit necessary optimality conditions for our problem. More precisely, we
consider J0 nonsmooth for the case of properly Pareto processes, and J0 smooth for
the case of weakly Pareto processes. Also, in some particular cases, these conditions
can be expressed using only an n× n resolvent matrix of the original dynamic sys-
tem. These explicit conditions allow a direct numerical approach of this problem.
Of course, from practical point of view, finding a closed form expression, or even
just numerically computing the resolvent matrix can be quite challenging.

Finally, to illustrate our approach we present some examples using Wolfram
Mathematica 7.

2. Problem statement and basic facts

We consider the following problem

(P) min J0(x, u)

over the (weakly or properly) efficient set of the p-objectives linear-quadratic control
problem

(pOLQ) min (J1(x, u), · · · , Jp(x, u)) subject to

ẋ(t) = A(t)x(t) +B(t)u(t) a.e. on [t0, t1](1)
x(t0) = x0,(2)

where A : [t0, t1] → Rn×n, B [t0, t1] → Rn×m are continuous matrix valued func-
tions, the control u ∈ Lm2 ([t0, t1]): the Hilbert space of (Lebesgue) measurable
functions from [t0, t1] to Rm, such that the function t 7→ uT (t)u(t) is integrable

over [t0, t1] endowed with the norm ‖u‖2 :=
( t1∫
t0

uT (t)u(t)dt
)1/2. The state x ∈

Hn
1 ([t0, t1]): the Hilbert space of absolutely continuous functions from [t0, t1] to Rn

with the derivative in Ln2 ([t0, t1]), endowed with the norm ‖x‖ :=
(
‖ẋ‖2 +‖x‖2

)1/2.
The initial state x0 is specified. The functions Ji : Hn

1 ([t0, t1]) × Lm2 ([t0, t1]) → R
are defined by

(3) Ji(x, u) = x(t1)TGix(t1) +

t1∫
t0

[
x(t)TQi(t)x(t) + u(t)TRi(t)u(t)

]
dt

for each i ∈ {1, · · · , p}, where Qi, Gi : [t0, t1] → Rn×n and Ri : [t0, t1] → Rm×m
are continuous, positive semi-definite matrix valued functions. Moreover, when we
deal with the properly efficient set we suppose that for at least one i, Ri is positive
definite matrix valued, and when we deal with the weakly efficient set we assume
that for each i ∈ {1, . . . , p} Ri is positive definite matrix valued. Note that Ji are
convex for all i ∈ {1, · · · , p}

As we will see later in Remark 3.1, every (weakly or properly) efficient process
(x(·), u(·)) is continuously differentiable. So, we consider objective J0 defined over
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the set Cn([t0, t1])× Cm([t0, t1]) of continuous functions (x(·), u(·)) from [t0, t1] to
Rn × Rm by

J0(x, u) = ψ0(x(t1)) +
∫ t1

t0

f0(t, x(t), u(t))dt,

where functions f0 : [t0, t1] × Rn × Rm → R, ψ0 : Rn → R are (at least)
continuous.

Denote by S the feasible set:

S := {(x, u) ∈ Hn
1 ([t0, t1])× Lm2 ([t0, t1]) : (x, u) satisfies (1), (2)}

Definition 2.1. For problem (pOLQ), the element (x̄, ū) ∈ S is said to be
(i) an efficient or Pareto control process if there is no element (x, u) ∈ S such

that

Ji(x, u) ≤ Ji(x̄, ū) ∀i ∈ {1, · · · , p}, and there exists i0 ∈ {1, · · · , p} : Ji0(x, u) < Ji0(x̄, ū).

(ii) a weakly efficient or weakly Pareto control process if there is no element
(x, u) ∈ S such that Ji(x, u) < Ji(x̄, ū) ∀i ∈ {1, · · · , p}.

(iii) a properly efficient or properly Pareto control process if it is an efficient
control process and there exists a real number M > 0 so that for every
i ∈ {1, · · · , p} and every (x, u) ∈ S with Ji(x, u) < Ji(x̄, ū) at least one
k ∈ {1, · · · , p} exists with Jk(x, u) > Jk(x̄, ū) and

Ji(x̄, ū)− Ji(x, u)
Jk(x, u)− Jk(x̄, ū)

≤M.

It is well-known that for each u ∈ Lm2 ([t0, t1]), there exists a unique solution xu
(in the sense of Caratheodory) for the problem (1) and (2), xu ∈ Hn

1 ([t0, t1]). For
all i ∈ {0, · · · , p}, denote J̃i(u) := Ji(xu, u). Moreover, using the variations of the
constants formula, we can see that the map u 7→ xu is affine on Lm2 ([t0, t1]). Hence
it is easy to see that J̃i(·) is convex on Lm2 ([t0, t1]) for all i ∈ {1, · · · , p}. Thus, the
problem (pOLQ) can be rewritten as a p−objective convex optimization problem:

(pOCO) min
u∈Lm

2 ([t0,t1])

(
J̃1(u), · · · , J̃p(u)

)
.

Definition 2.2. An element u ∈ Lm2 ([t0, t1]) will be called efficient (resp. weakly
efficient, properly efficient) control of the problem (pOCO) iff (xu, u) is an efficient
(resp. weakly efficient, properly efficient) control process of the problem (pOLQ).

Denote by

σ- argmin
u∈Lm

2 ([t0,t1])

(
J̃1(u), · · · , J̃p(u)

)
the set of all weakly efficient solutions to problem (pOCO) (when σ = we), resp.
properly efficient solutions (when σ = pe).

A well-known scalarization result for convex multiobjective optimization (see e.g.
[21]) gives us the following.

Theorem 2.1. Let u ∈ Lm2 ([t0, t1]). The control process (xu, u) is weakly (resp.
properly) efficient for the problem (pOLQ) iff there exist nonnegative real numbers
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θ1, · · · , θp with
p∑
i=1

θi = 1 (resp. positive real numbers) such that u is an optimal

control for the (scalar) linear-quadratic control problem

(SLQ)θ min
u∈Lm

2 ([t0,t1])

p∑
i=1

θiJ̃i(u),

where θ = (θ1, · · · , θp).

Denote Θσ =

{θ = (θ1, · · · , θp) : θi ≥ 0, ∀i ∈ {1, · · · , p} and
p∑
i=1

θi = 1} if σ = we

{θ = (θ1, · · · , θp) : θi > 0 ∀i ∈ {1, · · · , p} if σ = pe.

Hypothesis (Hc)σ from Theorem 3.2 given in [10] is satisfied, hence the following
holds.

Theorem 2.2. For each θ ∈ Θwe(resp Θpe), there exists a unique optimal control
uθ for problem (SLQ)θ. So, according to Theorem 2.1, uθ is a weakly efficient(resp
properly efficient) control for problem (pOCO).

Conversely, for each weakly efficient(resp properly efficient) control u ∈ Lm2 ([t0, t1])
of problem (pOCO), there exists θ ∈ Θwe (resp Θpe) such that u is the optimal
control of problem (SLQ)θ. In other words the map χ : θ 7→ uθ is a surjection from
Θσ to σ- argmin

u∈Lm
2 ([t0,t1])

(
J̃i(u)), · · · , J̃p(u)

)
, i.e.

σ- argmin
u∈Lm

2 ([t0,t1])

(
J̃i(u)), · · · , J̃p(u)

)
= χ(Θσ),

for σ = we or σ = pe.

Thus Theorem 2.2, shows that for each θ ∈ Θwe(resp Θpe), a unique u is found,
solving the problem (SLQ)θ. The solution (x, u) depends on the value θ. So, for
each t ∈ [t0, t1], we will denote the optimal state value by x(t, θ) and the optimal
control value by u(t, θ) to indicate this dependence on θ. Since the range of the
mapping χ is the set of all weakly(resp. properly) efficient controls, the σ- efficient
set is given by the set of all u(·, θ) when θ is describing Θσ.

We can conclude that problem (P) is equivalent to the following problem

(Pwe) min
θ∈Θwe

Ĵ0(θ),

when we consider the weakly efficient set, and to the problem

(Ppe) min
θ∈Θpe

Ĵ0(θ),

when we deal with the properly efficient set.
The cost function of problem (Pσ) is given by Θσ 3 θ 7→ Ĵ0(θ) := J̃0(u(·, θ)) =

J0(x(·, θ), u(·, θ)), hence

Ĵ0(θ) = ψ0(x(t1, θ)) +

t1∫
t0

f0(t, x(t, θ), u(t, θ))dt.

The equivalence is understood in the sense that for every optimal solution (x, u)
of problem (P) (when dealing with the σ-efficient set) there exists at least one
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optimal solution θ ∈ Θσ of problem (Pσ) such that (x(·), u(·)) = (x(·, θ), u(·, θ))
and the optimal values coincide. Conversely, for every optimal solution θ ∈ Θσ of
problem (Pσ), (x(·), u(·)) = (x(·, θ), u(·, θ)) is an optimal solution of problem (P)
and the optimal values coincide.

Moreover, (P) has an optimal solution iff (Pσ) has an optimal solution.

In order to solve (Pσ) we need to show the existence and compute the derivatives
with respect to θ of the functions (t, θ) 7→ x(t, θ) and (t, θ) 7→ u(t, θ).

3. Existence and computation of the derivatives with respect to θ of
the functions x(·, ·) and u(·, ·) in the general case

Denote Q(t, θ) :=
p∑
i=1

θiQi(t), R(t, θ) :=
p∑
i=1

θiRi(t), G(θ) :=
p∑
i=1

θiGi. Problem

(SLQ)θ can be written as the following

min
(
xT (t1)G(θ)x(t1) +

t1∫
t0

(
x(t)TQ(t, θ)x(t) + u(t)TR(t, θ)u(t)

)
dt
)

with the conditions (x, u) ∈ H1[t0, t1]n×Lm2 [t0, t1], and (x, u) satisfies (1), (2). Note
that, following our hypotheses, for each (t, θ) ∈ [t0, t1] × Θσ, when we deal with
problem (Pσ) R(t, θ) is positive definite, and G(θ), Q(t, θ) are positive semidefinite
matrices.

The following result, which is well-known for L∞ controls (or piece-wise con-
tinuous control) gives necessary and sufficient optimality conditions for problem
(SLQ)θ. Since we use L2 controls, we present the proof in the appendix for the
reader’s convenience.

Proposition 3.1. Let θ ∈ Θσ be given. Let (x(·), u(·)) ∈ Hn
1 ([t0, t1])×Lm2 ([t0, t1])

verify (1) and (2). Then (x(·), u(·)) is an optimal control process for problem
(SLQ)θ if and only if there exists λ(·) ∈ Hn

1 ([t0, t1]) such that, for almost all
t ∈ [t0, t1]:

∂λ

∂t
(t) = −Q(t, θ)x(t)−AT (t)λ(t)(4)

u(t) = −R−1(t, θ)BT (t)λ(t)(5)
λ(t1) = G(θ)x(t1)(6)

Thus, denoting λ(·, θ) the solution of (4 - 6), we can conclude that the optimal
control process (x(·, θ), u(·, θ)) satisfies together with λ(·, θ) the following relations

∂x

∂t
(t, θ) = A(t)x(t, θ)−B(t)R−1(t, θ)BT (t)λ(t, θ)(7)

∂λ

∂t
(t, θ) = −Q(t, θ)x(t)−AT (t)λ(t, θ)(8)

x(t0, θ) = x0,(9)
λ(t1, θ) = G(θ)x(t1, θ)(10)

u(t, θ) = −R−1(t, θ)BT (t)λ(t, θ)(11)
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Remark 3.1. Since (x(·, θ), u(·, θ), λ(·, θ)) ∈ Hn
1 ([t0, t1])×Lm2 ([t0, t1])×Hn

1 ([t0, t1])
satisfies (7,8,9,10,11) a posteriori it is obvious that x(·, θ), u(·, θ) and λ(·, θ)) are
continuously differentiable.

Consider now, for a given θ ∈ Θσ, the matrix valued function P (·, θ) : [t0, t1]→
Rn×n which is the unique solution of the Riccati matrix differential equation (RMDE):
∂P

∂t
(t, θ) = −A(t)TP (t, θ)−P (t, θ)A(t)−Q(t, θ)+P (t, θ)B(t)R(t, θ)−1B(t)TP (t, θ)

satisfying the final time condition

P (t1, θ) = G(θ).

It is well-known (see e.g. [1] ) that this Cauchy problem (under our hypotheses
about matrices G,Q,R) has a unique solution defined over [t0, t1] which is a sym-
metric positive definite matrix for each t.

The proof of the following is immediate by computing the derivative of λ(·, θ)−
P (·, θ)x(·, θ) and using the fact that this function vanishes at t1.

Lemma 3.1. We have

(12) λ(·, θ) = P (·, θ)x(·, θ).

The following result can be found in [1], but for the reader’s convenience we will
give a sketch of the proof in the Appendix.

Lemma 3.2. Consider for all (t, θ) ∈ [t0, t1]×Θσ the 2n× 2n matrix

L(t, θ) =
(
A(t) −B(t)R−1(t, θ)BT (t)
−Q(t, θ) −AT (t)

)
Let X(t, θ) and Λ(t, θ) be n× n matrices, unique solution of the differential linear
system

(13)
∂

∂t

(
X(t, θ)
Λ(t, θ)

)
= L(t, θ)

(
X(t, θ)
Λ(t, θ)

)
with the final time condition

(14)
(
X(t1, θ)
Λ(t1, θ)

)
=
(

In
G(θ)

)
.

Then, for all (t, θ) ∈ [t0, t1]×Θσ, X(t, θ) is invertible and

P (t, θ) = Λ(t, θ)X−1(t, θ).

Corollary 3.1. For each θ ∈ Θσ, let Ψ(·, ·, θ) be the resolvent (or state transition)
matrix of (13), i.e., for each s ∈ [t0, t1], Ψ(·, s, θ) satisfies the Cauchy problem:

∂Ψ
∂t

(t, s, θ) = L(t, θ)Ψ(t, s, θ), Ψ(s, s, θ) = I2n.

Let us divide the matrix Ψ(t, s, θ) into four n× n blocks

Ψ(t, s, θ) =
(

Ψ11(t, s, θ) Ψ12(t, s, θ)
Ψ21(t, s, θ) Ψ22(t, s, θ)

)
.

Then the matrix [Ψ11(t, t1, θ) + Ψ12(t, t1, θ)G(θ)] is invertible and

(15) P (t, θ) =
[
Ψ21(t, t1, θ)+Ψ22(t, t1, θ)G(θ)

][
Ψ11(t, t1, θ)+Ψ12(t, t1, θ)G(θ)

]−1

.
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Theorem 3.1. Let θ ∈ Θσ be given. The solution (x(·, θ), λ(·, θ)) of the differential
linear system (7,8) verifying the boundary conditions (9,10) is given for all t ∈
[t0, t1] by

x(t, θ) = [Ψ11(t, t0, θ) + Ψ12(t, t0, θ)P (t0, θ)]x0(16)
λ(t, θ) = [Ψ21(t, t0, θ) + Ψ22(t, t0, θ)P (t0, θ)]x0,(17)

where P (·, ·) is given by (15).
The functions x(·, ·), λ(·, ·) are continuously differentiable on [t0, t1] × Θσ and,

for all i = 1, . . . , p

∂x

∂θi
(t, θ) = [

∂

∂θi
Ψ11(t, t0, θ) +

∂

∂θi
Ψ12(t, t0, θ)P (t0, θ)(18)

+Ψ12(t, t0, θ)
∂

∂θi
P (t0, θ)]x0

∂λ

∂θi
(t, θ) = [

∂

∂θi
Ψ21(t, t0, θ) +

∂

∂θi
Ψ22(t, t0, θ)P (t0, θ)(19)

+Ψ22(t, t0, θ)
∂

∂θi
P (t0, θ)]x0

where

∂

∂θi
P (t0, θ) =

[ ∂
∂θi

Ψ21(t0, t1, θ) +
∂

∂θi
Ψ22(t0, t1, θ)G(θ) + Ψ22(t0, t1, θ)Gi(θ)

]
(20)

×
[
Ψ11(t0, t1, θ) + Ψ12(t0, t1, θ)G(θ)

]−1

+
[
Ψ21(t0, t1, θ) + Ψ22(t0, t1, θ)G(θ)

]
×
[
−
[
Ψ11(t0, t1, θ) + Ψ12(t0, t1, θ)G(θ)

]−1[ ∂
∂θi

Ψ11(t0, t1, θ) +
∂

∂θi
Ψ12(t0, t1, θ)G(θ)

+Ψ12(t0, t1, θ)Gi(θ)
][

Ψ11(t0, t1, θ) + Ψ12(t0, t1, θ)G(θ)
]−1
]

Proof. Using the differentiability with respect to parameters of a system of differ-
ential equations we obtain immediately that Ψ(·, ·, ·) is continuously differentiable.
This implies from (15) that P (·, ·) is continuously differentiable, hence x(·, ·) and
λ(·, ·) are continuously differentiable. Indeed,(

x(t, θ)
λ(t, θ)

)
= Ψ(t, t0, θ)

(
x0

λ(t0, θ)

)
= Ψ(t, t0, θ)

(
x0

P (t0, θ)x0

)
the last relation following from (12). Thus we obtain immediately (16) and (17).
Then, using differentiation rules we obtain easily (18, 19, 20). �

Using (11) we obtain immediately the following.

Corollary 3.2. The function u(·, ·) is continuously differentiable, and for all i =
1, . . . , p, (t, θ) ∈ [t0, t1]×Θσ, we have

∂u

∂θi
(t, θ) = R−1(t, θ)Ri(t)R−1(t, θ)BT (t, θ)λ(t, θ)(21)

−R−1(t, θ)BT (t, θ)
∂λ

∂θi
(t, θ),
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where λ(t, θ) is given by (17), and ∂λ
∂θi

(t, θ) is given by (19).

Remark 3.2. Theorem 3.1, Corollary 3.2, and relation (15) show that we can
express the functions x(·, θ) and u(·, θ) and their partial derivatives with respect
to θ using only Ψ(·, ·, θ), x0 and G(θ). This fact will allow us to give explicit
optimality conditions. The matrix Ψ plays a key role in this computation. Note
that for a constant matrix with respect to t, L(·, θ) = L(θ), the matrix

Ψ(t, s, θ) = exp((t− s)L(θ)).

Of course, this approach is based essentially on the possibility of computing the
resolvent matrix Ψ(·, ·, θ) which could be quite challenging.

Now it should be useful to compare this result with the approach given in [10].
Thus, in [10], it is shown that under some suitable conditions the functions θ 7→
(x(t, θ), u(t, θ)) are of class Ck, k ≥ 2, for each fixed t ∈ [t0, t1]. Then, to handle
the variations of x and u with respect θ, one should solve by the shooting method the
bilocal problem obtained from the Pontryagin maximum principle, and to compute
the sensitivity derivatives ∂

∂θ (x(t, θ), u(t, θ)) from a variational differential linear
system using again the shooting method. Note that the shooting method gives ap-
proximate solutions and is based on Newton’s method for solving a nonlinear equa-
tion. Hence, if one wants to apply this approach for the case of a linear-quadratic
p-objective problem, it should compute anyway some resolvent matrices combined
with the shooting method, thus the use of Newton’s method. Therefore the approach
presented in [10] is rather theoretical, and a direct implementation of the numerical
methods presented is still a difficult task.

Next we will consider different particular cases.

4. When Qi = 0

In this section we consider the particular case when Qi(·) = 0,∀i ∈ {1, · · · , p}.
In this case we can give the expression of x, u by using the resolvent matrix of A(t)
instead of the resolvent matrix of L(t, θ).

Let Φ : [t0, t1] × [t0, t1] → Rn×n be resolvent matrix associated with A(·), i.e.,
for any s ∈ [t0, t1], Φ(·, s) is the unique solution of the Cauchy problem

∂Φ
∂t

(t, s) = A(t)Φ(t, s),∀t ∈ [t0, t1]

Φ(s, s) = In

The following result is easy to prove using the properties of Φ(·, ·).

Lemma 4.1. The matrix valued function Φ̃ : [t0, t1] × [t0, t1] → Rn×n, defined by
Φ̃(t, s) = Φ(s, t)T is the resovent matrix associated with −AT (t).

Lemma 4.2. Let U, V,W : [t0, t1] × [t0, t1] → Rn×n be continuous matrix valued
functions. Let Φ1(·, ·) and Φ2(·, ·) be the resolvent matrices associated with U(·) and

W (·) respectively. Then (t, s) 7→ Φ(t, s) =
(

Φ1(t, s) Φ12(t, s)
0 Φ2(t, s)

)
is the resolvent
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matrix associated with the matrix
(
U(t) V (t)

0 W (t))

)
,where

Φ12(t, s) =

t∫
s

Φ1(t, τ)V (τ)Φ2(τ, s)dτ(22)

Proof. It is obvious that Φ12(s, s) = 0. Furthermore, from our hypothesis we have
Φ1(s, s) = Φ2(s, s) = In, hence Φ(s, s) = I2n.

According to (22), we have

∂Φ12

∂t
(t, s) = Φ1(t, t)V (t)Φ2(t, s) +

t∫
s

∂Φ1

∂t
(t, τ)V (τ)Φ2(τ, s)dτ

= V (t)Φ2(t, s) + U(t)Φ12(t, s),

therefore

∂

∂t

(
Φ1(t, s) Φ12(t, s)

0 Φ2(t, s)

)
=
(
U(t) V (t)

0 W (t)

)(
Φ1(t, s) Φ12(t, s)

0 Φ2(t, s)

)
.

�

Thus we obtain immediately the following result.

Corollary 4.1. Assume Qi(·) = 0, i = 1, . . . , p, and let Φ(·, ·) be the resolvent
matrix of A(·). Then, the resolvent matrix Ψ(·, ·, θ) of the matrix L(·, θ) introduced
in Lemma 3.2 becomes

(23) Ψ(t, s, θ) =
(

Φ(t, s) Ψ12(t, s, θ)
0 ΦT (s, t)

)
(t, s, θ) ∈ [t0, t1]× [t0, t1]×Θσ,

where

(24) Ψ12(t, s, θ) = −
∫ t

s

Φ(t, τ)B(τ)R−1(τ, θ)BT (τ)ΦT (s, τ)dτ.

Therefore formulae (11), (16), (18) and (21) become much simpler, so we can
state the following.

Theorem 4.1. With the hypotheses and notations of the previous Corollary we
have for all (t, s, θ) ∈ [t0, t1]× [t0, t1]×Θσ
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x(t, θ) =
{

Φ(t, t0) + Ψ12(t, t0, θ)ΦT (t1, t0)G(θ)(25) [
Φ(t0, t1) + Ψ12(t0, t1, θ)G(θ)

]−1}
x0,

u(t, θ) = −R−1(t, θ)BT (t)ΦT (t1, t)G(θ) ·(26) [
Φ(t0, t1) + Ψ12(t0, t1, θ)G(θ)

]−1

x0,

∂x

∂θi
(t, θ) =

{[∂Ψ12

∂θi
(t, t0, θ)ΦT (t1, t0)G(θ) + Ψ12(t, t0, θ)ΦT (t1, t0)Gi

]
(27) [

Φ(t0, t1) + Ψ12(t0, t1, θ)G(θ)
]−1

−Ψ12(t, t0, θ)ΦT (t1, t0)G(θ)

{[
Φ(t0, t1) + Ψ12(t0, t1, θ)G(θ)

]−1[∂Ψ12

∂θi
(t0, t1, θ)G(θ) +

Ψ12(t0, t1, θ)Gi
][

Φ(t0, t1) + Ψ12(t0, t1, θ)G(θ)
]−1}}

x0

∂u

∂θi
(t, θ) =

{[
R−1(t, θ)Ri(t)R−1(t, θ)BT (t)ΦT (t1, t)G(θ)−(28)

R−1(t, θ)BT (t)ΦT (t1, t)Gi
][

Φ(t0, t1) + Ψ12(t0, t1, θ)G(θ)
]−1

+R−1(t, θ)BT (t)ΦT(t1, t)G(θ)
[
Φ(t0, t1)+Ψ12(t0, t1, θ)G(θ)

]−1

[∂Ψ12

∂θi
(t0, t1, θ)G(θ) + Ψ12(t0, t1, θ)Gi

]
[
Φ(t0, t1) + Ψ12(t0, t1, θ)G(θ)

]−1}
x0,

where

(29)
∂Ψ12

∂θi
(t, s, θ) =

∫ t

s

Φ(t, τ)B(τ)R−1(τ, θ)Ri(τ)R−1(τ, θ)BT (τ)ΦT (s, τ)dτ.

5. When the coefficients are constant

Assume that functions A(·), B(·), Qi(·), Ri(·) are constants, i = 1, . . . , p. In
this case L(·, θ) = L(θ) is a constant function for all θ ∈ Θσ, and Ψ(t, s, θ) =
exp((t− s)L(θ)), (t, s, θ) ∈ [t0, t1]× [t0, t1]×Θσ. Thus, the partial derivatives with
respect to θi can be explicitly expressed in term of

∂L

∂θi
(θ) =

(
0 BR−1(θ)RiR−1(θ)BT

−Qi 0

)
.

This fact simplifies the computations and improve the numerical accuracy. Actually
we have the following result which is probably known.

Proposition 5.1. For any t ∈ R, θ ∈ Θσ and i = 1, . . . , p, we have

(30)
∂

∂θi
exp(tL(θ)) = t

∫ 1

0

exp((1− τ)tL(θ))
∂L

∂θi
(t, θ) exp(τtL(θ))dτ.
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Proof. To simplify notations we will put L(θ) = L. We have

t

∫ 1

0

exp((1− τ)tL(θ))
∂L

∂θi
(θ) exp(τtL(θ))dτ(31)

=
∫ 1

0

t

∞∑
n=0

(1− τ)ntn

n!
Ln

∂L

∂θi

∞∑
n=0

τntn

n!
Lndτ

=
∫ 1

0

∞∑
n=0

(
n∑
i=0

tn+1(1− τ)iLi

i!
∂L

∂θi

τn−iLn−i

(n− i)!

)
dτ

=
∞∑
n=0

tn+1

(
n∑
i=0

∫ 1

0

(1− τ)iτn−idτ
Li

i!
∂L

∂θi

Ln−i

(n− i)!

)

=
∞∑
n=0

tn+1

(
n∑
i=0

B(i+ 1, n− i+ 1)
Li

i!
∂L

∂θi

Ln−i

(n− i)!

)

=
∞∑
n=0

tn+1

(n+ 1)!

(
n∑
i=0

Li
∂L

∂θi
Ln−i

)

=
∞∑
n=0

tn+1

(n+ 1)!
∂

∂θi
Ln+1

=
∂

∂θi
exp(tL(θ))

�

6. Optimality conditions for problems (Pσ)

In the following we use Clarke’s generalized gradient of a locally Lipschitz func-
tional (for more details see [11]), so we will recall some basic definitions.

Let X be a Banach space, let X∗ denote its topological dual (whose elements
are continuous linear functionals on X), and let a function f : X → R be given.
Assume that f is Lipschitz in a neighborhood of a point x ∈ X. The generalized
gradient of f at x, denoted ∂f(x), is the subset of X∗ given by

{ξ ∈ X∗ : f◦(x; v) ≥ 〈ξ, v〉 for all v ∈ X}.

Here 〈·, ·〉 denotes the duality scalar product (i.e. for any ξ ∈ X∗, and for any
v ∈ X, 〈ξ, v〉 stands for ξ(v)), and f◦(x; v) denotes the generalized directional
derivative of f at x in the direction v,

f◦(x; v) = lim sup
y → x
t↓0

f(y + tv)− f(y)
t

.

We will say that f is regular at x if for all v ∈ X, the one-sided directional

derivative f ′(x; v) = lim
t↓0

f(x+ tv)− f(x)
t

exists, and f◦(x; v) = f ′(x; v).

We will identify the dual space of the euclidean space Rn (respectively Rm) with
Rn (resp. Rm), hence 〈·, ·〉 will represent the usual scalar product. Now, since Θpe

is an open set in Rp, and using Proposition 2.3.2 (Fermat rule), Propositions 2.3.3
and 2.3.15, and Theorems 2.3.10 and 2.7.2 from [11], we obtain easily the following.
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Theorem 6.1. Suppose that the function ψ0 is locally Lipschitz on Rn, and that the
continuous function f0 has the property that there exists a function k ∈ L1([t0, t1])
such that, for all (x′, u′), (x′′, u′′) ∈ Rn × Rm,

|f0(t, x′, u′)− f0(t, x′′, u′′)| ≤ k(t)
(
|x′ − x′′|n + |u′ − u′′|m

)
a.e. on [t0, t1],

where | · |n stands for a norm in Rn. Moreover, suppose that for each t ∈ [t0, t1],
the function f0(t, ·, ·) is regular at any (x, u) ∈ Rn × Rm.

Let θ̂ ∈ Θpe solve (Ppe). Then, there exist ζ ∈ ∂ψ0(x(t1, θ̂)) ⊂ Rn and (η(·), ξ(·)) :
[t0, t1]→ Rn × Rm) such that, for all t ∈ [t0, t1]:

(η(t), ξ(t)) ∈ ∂xf0(t, x(t, θ̂), u(t, θ̂))× ∂uf0(t, x(t, θ̂), u(t, θ̂)) ⊂ Rn × Rm,

and, for all i = 1, . . . , p,

t 7→ 〈η(t),
∂x

∂θi
(t, θ̂)〉+ 〈ξ(t), ∂u

∂θi
(t, θ̂)〉 ∈ L1([t0, t1])(32)

〈ζ, ∂x
∂θi

(t1, θ̂)〉+
∫ t1

t0

(
〈η(t),

∂x

∂θi
(t, θ̂)〉+ 〈ξ(t), ∂u

∂θi
(t, θ̂)〉

)
dt = 0,(33)

where the functions x(·, θ̂) and u(·, θ̂) and their partial derivatives with respect to
θi are given by (16, 11, 17, 18, 21, 19, 20) replacing θ by θ̂.

In the particular case when ψ0 and f0 are smooth we obtain immediately using
Proposition 2.3.6 from [11] the following.

Corollary 6.1. Assume that f0 and ψ0 are continuously differentiable.
Let θ̂ ∈ Θpe solve (Ppe). Then, for all i = 1, . . . , p,

〈∂ψ0

∂x
(x(t1, θ̂),

∂x

∂θi
(t1, θ̂)〉+(34)∫ t1

t0

(
〈∂f0

∂x
(t, x(t, θ̂), u(t, θ̂)),

∂x

∂θi
(t, θ̂)〉+ 〈∂f0

∂u
(t, x(t, θ̂), u(t, θ̂)),

∂u

∂θi
(t, θ̂)〉

)
dt = 0,

where the functions x(·, θ̂) and u(·, θ̂) and their partial derivatives with respect to
θi are given by (16, 11, 17, 18, 21, 19, 20) replacing θ by θ̂.

For the problem (Pwe), we consider to simplify presentation only the smooth
case. Then, using the Karush-Kuhn-Tucker Theorem, we obtain the following.

Theorem 6.2. Let θ̂ ∈ Θwe solve (Pwe), with ψ0 and f0 continuously differentiable.
Then, there are multipliers µi ≥ 0, ∀i ∈ {1, · · · , p} and ν ∈ R such that, for all
i ∈ {1, · · · , p}∫ t1

t0

(
〈∂f0

∂x
(t, x(t, θ̂), u(t, θ̂)),

∂x

∂θi
(t, θ̂)〉+ 〈∂f0

∂u
(t, x(t, θ̂), u(t, θ̂)),

∂u

∂θi
(t, θ̂)〉

)
dt(35)

+ 〈∂ψ0

∂x
(x(t1, θ̂),

∂x

∂θi
(t1, θ̂)〉 − µi + ν = 0

µiθi = 0,(36)

where the functions x(·, θ̂) and u(·, θ̂) and their partial derivatives with respect to
θi are given by (16, 11, 17, 18, 21, 19, 20) replacing θ by θ̂.
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Proof. It is obvious that linear independence constraint qualification (hence Mangasarian-
Fromowitz constraint qualification) is satisfied at any feasible θ. The conclusion

follows using the fact that the expression of
∂Ĵ0

∂θi
(θ̂) is given by the left hand side

of equation (34). �

7. Some illustrative examples

The illustrative examples presented in this section have been solved using Wol-
fram’s Mathematica 8 software on a MacBook Pro computer.

Consider the problem
(P) min J0(x, u)

over the properly efficient set of the 2-objective linear-quadratic control problem

(2OLQ) min
(∫ 1

0

(x2(t) + u2
1(t))dt, x2(1) +

∫ 1

0

u2
2(t)dt

)
subject to

ẋ(t) = x(t) + u1(t) + u2(t) a.e. on [0, 1]
x(0) = 1.

Here we consider four instances for J0:

J01(x, u) = max
0≤t≤1

‖u(t)‖1 = max
0≤t≤1

(
|u1(t)|+ |u2(t)|

)
,

J02(x, u) =
∫ 1

0

(
u2

1(t) + u2
2(t)

)
dt,

J03(x, u) = max
0≤t≤1

(max(|u1(t)|, |u2(t)|)) ,

and

J04(x, u) = |x(1)|.

Note that every (weakly or properly) Pareto control is smooth, hence J01 and
J03 are well defined, i.e. ,max exists since u is continuous on the compact [0, 1].

When scalarizing we put θ1 = θ, θ2 = 1− θ, 0 < θ < 1.

So, using relations (15, 16, 17, 5) with Mathematica we have obtained x(t, θ),
λ(t, θ), and u(t, θ) in closed form (explicit expressions). Then, for each case con-
sidered for J0, we have plotted the variations J0(x(·, θ), u(·, θ)) as function of θ.
Finally we have minimized J0(x(·, θ), u(·, θ)) and indicated the optimal value of θ
and the optimal solution (x, u).

Notice that for minimizing J01 we have used the routine “NMinimize” (numer-
ical minimization), and for all other cases we have used the routine “Minimize”
(symbolic calculus).

So we have obtained the following results presented in Mathematica’s format.
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H* Initialization *L
n = 1; p = 2; m = 2; G1 = 880<<; G2 = 881<<; Q1 = 881<<; Q2 = 880<<;
R1 = 881, 0<, 80, 0<<; R2 = 880, 0<, 80, 1<<; A = 881<<; B = 881, 1<<;
x0 = 81<; t0 = 0; t1 = 1; G@Θ_D := Θ G1 + H1 - ΘL G2; Q@Θ_D := Θ Q1 + H1 - ΘL Q2;

H* Corpus *L
ClearAll@LD
ClearAll@FD
L = Table@Null, 8i, 2 n<, 8j, 2 n<D;
L12@Θ_D := -B.Inverse@Θ R1 + H1 - ΘL R2D.Transpose@BD;

i = 1; While@i < n + 1, j = 1; While@j < n + 1, L@@i, jDD = A@@i, jDD;
L@@i, j + nDD = L12@ΘD@@i, jDD; L@@i + n, jDD = -Q@ΘD@@i, jDD;
L@@i + n, j + nDD = -A@@j, iDD; j++D; i++D; L; FullSimplify@%D

F@t_, Θ_D = MatrixExp@t L D; F@t, ΘD; FullSimplify@%D Y@t_, s_, Θ_D := F@t - s, ΘD

In[56]:=

Y@t, s, ΘD;
FullSimplify@%D;
H* Resolvent matrix YHt,s,ΘL *L

In[131]:= Y11@t_, s_, Φ_D := Table@Y@t, s, ΘD@@i, jDD, 8i, n<, 8j, n<D �. Θ ® Φ

Y12@t_, s_, Φ_D := Table@Y@t, s, ΘD@@i, j + nDD, 8i, n<, 8j, n<D �. Θ ® Φ

Y21@t_, s_, Φ_D := Table@Y@t, s, ΘD@@i + n, jDD, 8i, n<, 8j, n<D �. Θ ® Φ

Y22@t_, s_, Φ_D := Table@Y@t, s, ΘD@@i + n, j + nDD, 8i, n<, 8j, n<D �. Θ ® Φ

P@t_, Θ_D := HY21@t, 1, ΘD + Y22@t, 1, ΘD.G@ΘDL.Inverse@Y11@t, 1, ΘD + Y12@t, 1, ΘD.G@ΘDD
H* The solution PHt,ΘL of Riccati equation *L
P@t, ΘD;
FullSimplify@%D; ClearAll@x, Λ, uD

In[138]:= x@t_, Θ_D := Y11@t, 0, ΘD.x0 + Y12@t, 0, ΘD.P@0, ΘD.x0
Λ@t_, Θ_D := Y21@t, 0, ΘD.x0 + Y22@t, 0, ΘD.P@0, ΘD.x0;
u@t_, Θ_D := -Inverse@Θ R1 + H1 - ΘL R2D.Transpose@BD.Λ@t, ΘD;

H* Closed form for Hx, Λ, uL *L

In[144]:= x@t, ΘD; FullSimplify@%D

Out[144]= : H-2 + ΘL Θ CoshBH-1 + tL
-2 + Θ

-1 + Θ

F + -2 + Θ H-1 + ΘL3�2 SinhBH-1 + tL
-2 + Θ

-1 + Θ

F �

H-2 + ΘL Θ CoshB
-2 + Θ

-1 + Θ

F - -2 + Θ H-1 + ΘL3�2 SinhB
-2 + Θ

-1 + Θ

F >

In[146]:= Λ@t, ΘD; FullSimplify@%D

Out[146]= : H-2 + ΘL Θ CoshBH-1 + tL
-2 + Θ

-1 + Θ

F + -2 + Θ H-1 + ΘL3�2 SinhBH-1 + tL
-2 + Θ

-1 + Θ

F �

H-2 + ΘL Θ CoshB
-2 + Θ

-1 + Θ

F - -2 + Θ H-1 + ΘL3�2 SinhB
-2 + Θ

-1 + Θ

F >
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u@t, ΘD; FullSimplify@%D

Out[148]= : H-2 + ΘL H-1 + ΘL CoshBH-1 + tL
-2 + Θ

-1 + Θ

F + H-2 + ΘL H-1 + ΘL SinhB
H-1 + tL H-2 + ΘL

H-2 + ΘL H-1 + ΘL

F �

H-2 + ΘL Θ CoshB
-2 + Θ

-1 + Θ

F - -2 + Θ H-1 + ΘL3�2 SinhB
-2 + Θ

-1 + Θ

F ,

- ã

-
t H-2+ΘL

H-2+ΘL H-1+ΘL Θ ã

2 H-2+ΘL

H-2+ΘL H-1+ΘL J2 - H-2 + ΘL H-1 + ΘL + H-3 + ΘL ΘN +

ã

2 t H-2+ΘL

H-2+ΘL H-1+ΘL J2 + H-2 + ΘL H-1 + ΘL + H-3 + ΘL ΘN � H-2 + ΘL H-1 + ΘL

1 + Θ J-2 + H-2 + ΘL H-1 + ΘL + ΘN + ã

2 H-2+ΘL

H-2+ΘL H-1+ΘL J-1 + J2 + H-2 + ΘL H-1 + ΘL - ΘN ΘN >

H* Example 1 : J01Hx,uL=max_tH u_1HtL + u_2HtL L *L

In[75]:= ClearAll@N1uD

In[76]:= N1u@t_, Θ_D := â
i=1

m

Abs@u@t, ΘD@@iDDD;

In[77]:= ClearAll@J0D

In[78]:= J01@Θ_D := MaxValue@8N1u@t, ΘD, 0 b t b 1<, 8t<D

In[79]:= Plot@J01@ΘD, 8Θ, .005, .9<D

Out[79]=

0.2 0.4 0.6 0.8

3.0

3.5

4.0

In[81]:= NMinimize@8J01@ΘD, .1 b Θ b .9<, 8Θ<D

Out[81]= 82.56846, 8Θ ® 0.167282<<

In[82]:= H* Optimal solution *L

x@t, 0.16728161134701017`D;
FullSimplify@%D

Out[83]= 81. Cosh@1.48354 tD - 1.05725 Sinh@1.48354 tD<

2   hbnsp-new.nb
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In[84]:= u@t, 0.16728161134701017`D;
FullSimplify@%D

Out[85]= 8-2.13881 Cosh@1.48354 tD + 2.11576 Sinh@1.48354 tD,
-0.429657 Cosh@1.48354 tD + 0.425026 Sinh@1.48354 tD<

H* Example 2 : J02Hx,uL=Ù0

1
Hu_1^2HtL+u_2^2HtLLât *L

In[86]:= N2u2@t_, Θ_D := â
i=1

m

u@t, ΘD@@iDD^2;

In[87]:= J02@Α_D := Integrate@N2u2@t, ΘD, 8t, 0, 1<D �. Θ ® Α;

In[88]:= J02@ΘD;

In[89]:= FullSimplify@%D

Out[89]= H1 + 2 H-1 + ΘL ΘL 4 ã

2 H-2+ΘL

H-2+ΘL H-1+ΘL H-2 + ΘL H-2 + ΘL H-1 + ΘL Θ +

ã

4 H-2+ΘL

H-2+ΘL H-1+ΘL H-1 + ΘL J3 - 2 H-2 + ΘL H-1 + ΘL + H-3 + ΘL ΘN -

H-1 + ΘL J3 + 2 H-2 + ΘL H-1 + ΘL + H-3 + ΘL ΘN � 2 H-2 + ΘL H-1 + ΘL

1 + Θ J-2 + H-2 + ΘL H-1 + ΘL + ΘN + ã

2 H-2+ΘL

H-2+ΘL H-1+ΘL J-1 + J2 + H-2 + ΘL H-1 + ΘL - ΘN ΘN

2

In[90]:= Plot@J02@ΘD, 8Θ, .1, .9<D

Out[90]=

0.2 0.4 0.6 0.8

1.2

1.4

1.6

1.8

2.0

2.2

In[91]:= Minimize@8J02@ΘD, .1 b Θ b .9<, 8Θ<D

Out[91]= 81.00994, 8Θ ® 0.496243<<

H* Optimal solution *L

x@t, 0.49624312630397344`D;
FullSimplify@%D

81. Cosh@1.72774 tD - 0.983729 Sinh@1.72774 tD<

u@t, 0.49624312630397344`D;
FullSimplify@%D

8-1.35996 Cosh@1.72774 tD + 1.36592 Sinh@1.72774 tD,
-1.33967 Cosh@1.72774 tD + 1.34555 Sinh@1.72774 tD<

hbnsp-new.nb  3
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H* Example 3 : J03Hx,uL=max_t@ maxH u_1HtL , u_2HtL LD

In[92]:=

ClearAll@NinftyuD

H*Ninftyu@t_,Θ_D:=Max@Abs@u@t,ΘD@@1DDD,Abs@u@t,ΘD@@2DDDD;*L

In[93]:= Ninftyu@t_, Θ_D := Max@Table@Abs@u@t, ΘD@@iDDD, 8i, 1, m<DD;

In[94]:= ClearAll@J03D

In[95]:= J03@Θ_D := MaxValue@8Ninftyu@t, ΘD, 0 b t b 1<, 8t<D;

In[96]:= Plot@J03@ΘD, 8Θ, .1, .9<D

Out[96]=

0.2 0.4 0.6 0.8

1.5

2.0

2.5

3.0

3.5

In[97]:= Minimize@8J03@ΘD, .1 b Θ b .9<, 8Θ<D

Out[97]= 81.35162, 8Θ ® 0.5<<

H* Optimal solution *L

In[98]:= x@t, 0.4999999996497562`D;
FullSimplify@%D

Out[99]= 81. Cosh@1.73205 tD - 0.983365 Sinh@1.73205 tD<

In[100]:= u@t, 0.4999999996497562`D;
FullSimplify@%D

Out[101]= 8-1.35162 Cosh@1.73205 tD + 1.35771 Sinh@1.73205 tD,
-1.35162 Cosh@1.73205 tD + 1.35771 Sinh@1.73205 tD<

H* Example 4 : J04Hx,uL= xH1L *L

In[102]:= J04@Θ_D := Max@Table@Abs@x@1, ΘD@@iDDD, 8i, 1, n<DD;

In[103]:= J04@ΘD;

4   hbnsp-new.nb
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In[104]:= Plot@J04@ΘD, 8Θ, .001, .99<D

Out[104]=

0.2 0.4 0.6 0.8 1.0

0.05

0.10

0.15

0.20

In[106]:= Minimize@J04@ΘD, 8.001 b Θ b .999<, 8Θ<D

Out[106]= 91.30385 ´ 10-8, 8Θ ® 0.996271<=

H* Optimal solution *L

x@t, 0.9899999999881707`D;
FullSimplify@%D

81. Cosh@10.0499 tD - 1. Sinh@10.0499 tD<

u@t, 0.9899999999881707`D;
FullSimplify@%D

8-0.110499 Cosh@10.0499 tD + 0.110499 Sinh@10.0499 tD,
-10.9394 Cosh@10.0499 tD + 10.9394 Sinh@10.0499 tD<

hbnsp-new.nb  5

8. Concluding remarks

Our paper continues the study done in [10] about the optimization over the ef-
ficient set given by a convex multiobjective control problem. We obtain explicit
necessary optimality conditions for the problem of minimizing a non-smooth func-
tional over the (weakly or properly) Pareto equilibrium control set associated with
the grand coalition of p-player cooperative differential game given by a p-objective
linear-quadratic control problem (see Section 6, Theorems 6.1 and 6.2). The prob-
lem considered is a particular but important case of the problem studied in [10].

Our approach was done using the scalarization technique for a muliti-objective
convex minimization problem and the existence result (Theorems 2.1 and 2.2) given
in [10]. Thus, for each scalarizing vector θ = (θ1, . . . , θp) ∈ Θσ, the unique optimal
control process (x(·, θ), u(·, θ)) of the scalarized problem (having the scalar objective∑p
i=1 θiJi) is a σ-Pareto equilibrium for the p-player cooperative differential game

(where σ stands for w =“weak” or pe =“proper”).
The crucial results are presented in Section 6 where expressions of (x(·, θ), u(·, θ))

as function of θ are obtained using the resolvent matrix of a linear differential
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system of dimension 2n (see Theorem 3.1 and Corollary 3.2). In this way we do not
need to solve the limit (bilocal) differential system which usually arise when using
Pontryagin’s maximum principle. From numerical point of view the major problem
is the computation of the resolvent matrix (exponential matrix when constants
coefficients) of the 2n-dimensional linear differential system obtained by coupling
the initial state system with the adjoint system.

In Sections 4 and 5 we have obtained simpler formulae for some particular cases.
Finally, in Section 7 we have given four numerical examples solved with Wolfram

Mathematica 8.

Further research avenues might include the nonconvex case of the p-player co-
operative differential game or some stochastic cases, and will be the subject of
subsequent papers. Note that the approach used in [10] or in the present paper
cannot be applied to the nonconvex case, and other scalarization techniques (see
e.g. [15]) must be considered.

9. Appendix

Proof of Proposition 3.1. Let λ(·) ∈ Hn
1 ([t0, t1]) verify together with (x(·), u(·)) ∈

Hn
1 ([t0, t1])×Lm2 ([t0, t1]) relations (1, 2, 4-6). Let (x̂, û) ∈ Hn

1 ([t0, t1])×Lm2 ([t0, t1])
verify the Cauchy problem (1, 2). For almost all t ∈ [t0, t1], a simple computation
gives us

d

dt

(
λT (t)((x̂(t)− x(t))

)
= −xT (t)Q(t, θ)(x̂(t)− x(t))− uT (t)R(t, θ)B(t)(û(t)− u(t))

Integrating on [t0, t1] and using (2, 6) we obtain:

(37)

xT (t1)G(θ)(x̂(t1)−x(t1)) = −
∫ t1

t0

(
xT (t)Q(t, θ)(x̂(t)−x(t))+uT (t)R(t, θ)B(t)(û(t)−u(t))

)
dt

Let us denote J =
∑p
i=1 θiJi, i.e.

J(x(·), u(·)) = xT (t1)G(θ)x(t1) +

t1∫
t0

(
x(t)TQ(t, θ)x(t) + u(t)TR(t, θ)u(t)

)
dt.

Using the fact that for any symmetric positive semidefinite matrix V and for any
vectors v̂, v we have

v̂TV v̂ − vTV v ≥ 2vTV (v̂ − v),

we obtain

J(x̂(·), û(·))− J(x(·), u(·)) ≥

2
[
xT (t1)G(θ)(x̂(t1)− x(t1)) +

∫ t1

t0

(
xT (t)Q(t, θ)(x̂(t)− x(t)) + uT (t)R(t, θ)B(t)(û(t)− u(t))

)
dt
]
.

From (37) the right hand side equals zero, hence (x, u) is an optimal control process
for problem (SLQ)σ.

Conversely, let (x(·), u(·)) ∈ Hn
1 ([t0, t1])×Lm2 ([t0, t1]) be the optimal control pro-

cess of problem (SLQ)σ (which exists and is unique according to Theorem 2.2). Let
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λ(·) ∈ Hn
1 ([t0, t1]) verify ( 4, 6). For any û(·) ∈ Lm2 ([t0, t1]), let x̂(·) ∈ Hn

1 ([t0, t1])
be the solution of the Cauchy problem (1, 2).

Using a similar calculus as before we obtain

λT (t1)
(
x̂(t1)−x(t1)

)
= −

∫ t1

t0

(
xT (t)Q(t, θ)(x̂(t)−x(t))−λT (t)B(t)(û(t)−u(t))

)
dt.

Since the directional derivative of J at the minimum point (x, u) in the direction
(x̂− x, û− u) is positive, we have

xT (t1)G(θ)(x̂(t1)−x(t1))+
∫ t1

t0

(
xT (t)Q(t, θ)(x̂(t)−x(t))+uT (t)R(t, θ)(û(t)−u(t))

)
dt ≥ 0

The last two relations together with (6) show that∫ t1

t0

(
λT (t)B(t) + uT (t)R(t, θ)

)
(û(t)− u(t))dt ≥ 0.

Since û is arbitrarily chosen, we obtain that (5) is satisfied. 2

Proof of Lemma 3.2. Let θ ∈ Θσ be fixed. The linear differential system
with continuous coefficient (13) with the final time condition (14) has a unique

solution
(
X(·, θ)
Λ(·, θ)

)
defined on the whole interval [t0, t1]. It is easy to verify

by direct computation that, if X(t, θ) is invertible for all t ∈ [t0, t1], the matrix
valued function P (·, θ) defined by P (·, θ) = Λ(·, θ) · X−1(·, θ) satisfies the Riccati
equation (RMDE) on [t0, t1] and its final time condition. Moreover, it is easy to
see that PT (·, θ) satisfies the same (RMDE) and the same final time condition,
so by unicity we get that P (·, θ) is a symmetric matrix valued function. Thus,
we have to show that X(·, θ) is invertible on [t0, t1]. Suppose on the contrary
that there exists t̄ ∈ [t0, t1] such that X(t̄, θ) is singular. Since X(t1, θ) = In, we
must have t̄ < t1. Let ξ ∈ Rn, ξ 6= 0, such that X(t̄, θ)ξ = 0. Let us consider

x(t) = X(t, θ)ξ, λ(t) = Λ(t, θ)ξ, t ∈ [t0, t1]. It is obvious that
(
x(·)
λ(·)

)
satisfies

the linear differential system

(38)
(
ẋ(t)
λ̇(t)

)
= L(t, θ)

(
x(t)
λ(t)

)
.

Differentiating the fonction λT (·)x(·), and then integrating on [t̄, t1] we obtain

λT (t1)x(t1)−λT (t̄)x(t̄) = −
∫ t1

t̄

(
xT (s)Q(s, θ)x(s)+λT (s)B(s)R−1(s, θ)BT (s)λ(s)

)
ds.

Since x(t1) = ξ, and λ(t1) = G(θ)ξ, we have that

ξTG(θ)ξ +
∫ t1

t̄

(
xT (s)Q(s, θ)x(s) + λT (s)B(s)R−1(s, θ)BT (s)λ(s)

)
ds = 0,

hence BT (t)λ(t) = 0, t ∈ [t̄, t1] because G(θ), Q(s, θ) are positive semidefinite and
R−1(s, θ) is positive definite, s ∈ [t0, t1]. Thus, from the differential system (38) we
obtain that

ẋ(t) = A(t)x(t), t ∈ [t̄, t1].
Denote by Φ(·, ·) the resolvent matrix of the matrix A(·). We obtain that

0 = x(t̄) = Φ(t̄, t1)x(t1) = Φ(t̄, t1)ξ,
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which contradicts the fact that Φ(t̄, t1) is invertible. 2
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