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Abstract
Tensile failure of unreinforced concrete involves progressive micro-cracking, and the related strain-softening can coalesce into geometrical discontinuities, which separate the material. Advanced mechanical theories and numerical schemes are required to eﬃciently
and adequately represent crack propagation in 3D. In this paper we use the concept of strong discontinuities to model concrete failure.
We introduce a cohesive fracture process zone, which is characterized by a transversely isotropic traction–separation law. We combine
the cohesive crack concept with the partition of unity ﬁnite element method, where the ﬁnite element space is enhanced by the Heaviside
function. The concept is implemented for tetrahedral elements and the failure initialization is based on the simple (non-local) Rankine
criterion. For each element we assume the embedded discontinuity to be ﬂat in the reference conﬁguration, which leads to a non-smooth
crack surfaces approximation in 3D, in general; diﬀerent concepts for tracking non-planar cracks in 3D are reviewed. In addition, we
propose a two-step algorithm for tracking the crack path, where a predictor step deﬁnes discontinuities according to the (non-local) failure criterion and a corrector step draws in non-local information of the existing discontinuities in order to predict a ‘closed’ 3D crack
surface; implementation details are provided. The proposed framework is used to analyze the predictability of concrete failure by two
benchmark examples, i.e. the Nooru-Mohamed test, and the Brokenshire test. We compare our numerical results, which are mesh independent, with experimental data and numerical results adopted from the literature.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Prevention of failure by fracture of structural components in service is a major concern in engineering (see, e.g., [1]). In
particular, the study of structural failure of concrete has been of extensive academic and industrial importance in the past
three decades.
At least since the ﬁndings in [20] we know that (classical) linear fracture mechanics of sharp cracks is an inadequate
concept to be used for concrete structures, an assertion which has been supported by several other authors in the meanwhile. Tensile failure of unreinforced concrete involves progressive micro-cracking, debounding and other complex irreversible processes of internal damage. The associated strain-softening can coalesce into a geometrical discontinuity,
which separates the material. Hence, the discrete crack concept is the approach that reﬂects this type of phenomena closest.
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Concrete may be considered as a quasi-brittle material, in which a sizeable nonlinear zone develops at the fracture front,
which is almost entirely ﬁlled by the fracture process zone, and wherein plasticity eﬀects are negligible [5]. Concrete failure
shows pronounced strain-softening phenomena, and hence a description within polar (local) continuum mechanics fails
(energy dissipated at failure is incorrectly predicted to zero [6]) and advanced theories are required.
Constitutive modeling of concrete failure has not yet resulted in the model, or the set of models, capable of representing
the whole range of mechanical characteristics of concrete in a consistent and robust manner. Numerous constitutive models
for concrete have been proposed in the past which are based on plasticity theories, fracture theories (ﬁxed crack, rotating
crack and multi-non-orthogonal ﬁxed crack methods), damage theories and formulations which couple these approaches,
see [16,17]. For comparative studies of 3D-constitutive models for concrete pointing out the diverging results, see, for
example, [40].
One objective of the present work is the constitutive modeling of 3D crack propagation in unreinforced concrete for
mixed mode situations, where, for a ﬁrst approximation, fracture parameters for the opening mode (mode I) are used. This
holds if the amount of shear stresses compared with tensile stresses is moderate, and hence shear friction and aggregate
interlocking are negligible. In Section 2 we brieﬂy review the needed continuum mechanical framework, the kinematics
to capture concrete failure by means of strong discontinuities, the ﬁnite element formulation, and follow in Section 3
the pioneering works [11,4] for elasto-plastic fracture in metals, and [14] for quasi-brittle failure of concrete materials.
We introduce a cohesive fracture process zone and employ a recently proposed transversely isotropic cohesive model
[13], which is based on the theory of invariants [48]. It is suitable to describe the typical traction–separation behavior of
tensile failure in concrete in a phenomenological way. For additional particularizations of Traction Separation Laws
(TSLs), for example, for cubic, exponential and trilinear TSLs see [27,28,52]. More references utilizing the idea of cohesive
zones to model material failure, and a general discussion on the limitations of cohesive models are provided in the seminal
work [5]. Note that, alternatively, concrete failure may also be captured by means of weak discontinuities, where a jump is
added to the strain ﬁeld [37,7,24,47]. In [33] it is shown that a strong discontinuity problem may be regarded as a limiting
case of a weak discontinuity problem as the width of the localization band tends to zero.
Another objective of the present work is the numerical modeling of 3D crack propagation in unreinforced concrete by
employing the Partition of Unity Finite Element Method (PUFEM), which allows a treatment of the separation of a material in a very robust and eﬃcient way (for details on the PUFEM see [25]). We enhance the ﬁnite element space by the
Heaviside function according to [56], and combine the method with the cohesive crack concept. This leads to a ﬁnite element formulation with embedded strong discontinuities, which has several advantages over traditional smeared and discrete approaches (see, for example, [19,23]). It is worth noting that, alternatively, strong discontinuities have been
combined with ﬁnite element formulations, which are based on the mixed Enhanced Assumed Strain (EAS) method, as
proposed in [45]. EAS-methods for the geometrically linear regime are presented in [44,2,31,55], while [3,49] extend the concept to the nonlinear regime. A comparative study of the formulations based on the EAS concept was recently presented in
the authors’ work [12]. Therein we concluded that either the three-ﬁeld Hu–Washizu variational formulation or the kinematics of strong discontinuities are satisﬁed, but not both together, which may lead to not meaningful numerical results for
the separation process governed by, for example, stress locking phenomena.
The fully 3D PUFEM implementation is based on two variational statements arising from a standard single-ﬁeld variational formulation in spatial description. The numerical model has been utilized for tetrahedral elements using the multipurpose ﬁnite element analysis program FEAP [51]. A critical task for applying the PUFEM to 3D is the representation of
the crack surface. We assume that the embedded discontinuity within a particular ﬁnite element is a ﬂat surface in the reference conﬁguration (for details see [13]), therefore, the proposed concept leads, in general, to a non-smooth crack surface
in 3D. In Section 4 we discuss diﬀerent concepts for representing non-planar crack surfaces in 3D documented in the literature. Perhaps the most popular approaches is the Level Set Method (LSM) [50,26] (originally proposed in [38]), and a
global tracking algorithm which is based on the solution of a kind of ‘heat conduction’ problem [35]. Recently, however,
the study in [54] claims that the standard LSM is not an ideal solution for characterizing cracks, while the algorithm proposed in [35] requires the solution of a ‘thermal-like’ problem before each mechanical loading step, which is related to high
computational cost. Hence, in Section 5 we describe in detail a two-step algorithm for tracking multiple non-planar cracks
in 3D, which is fundamentally diﬀerent from the above mentioned approaches. The ﬁrst step, the predictor say, can be seen
as a generalization of a (simple) local strategy of tracking 2D strong discontinuities, documented in [55], to 3D. The second
step, the corrector say, draws in non-local information of the existing discontinuities in order to predict a ‘closed’ 3D crack
surface. The proposed non-local smoothing strategy eﬀectively circumvents topological diﬃculties, which may arise from
the predictor step. Details about the implementation of the algorithm for tracking the 3D crack path are provided. The
proposed computational framework, which combines PUFEM with the new smoothing algorithm for non-planar 3D
cracks, is now used to analyze the predictability of concrete failure by means of two representative numerical examples,
i.e. the Nooru-Mohamed test, a mixed mode failure test, and the Brokenshire test, a torsion failure test. The objective is
to present the robustness and eﬃciency of the proposed framework. The computational results are documented in Section
6, and compared with experimental and numerical data adopted from the literature.
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2. Continuum mechanical framework, strong discontinuity
In this section we brieﬂy provide an overview of the continuum mechanical framework and the kinematics of strong
discontinuities necessary for this work (for a more detailed account see, for example, [30,15,13]). In addition to the standard kinematical description in continuum mechanics, the Heaviside function is introduced in order to represent a strong
discontinuity. The application of a single-ﬁeld variational principle to that kinematical description gives two variational
statements, which form the basis for the ﬁnite element implementation. Finally, the strong discontinuity is represented
by addition nodal degrees of freedom, and the related ﬁnite element representation falls into the class of the PUFEM [25].
2.1. Kinematics
In order to elaborate on the kinematics we consider the reference conﬁguration X0 of a body. In X0 a discontinuity oX0 d
is embedded and separates the body into two sub-domains occupying two sub-domains X0+ and X0. A deformation v(X),
applied to the reference conﬁguration, maps X0+ and X0 into their current conﬁgurations X+ and X, where X denotes the
referential position of a material point. Thereto, the kinematics of the separation is represented by means of a strong discontinuity in the displacement ﬁeld, i.e. uðXÞ ¼ uc ðXÞ þ HðXÞue ðXÞ, where H denotes the Heaviside function with the
value 0 for X 2 X0 and 1 for X 2 X0+. The additive decomposition of u is based on the introduction of the smooth ﬁelds
uc and Hue characterizing the compatible and the enhanced displacements, respectively.
Subsequently, the material gradient of the displacement ﬁeld reads, with the property Grad HðXÞ ¼ dd NðXd Þ of the
Heaviside function,
Grad uðXÞ ¼ Grad uc ðXÞ þ H Grad ue ðXÞ þ dd ðXÞue ðXÞ  NðXd Þ;

ð1Þ

where dd denotes the Dirac-delta functional with the value 0 for X 62 oX0 d and 1 for X 2 oX0 d. In addition, the material
gradient operator is denoted by Grad(•) = o(•)/oX, and the unit normal vector N(Xd) deﬁnes the orientation at an arbitrary
(referential) point Xd 2 oX0 d of the discontinuity.
Based on (1) the deformation gradient is deﬁned to be F(X) = I + Grad u(X), which serves the basis for computing
appropriate strain tensors. Note that for a ﬁnite element representation of the discontinuous kinematics it is convenient
to consider, for example, separate deformation gradients for the two sub-domains, i.e. an compatible deformation gradient
Fc = I + Grad uc (with det Fc = Jc > 0), which maps X0 into X, and an enhanced deformation gradient Fe = I +
Grad uc + Grad ue (with det Fe = Je > 0), which maps X0+ into X+. For a constitutive representation of the separation of
a material body by means of a cohesive zone model we assume a ﬁctitious discontinuity oXd, i.e. the map of oX0 d to
the related current conﬁguration. Following [56], oXd is deﬁned via the average deformation gradient
Fd(Xd) = I + Grad uc + ue  N/2, with det Fd = Jd > 0, where the factor 1/2 enforces oXd to be placed in the middle
between the two (physical) surfaces created by the crack formation. The idea of a mean surface of the cohesive zone
1
was introduced in [53]. Based on Fd the related unit normal vector n ¼ NF1
d =jNFd j onto the ﬁctitious discontinuity is then
obtained by a weighted push-forward operation of the covariant vector N.
2.2. Variational formulation
single-ﬁeld variational principle, where for simplicity inertia eﬀects are neglect. Hence,
R Point of departure is a standard
ext
Grad
du
:
PðFÞ
dV

dP
ðduÞ
¼
0 holds, where P(F) and du denote the ﬁrst Piola–Kirchhoﬀ stress tensor and the
X0
admissible variation of the displacement ﬁeld, respectively. Subsequently, we assume dead loadings and deﬁne the admissible variation du ¼ duc þ Hdue according to the introduced additive split of the displacement ﬁeld u. By using a push-forward operation the above introduced single-ﬁeld variational principle gives the two spatial variational statements [13]
9
Z
Z
>
ext
symðgradc duc Þ : rc dv þ
symðgrade duc Þ : re dv  dPc ðduc Þ ¼ 0; >
>
=
X
X
Z 
Z þ
ð2Þ
>
ext
>
>
symðgrade due Þ : re dv þ
t  due ds  dPe ðdue Þ ¼ 0;
;
Xþ

oXd

where dv is the inﬁnitesimal volume element deﬁned in the current conﬁguration and ds is the inﬁnitesimal surface element
T
T
1
deﬁned on the discontinuity oXd. Moreover, rc ¼ J 1
c PðFc ÞFc and re ¼ J e PðFe ÞFe denote Cauchy stress tensors and t
characterizes the Cauchy traction vector acting on the ﬁctitious discontinuity oXd. Contributions due to external loading
ext
are summarized in terms of the virtual external potential energies dPext
c and dPe , which refer to the domains X0 and X0+,
1
respectively. The spatial gradients in (2) are deﬁned according to gradc ðÞ ¼ GradðÞF1
c , grade ðÞ ¼ GradðÞFe and the
T
operator sym(•) = [(•) + (•) ]/2 furnishes the symmetric part of (•).
The two variational statements (2) and the associated consistent linearization, as it is explicitly documented in [13], form
the basis for the ﬁnite element implementation.
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2.3. Finite element representation
The ﬁnite element implementation of (2) is used within PUFEM using the basic idea to enrich the interpolation functions such that they have good local approximation properties [25]. In our case we enrich the standard polynomial interpolation functions by the Heaviside function.
According to PUFEM, the displacement ﬁeld u can then be expressed as1
u¼

nelem
X
i¼1

N I uIc þ H

nelem
X

N I uIe ;

ð3Þ

i¼1

where NI are the standard (polynomial) interpolation functions, and I is an index running between 1 and the total number
of element nodes, denoted by nelem. In (3) regular and enhanced nodal displacements (degrees of freedom) are denoted by
uIc and uIe, respectively.
With use of (3) the two spatial variational statements (2) lead to the following linearized algebraic set of equations for a
particular ﬁnite element e
"
#e
"
#e

e 

f int
f ext
Kuc uc Kuc ue
Duc e
uc
uc
¼ ext
 int
;
ð4Þ
f ue
Kue uc Kue ue i1 Due i
f ue
i1

i1

where i, i  1 and Duc, Due denote the iteration steps associated with a global Newton iteration procedure, and the increments of the compatible and enhanced displacements, respectively.
ext
int int
In (4) the force vectors f ext
uc , f ue and f uc , f ue denote nodal force vectors due to external and internal loadings, whereas the
subscripts ðÞuc and ðÞue denote their association with compatible and enhanced degrees of freedom, respectively. According to (2), the internal nodal force vectors read
Z
Z
int
int 1
int nelem T
int I
IT
f uc ¼ ½f uc ; . . . ; f uc
 ; f uc ¼
Bc rc dv þ
BIT
ð5Þ
e re dv;
T

int 1
int nelem
f int
 ;
ue ¼ ½f ue ; . . . ; f ue

I
f int
ue ¼

Z

Xe

Xeþ

BIT
e re dv þ

Z

Xeþ

NIT t ds;

ð6Þ

oXed

I
I
and f int
are related to the Ith ﬁnite element node (nndm = 3 in our case). In
where the nndm-dimensional sub-vectors f int
uc
ue
addition, the quantities rc, re and t represent the Voigt notation of the Cauchy stress tensors rc, re and the spatial traction
vector t. The symmetric gradient operators Bc(•) = sym[gradc(•)] and Be(•) = sym[grade(•)] are deﬁned through the symmetric parts of the spatial gradients gradc(•) and grade(•), respectively. Note that Bc(•), Be(•) are related to the spatial conﬁguration, hence they are sparsely ﬁlled, see, for example, [57].
The stiﬀness matrices Kuc uc , Kuc ue , Kue uc , Kue ue in (4) are deﬁned due to a consistent linearization of the internal loading
vectors with respect to the compatible
and enhanced displacements (for details see [13]). It is worth noting that, in general,
R
the cohesive traction term oXe NIT t ds in (6)4 contributes not only to the stiﬀness matrix Kue ue but also to Kue uc [12,13].
d

3. Constitutive formulation
The reliability of numerical simulations of failure in concrete structures strongly depends on the employed constitutive
formulations. In particular, under 3D loading conditions, constitutive models which are available in the literature predict
sometimes signiﬁcantly diﬀerent results, as, for example, for the double-edge-notched specimen (DENS) applied to tensile
and shear loadings (see [40]).
We assume the existence of a cohesive fracture process zone, in which initialization and coalescence of micro-cracks are
lumped in terms of accumulation of damage, and, accordingly, in which high strain gradients prevail. Hence, the proposed
approach requires two constitutive models, i.e. a continuous (bulk) material model, characterizing the material response of
the bulk material, and a discontinuous (cohesive) material model, characterizing the material response of the cohesive zone.
Note, however, that it was recently shown that every continuum constitutive model linked to strong discontinuity kinematics includes a discrete model in a consistent manner [32,36]. Nevertheless, we follow the more classical approach and
assume a more or less ad hoc deﬁnition of the cohesive material model independently from the bulk material, and employ
a (discrete) constitutive description of the cohesive zone recently introduced in [13]. From the practical point of view this
approach turns out to be sometimes advantageous since one gets more ﬂexibility in ﬁtting experimental data.

1
Characters indicated by underlines denote the matrix notation of the associated tensor or vector. For example, u is the matrix representation of
vector u.
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3.1. Bulk material response
We restrict our attention to concrete mainly under tensile loading. Hence, the continuous response may be modeled by a
neo-Hookean material with the strain-energy function W(C) in the uncoupled form
l
WðCÞ ¼ jðln J Þ2 þ ðI 1  3Þ;
ð7Þ
2
where j denotes the bulk modulus and l the shear modulus of the bulk material. In (7) I 1 ¼ trðCÞ is the ﬁrst invariant of
the modiﬁed right Cauchy–Green tensor C ¼ J 2=3 C, where C = FTF.
Standard derivations lead to the Cauchy stress r = 2J1boW/ob and the associated spatial elasticity tensor
c ¼ 4J 1 bðo2 W=obobÞb, where b = FFT is the left Cauchy–Green tensor. For further details regarding the neo-Hookean
material, see, for example, [15].
3.2. Cohesive material response
The cohesive (or discontinuous) material response is determined by an ad hoc deﬁnition of a traction separation law,
which is governed by a number of material-dependent mechanisms such as cohesion at the atomistic scale, bridging ligaments, interlocking of grains and others in a phenomenological sense. In this section we brieﬂy review a formulation of a
transversely isotropic cohesive model, which satisﬁes the thermodynamic restrictions imposed on the second law of thermodynamics (namely the non-negativeness of the internal dissipation) for any thermodynamic process [13].
The cohesive model is based on the theory of invariants [48]. A cohesive potential of the form w = w(ue  ue, n  n, d) is
assumed, where the transversely isotropic structure is determined by the structural tensor nn, and the state of damage is
represented by a single scalar internal variable d 2 [0, 1[ [12]. Recall that the unit normal vector n onto the ﬁctitious discontinuity oXd determines the preferred direction at an arbitrary (spatial) point (see Section 2.1). Following [48], the cohesive potential reads w = w(i1, i2, i3, i4, i5, d), where i1, . . . , i5 are invariants, which depend on the symmetric tensors ue  ue,
and n  n. In order to particularize the cohesive potential suitable to describe tensile failure of concrete, we assume
wði1 ; i4 ; dÞ ¼

t0
expðadb Þ½i4 þ aði1  i4 Þ;
2d

ð8Þ

where t0 (cohesive tensile strength), a, b and a (anisotropy parameter) are non-negative material parameters to be determined from experimental data. In particular a denotes the ratio between the transverse and normal stiﬀness of the cohesive
zone (a = 1 is for the isotropic case). In order to complete we deﬁne a damage surface /(ue, d) = juej  d = 0 in the three_
dimensional enhanced displacement space and assume d_ ¼ jue j for the evolution of the internal (damage) variable d. Based
on the procedure by Coleman and Noll [10] the cohesive TSL takes on the form t = ow/oue, which is straightforward to
derive from (8). For a subsequent ﬁnite element implementation, which uses the linearized constitutive equations, it is convenient to introduce cue ¼ ot=oue , cn = ot/on, cd = ot/od, representing the stiﬀness of the cohesive zone with respect to
changes in the gap displacement ue, the orientation n, and the state of damage characterized by d, respectively.
3.3. Failure criterion
It is well known that strain-softening in rate-independent constitutive models can lead to strain-localization instability
and (‘pathological’) mesh-dependent solutions through a local material bifurcation. A necessary condition for strain localization is the singularity of the acustic tensor Q, i.e.
det QðnÞ ¼ 0;

Q ¼ ncn;

Qij ¼ caijb na nb ;

ð9Þ

where n denotes the normal to the localization in the current conﬁguration. Condition (9)1 states that material stability is
violated in the Mandel-sense [21], and acceleration waves cannot propagate through the solid at ﬁnite speed at every direction. We emphasize that the condition det Q = 0 is necessary but not suﬃcient for material instability, and several other
conditions are discussed in the literature such as positive deﬁniteness/singularity of the constitutive operator, strong ellipticity, ﬂutter etc. (see, e.g., [8]). Note that the evaluation of the singularity of the acustic tensor provides information about
(i) the initialization of the localization, and (ii) the orientation of the localization. Both informations are necessary when
utilizing a crack path tracking algorithm.
Although the above concept of localization is well-established, frequently applied, and extensively documented in the
literature, (see, for example [42]), its application to general boundary-value problems within a numerical framework
may be associated with high computational cost. Note that for complex material models, for which, in general, no analytical expressions for the elasticity tensor c in the spatial description are available, the computation of the orientation n of
the failure surface can be diﬃcult. In particular for unreinforced concrete, easier concepts are available. For example, the
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Rankine criterion seems to provide suﬃcient accuracy. Thereby, the initialization of the failure is achieved when the maximum principal Cauchy stress rmax exceeds a material-dependent stress limit. Moreover, the orientation n of the failure may
simply be determined by the direction of the maximum principal stress. Hence, at a spatial point x one has simply to solve
the eigenvalue problem
ðrðxÞ  ki IÞvi ¼ 0;

no summation over i;

ð10Þ

where ki and vi are the ndim eigenvalues and eigenvectors, respectively. Finally, we deﬁne rmax = k1 as the largest eigenvalue
and the related eigenvector as n = v1.
The main advantage of the Rankine criterion over the localization criterion, which is based on the singularity of the acustic tensor, is its simplicity. Despite of that it is well known that tensile-dominated failure of concrete causes zones of small
volume, where accumulation of damage and other inelastic eﬀects are present, while the main portion of the material
deforms purely elastic. Thus, the coupling of the elastic bulk material with the inelastic cohesive zone, as proposed in this
work, is a natural modeling assumption. It is a simple way of capturing the physical phenomena and it avoids the introduction of damage-based softening of the bulk material.
Finally note that the relations (9) and (10) are related to the current conﬁguration, whereby the crack path tracking algorithm, as discussed in Section 5, works in the reference conﬁguration, hence a pull back of the spatial normal vector n to the
referential conﬁguration is required in order to obtain N = nF/jnFj.
3.3.1. Implementation of the failure criterion
Numerical examples show that Eq. (10) cannot be used on an element level to characterize the propagation of the failure
zone (discontinuity) since a highly scattered normal vector ﬁeld evolves. This has been observed even for 2D problems by
using triangular ﬁnite elements [55]. Since it is obvious that a scattered normal vector ﬁeld cannot be used for a representation of the failure zone, a non-local smoothing of the normal vector ﬁeld has been proposed [55,13]. In the present work
we generalize this approach and implement (10) in a non-local sense as
i IÞvi ¼ 0; no summation over i;
ð
rðxÞ  k
ð11Þ
 according to
where we have introduced the deﬁnition for an average element stress r
X
1
¼X
r
ri vi ; no summation over i;
vi Ri <Rchar
R <R
i

ð12Þ

char

computed over all elements with their center in a sphere with the characteristic radius Rchar. Consequently, ki and vi denote
the eigenvalues and eigenvectors, respectively, and we deﬁne here the eigenvector n ¼ v1 as the one related to the largest
eigenvalue of the eigenvalue problem (11). The quantities ri and vi characterize the Cauchy stress tensor and the spatial
volume related to the ith ﬁnite element, respectively. The length Ri ¼ jXc  Xci j denotes the distance between the referential
position Xci at the center of the ith ﬁnite element and the referential position Xc at the center of the ﬁnite element under
consideration. The user-speciﬁed parameter Rchar is merely an adjustable numerical parameter chosen through numerical
experiments. The parameter Rchar, which depends on factors such as element size etc., should, however, be chosen as small
as possible but large enough to avoid the scatter of the normal vector ﬁeld. Based on our experience, Rchar should be within
the range of 2–4 times a characteristic element size to achieve reliable numerical results. Note that only the failure criterion
is utilized in a non-local sense but not the formulation of the softening due to damage growth. However, [46] showed that
the application of non-local failure criterion can lead to non-physical crack initialization, in particular, at stress (strain)
singularities.
A further important detail on utilizing the failure criterion in a numerical way, which is worth to be noted, is the fact
that the failure criterion is no longer unique when two (or all three) eigenvalues of (11) have (about) the same value. For
example, this can be even observed for the (classical) four point shear test, where about in the middle of the height of the
bar the crack propagation may branch oﬀ about 90, which is not the crack path experimentally observed. In order to avoid
that, the current implementation uses the inner product of the normal vector n of the discontinuity to be embedded and the
vector nave, which is the average of all normal vectors of the already existing crack surface within the sphere with the characteristic radius Rchar. If the inner product n Æ nave is smaller than a certain value (in our case this value was chosen to be
0.5), the algorithm embeds a discontinuity in the ﬁnite element of interest equal to the normal vector nave.
4. Classiﬁcation of algorithms for tracking the crack path
Diﬀerent numerical techniques for tracking the crack path were proposed and documented in the literature. In order to
summarize these techniques a brief (non-comprehensive) review is provided in this section, characterizing their advantages
and disadvantages. In particular, techniques, which capture the representation of non-planar and multiple cracks in 3D
are considered. Moreover, algorithms for tracking the crack path, which are suitable to be coupled with ﬁnite element
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techniques representing embedded discontinuities—for example, based on the mixed enhanced assumed strain method or
the partition of unity ﬁnite element method (extended ﬁnite element method)—are favored.
4.1. Level set method
The level set method (LSM) is a numerical scheme developed by Osher and Sethina [38]. It aims at modeling the motion
of interfaces, and was recently adopted to model 2D [50] and 3D [26] cracks and their propagations. The LSM uses signed
distance functions to describe cracks; for the characterization of one crack one need two signed distance functions, i.e. one
deﬁnes the crack surface and another one the crack-tip, see Fig. 1.
Given the position of the crack-tip, the two advance vectors, which are computed on the basis of the failure criterion,
determine the new position of the crack-tip. The values of the signed distance functions are stored at nodes, and provide the
required information for an extended ﬁnite element method representation of the strong discontinuity.
One drawback of the LSM is that the level representation requires functions one dimension higher than the dimension of
the interface leading to high storage and computational costs. A storage-reduced implementation considers only the levels
sets in predeﬁned regions near the crack-tip [50]. Moreover, this technique ‘freezes’ the already existent crack (as it is physically reasonable), and considers only the incremental growth of the crack. Therefore, the predeﬁned regions needs to be
larger than the incremental growth length of the crack. Recently, Ventura et al. [54] stated that the standard LSM, as introduced in [38] with the intention to model moving interfaces, is not ideal for characterizing cracks. They introduced a vector
level set method for representing cracks in ﬁnite elements. Vector level sets describe a surface in 3D by a four-tuple: the sign
of the level set function and the components of the closest point projection to the surface. A signiﬁcant advantage of the
vector LSM compared to the standard LSM is the much simpler algorithmic formulation. The update of the vector level set
ﬁeld involves only a few geometric equations; no partial diﬀerential equations need be solved to update the vector level sets
[54].
4.2. Global tracking
An interesting technique for tracking 2D and 3D cracks is provided in [34,35]. The basic idea is to deﬁne a linear thermal
problem to be solved before each time step of the original mechanical problem. In order to face the heat conduction problem, one assumes two vector ﬁelds a and b with the condition a Æ N = b Æ N = 0, where N denotes a vector perpendicular to a
possible failure surface. The approach requires the deﬁnition of N within the whole continuum, and hence the failure criterion (9) (or alternatively Eq. (10)) needs to be generalized.
The family of surfaces, enveloping both vector ﬁelds a and b, can be described by a temperature-like function H(X) if

a  Grad H ¼ Grad H  a ¼ 0;
in X0
ð13Þ
b  Grad H ¼ Grad H  b ¼ 0;
holds. Conditions (13) can be rephrased as an anisotropic heat conduction problem [35]. Once the standard heat conduction problem is solved, for example, using the FEM, and the nodal values of the temperature ﬁeld are known, then the
discontinuity path inside a ﬁnite element can be implemented at a pure element level. Note that all topological diﬃculties
which arise, in particular, for 3D problems are addressed by the heat conduction problem.

Fig. 1. Level set method: two level sets / and w deﬁning the crack location, i.e. the crack surface characterized by / 6 0 \ w = 0, and the crack-tip
characterized by / = 0 \ w = 0.
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Since the algorithm requires the solution of a linear thermal problem before each time step this approach seems to be
associated with relatively high computational cost. Moreover, the computation of the normal vector N to a possible failure
surface for the whole continuum is a drawback of the proposed technique.
4.3. Local tracking
A local algorithm is characterized by recursively ‘cutting’ elements, which has been applied successfully for 2D, see, for
example, [55]. To the authors’ knowledge the only 3D implementation of this technique is reported in [13]; one reason for
that might be arising topological diﬃculties [35]. We exploited this concept to compute the 3D non-planar crack propagation of multiple non-interacting cracks. For simplicity, in the following section we start with the 2D geometry and then
continue to describe this concept for 3D in detail.
5. Local algorithm for tracking the crack path
A critical task for applying the concept of PUFEM is the geometrical representation of the crack surface, in particular,
in the 3D space. The goal of the proposed algorithm is a geometrical description of multiple non-planar and non-interacting cracks for 3D, which, as a special case, can also be used in 2D.
Throughout this paper it is assumed that the discontinuity within a particular ﬁnite element is represented by a ﬂat surface in the reference conﬁguration. Hence, we consider a line embedded in (2D) triangular ﬁnite elements, and triangles or
(ﬂat) quadrilaterals embedded in (3D) tetrahedral ﬁnite elements. Based on this assumption it is trivial to enforce crack
path continuity in 2D, while it is, in general, impossible for the 3D case. The topology of a crack in 3D can only be approximated in terms of a non-smooth assembling of triangles and ﬂat quadrilaterals, and continuity can only be enforced along
particular lines on the crack surface but not everywhere. Hence, the area of the crack surface is approximated by the proposed scheme leading to an approximation of the fracture dissipation, which depends on the particular application. The
authors’ experience with the proposed 3D crack surface representation showed that the ‘smoothness’ of the stress ﬁeld
mainly determines the approximation properties of the crack surface, which itself depends on the mesh size.
5.1. Representation of the crack surface in 2D
Basically, the proposed algorithm requires information about: (i) the potential failure elements, i.e. those ﬁnite elements
which have met the failure initialization criterion (for example, the maximum principal stress exceeds the cohesive
strength), and (ii) the current crack-tip data. For the 2D case this is shown in Fig. 2, where on the left hand side the accumulation of potential failure elements is represented, while on the right hand side crack-tip data in terms of the current tippoint Pt and tip-facet are sketched. Note that the tip-point Pt and the tip-facet relate the crack-tip to the location in space
and within the ﬁnite element mesh, respectively.
A meaningful tracking algorithm for the crack propagation is based on the sequential strung together of line elements
as long as the ﬁnite element adjacent to the tip-facet is a potential failure element. Hence, the crack propagates until it
reaches a ﬁnite element, which does not meet the failure initialization criterion. Thereby, the current tip-point and the normal N to the discontinuity is utilized. As pointed out in [35] this approach is geometrically spoken nothing more than a
Runge–Kutta-like algorithm. Hence, the accuracy depends strongly on the geometrical dimension of the region deﬁned
by the potential failure elements and basically that means, the larger the load step of the computation the larger the error
in tracking the crack surface. Similar techniques are applied in the literature and it is not the scope of this paper to review
them.

Fig. 2. Representation of the crack surface in 2D: potential failure elements are ﬁnite elements where the failure initialization criterion is met; crack-tip data
are given by the current tip-point Pt and the tip-facet.
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5.2. Representation of the crack surface in 3D
While the aforementioned concept for 2D can be (more or less) directly implemented, further modiﬁcations are required
when exploiting the concept in 3D.
In order to proceed we assume a solution of the boundary-value problem at time tn and the crack-tip data to be known.
Furthermore, a number of potential failure elements are accumulated at the crack-tip, and hence the crack will propagate.
Without loss of generality, the crack propagation can be considered as a sequence of embedding a discontinuity in the
potential failure element located at the front of the current crack. Hence, it is suﬃcient to discuss the embedding of a discontinuity in a single ﬁnite element.
As noted above we assume that the proposed PUFEM uses referential discontinuities that are ﬂat (triangles or quadrilaterals) within a particular ﬁnite element. Hence, the referential geometry, i.e. orientation and location of a particular
ﬂat discontinuity in the reference conﬁguration of a ﬁnite element, is uniquely deﬁned by its normal vector N and a single
point P located at the discontinuity. While the underlying stress ﬁeld (e.g., the direction of the maximum principal stress),
characterizes the orientation N, the point P is determined by the adjacent crack front.
For clariﬁcation we characterize the crack-tip data by means of triangular tip-facets and tip-points Pt, as shown in
Fig. 3(a). By assuming that the ﬁnite element through which
P the crack should propagate shares, in general,
n 2 {1, 2, 3, 4} facets with the crack-tip, we use the deﬁnition P ¼ ni¼1 Pt i =n of the point P on the discontinuity. For a
sketch of this geometrical situation see Fig. 3(b), in which the ﬁnite element shares two facets (n = 2) with the crack-tip.
So far the described technique may be seen as a generalization of the 2D crack tracking algorithm to 3D. As mentioned
above, a successful implementation of this technique for 3D requires some modiﬁcations:
(i) A potential source of problems is caused by the non-smooth crack surface, namely, it is not uniquely deﬁned if a particular ﬁnite element node belongs to X0+ or X0. In order to circumvent this lack of uniqueness, the relevancy of a
node is deﬁned once the ﬁrst related discontinuity is activated.
(ii) The single-step algorithm for predicting the discontinuity, subsequently called the predictor step, is a very simple one,
and it has given satisfying results for several applications [13]. For the applications presented in this paper, however,
the (basis) algorithm was not able to provide satisfying results, and hence a post-processing corrector step, which
smoothes out the surface, was developed. Details of the proposed two-step scheme are presented in the following
section.

5.2.1. Representation of the crack surface in 3D with a smoothing algorithm
For the above introduced predictor step it was assumed that the point P on, and the orientation N of a discontinuity are
determined by the adjacent crack front and the stress ﬁeld, respectively. For some situations the prediction obtained by this
approach does not ﬁt (very) well to the already existing crack surface and for some circumstances it is not possible to ‘close’
an existing crack, as schematically shown in Fig. 4. The thick solid line in Fig. 4(a) indicates the crack front of a possible
crack, which is represented by the non-smooth assemblage of triangles and (ﬂat) quadrilaterals. The dashed triangle (characterized by P and N) in Fig. 4(b) shows the predicted discontinuity according to the predictor step, which does not ﬁt
(very) well to the existing crack. A corrector step, based on a smoothing strategy (to be discussed subsequently), can avoid
these problems and gives a much more appropriate prediction of the discontinuity (characterized by P and Nw), as it is
schematically illustrated in Fig. 4(c). These sketches attempt to assert that the predictor step may not be able to close

Fig. 3. Deﬁnition of the crack surface in 3D: (a) Characterization of the crack-tip by means of tip-facets and tip-points. (b) Propagation of the crack
through a particular ﬁnite element, which shares two facets with the crack-tip.
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Fig. 4. Sketch showing the prediction of a discontinuity (indicated by the dashed triangles) to be considered for a particular ﬁnite element: (a) existing
crack characterized by the non-smooth crack surface and the crack front; (b) discontinuity, characterized by P and N, as predicted by the basic algorithm,
which may not be able to ‘close’ the crack surface; (c) discontinuity, characterized by P and Nw, as predicted by the proposed smoothing algorithm; (d)
identiﬁcation of all discontinuities within a sphere of radius Rw by means of the condition jPi  Pj < Rw.

the existing crack surface; it rather leads to a ‘bumpy’ crack surface, which may lead to (unphysical) crack bifurcations to
be avoided. This is due to the circumstance that the orientation N considers too little geometrical information with respect
to the crack in the neighborhood of the discontinuity. In order to change the orientation of the discontinuity of interest
(from N to Nw) we ﬁt a surface to the crack in the neighborhood of the discontinuity of interest, and use this surface
for the deﬁnition of the (corrected) orientation Nw. By doing so the crack surface gets ‘smoother’, i.e. the discontinuity
of interest ﬁts (much) better to the existing crack surface. Note, however, that this approach violates, in general, the (local)
failure criterion introduced above, but overcomes several diﬃculties associated with tracking the crack path in 3D.
In order to explain the corrector step in more detail, we assume that the already existing (non-smooth) crack surface,
which includes the discontinuity given by the predictor step, is represented by n nodes. The nodes are the corners of the
involved triangles and (ﬂat) quadrilaterals. They are characterized by the position vectors Pi, i = 1, . . . , n, relative to a ﬁxed
(global) Cartesian coordinate system (X, Y, Z), which is deﬁned by the set {E1, E2, E3} of orthonormal basis vectors. In
addition, we introduce a sphere of radius Rw centered at P, and consider the nodes Pi inside the sphere, which satisfy
the condition
jPi  Pj < RH ;

i ¼ 1; . . . ; n.

ð14Þ

For the geometrical illustration see Fig. 4(d). Hence, we get the total number of nodes of the triangles and (ﬂat) quadrilaterals within the sphere, nRH say, where it is worth noting that the nodes of the discontinuity according to the predictor
step are included. All these nodes characterized by the position vectors Pi, i ¼ 1; . . . ; nRH , form a point cloud and are used
for the proposed smoothing procedure. Note that Rw is merely an adjustable (user-speciﬁed) numerical parameter.
ForPa straightforward representation of a surface ﬁtted to the determined point cloud, we compute the centroid (mean)
n RH
Pc ¼ i¼1
Pi =nRH of the point cloud and place a (local) Cartesian coordinate system ðX ; Y ; ZÞ there, see Fig. 5. It is characterized by a ﬁxed set {e1, e2, e3} of orthonormal basis vectors, which are deﬁned
PnRH by a principal component (axes) analysis of
the point cloud. Consequently, we introduce the covariance tensor D ¼ i¼1
ðPi  Pc Þ  ðPi  Pc Þ of the point cloud, and
the set {e1, e2, e3} of basis vectors is then deﬁned by the eigenvalue problem of D, i.e. (D  kiI)ei = 0, i = 1, 2, 3 (no summation over i). Hence, we ﬁnd the eigenvalues k1, k2, k3 and the associated eigenvectors, which are the basis vectors e1, e2, e3
deﬁning the corresponding principal axes and characterizing the ‘orientation’ of the point cloud. We assume that the eigenvectors are sorted such that they relate to the eigenvalues k1 > k2 > k3, for example, e3 is related to the smallest eigenvalue k3.
Within the Cartesian coordinate system ðX ; Y ; ZÞ at Pc, given by the basis vectors e1,e2,e3, either a surface described by
the linear function Z ¼ a0 þ a1 X þ a2 Y , or by the quadratic function Z ¼ a0 þ a1 X þ a2 Y þ a3 X 2 þ a4 Y 2 þ a5 X Y is then ﬁtted to the nRH nodes of the point cloud. Hence, the set (a0, . . . , a2) or (a0, . . . , a5) of coeﬃcients are deﬁned by minimizing the
least-square problem
U¼

nRH
X
ðZ i  ZðX i ; Y i ÞÞ2 ! MIN;
i¼1

ð15Þ
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Fig. 5. Geometrical situation of a surface ﬁtted to a point cloud with nRH nodes: centroid of the point cloud Pc placed in a (local) coordinate system
ðX ; Y ; ZÞ; position vector Pi of a typical node i with distance Ri = Pi  Pc from Pc relative to a (global) coordinate system X, Y, Z; improved normal vector
Nw = T1 · T2 at P with tangent vectors T1 ¼ oZ=oe1 and T2 ¼ oZ=oe2 .

where Xi, Yi, Zi denote the components of the position vector Pi of a typical node i relative to the ﬁxed origin. Eq. (15) leads
to the solution of a symmetric and linear system of equations for the coeﬃcients involved, see Appendix A. Note that the
evaluation of (15) is performed within the local coordinate system, and hence the components of the position vectors Pi are
associated with the (local) orthonormal system e1, e2, e3. The relation between the components of the local and the global
frames for the vectors Pi are given by [Pi]loc = [Q]T[Pi]glo  [Pc]glo, where [Q] is the matrix representation of a proper
orthogonal tensor Q (det Q = +1). The orthogonal matrix [Q] contains the collection of the components Qij. By assuming
the speciﬁc components [E1] = [1, 0, 0]T, [E2] = [0, 1, 0]T, [E3] = [0, 0, 1]T of the global basis vectors, the components Qij =
Ei Æ ej are simply given by Qij = eij, where eij denotes the ith component of the jth basis vector ej.
Once the coeﬃcients, i.e. (a0, . . . , a2) or (a0, . . . , a5) are deﬁned, the components of the improved normal vector Nw at P
reads Nw = T1 · T2, with the tangent vectors T1 ¼ oZ=oe1 and T2 ¼ oZ=oe2 (see Fig. 5). With respect to the local frame the
components of the tangent vectors read ½T1  ¼ ½1; 0; a1 þ 2a3 X þ a5 Y  and ½T2  ¼ ½0; 1; a2 þ 2a4 Y þ a5 X , where
a3 = a4 = a5 = 0 for the case that the surface to be interpolated is a linear function. Finally, the components of the
improved normal vector Nw are required with respect to the global frame, and are determined according to
[Nw]glo = [Q][Nw]loc.
A summary of the involved tasks deﬁning the corrector step is provided in Table 1. Note that the corrector step can only
be applied if a crack already exists, and hence at the beginning of a crack propagation we have to use the predictor step
solely. From a practical point of view, this causes no problems since at that stage the stress ﬁeld (which mainly determines
the propagation of a crack surface) at the crack-tip is usually observed to be smooth.
5.2.2. Implementation of the two-step algorithm for tracking the 3D crack path
The implementation of the algorithm for tracking the 3D crack path is based on an user-deﬁned macro, running within
the multi-purpose ﬁnite element software FEAP [51]. Therefore, the introduced common blocks CTIP and CTET store the
data associated with the crack-tip (tip-point and tip-facet), and the potential failure elements, nf say, respectively. In particular, the potential failure elements are deﬁned in a separate numerical routine, which has access to all state variables of
all ﬁnite elements. Therefore, it is straightforward to implement any failure criterion. In addition, we introduced the common block NOID which stores the relevancy of the ﬁnite element nodes (belonging either to X0+ or to X0), subsequently

Table 1
Summary of the corrector step based on a smoothing strategy of the crack surface
• Deﬁne the nRH points Pi of the point cloud according to jPi  Pj < Rw, i = 1, . . . , n
Xn H
Xn H
R
R
Pi =nRH , D ¼
ðPi  Pc Þ  ðPi  Pc Þ
• Compute the centroid Pc and the covariance tensor D of the point cloud Pc ¼
i¼1
i¼1
• Deﬁne the set {e1, e2, e3} of the local basis vectors by solving (D  kiI)ei = 0, i = 1, 2, 3 (no summation over i)
Xn H
R
ðZ i  ZðX i ; Y i ÞÞ2 ! MIN
• Deﬁne the set (a0, . . . , a2) or (a0, . . . , a5) of coeﬃcients by solving U ¼
i¼1
• Compute corrected orientation of the discontinuity NH ¼ T1  T2 with T1 ¼ oZ=oe1 ; T2 ¼ oZ=oe2
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called ‘enhancement information’. In order to serve the PUFEM formulation with the required data on the element level,
for example, the geometry and shape (triangle or quadrilateral) of the discontinuity, FEAPs blank-common block is used.
Moreover, we have to deﬁne crack roots, i.e. potential crack initializations in the associated ﬁnite elements. The crack
roots are characterized by means of (root) tip-points, which deﬁne the location where the cracks are allowed to start. At the
present implementation the user has to deﬁne the crack roots (which are located at the notches for the numerical examples
represented in the next section), however, an automatic deﬁnition of crack roots would be desirable. Here it needs to be
emphasized, that large load steps can cause complicated agglomerations of potential failure elements, and hence an automatic deﬁnition of crack roots might get quite diﬃcult.
Once the crack root is deﬁned and stored in CTIP, the propagation of the crack can be evaluated. For a ﬂow chart of the
required sequences processed by the crack-propagation package see Fig. 6. Primarily, the algorithm is determined by two
nested loops, where the inner loop runs over all nf potential failure elements, which are stored in CTET. The outer loop is
repeated until the truncation ﬂag cut is TRUE, therein, a speciﬁc potential failure element is denoted by i. Whenever a
potential failure element is located on the crack-tip, in the sense that one or more tip-facets coincide with one or more element facets, a sequence of tasks for the ith potential failure element is executed.
(i) The predictor step computes a (trial) discontinuity based on P and N. As discussed in Section 5.2, P and N are determined by the adjacent crack front and the stress ﬁeld, respectively.
(ii) The corrector step modiﬁes (corrects) the orientation of the discontinuity by the proposed smoothing algorithm discussed in Section 5.2.1 (see Table 1), and consequently, an improved discontinuity is introduced in the ﬁnite element.
(iii) Once the discontinuity is introduced in the ith ﬁnite element, the algorithm computes and stores all relevant data for
the PUFEM formulation, e.g., the shape (triangle or quadrilateral) of the discontinuity, the enhancement information, etc. In addition, the crack-front is advanced through the ith ﬁnite element by computing new tip-data (crackfacets and tip-points), which are stored in CTIP. Finally, the ith ﬁnite element gets inactive with respect to the
crack-propagation algorithm.
Once the loop over all potential failure elements is executed, CTET is updated by removing those elements, which were
inactivated during the previous task, and the potential failure elements nf are re-deﬁned. Finally, the enhancement information in NOID is modiﬁed such that the crack is enforced to be closed at the crack-tip, i.e. all ﬁnite element nodes forming
the crack-tip are not allowed to be enhanced. Note that this constraint is physically motivated and crucial for the stability
of the ﬁnite element computation of the problems discussed in Section 6.
5.2.3. Identiﬁed problem and possible remedy
The proposed algorithm assumes that each discontinuity in the reference conﬁguration is ﬁxed once it is embedded.
Hence the algorithm is not able to change already existing cracks, which represent physical discontinuities. However,
the proposed approximation of the crack surface might require a re-deﬁnition of the discontinuities at the crack-tip, which
is illustrated in Fig. 7.
For simplicity, and without loss of generality, the problem is illustrated for the 2D case. Fig. 7(a) shows a possible geometrical situation at a crack-tip. The quantities Pto and No characterize the tip-point and the normal to the discontinuity
(crack), respectively. The subscript (•)o denotes quantities of an old (previous) state. As can be seen from Fig. 7(a) the angle
between the tip-facet and the discontinuity is (very) small, and in the particular case, the algorithm drives the crack into the
opposite direction, as illustrated in Fig. 7(b). Here, Ptn and Nn denote the tip-point and the normal to the discontinuity
predicted by the algorithm, where the subscript (•)n indicates quantities obtained from the new (current) solution. While
this type of crack propagation is pathological and terminates, in general, a 2D computation, it leads to local stress concentrations (temporarily) and ‘holes’ (permanently) in the crack surface in 3D. Since it turns out that the situation illustrated in Fig. 7(a), which may lead to a crack propagation as pointed out in Fig. 7(b), happens rarely during an actual
3D computation, the consequences of this phenomenon on the global results are negligible in practice (at least in 3D).
However, the authors observed that the related local stress concentrations might cause (non-physical) secondary cracks,
which, when joining the primary crack, can also terminate the 3D computation. In order to avoid crack propagations
according to Fig. 7(b) we would have to re-deﬁne the (existing) discontinuities at the crack-tip according to the re-deﬁned
normal Nnew
of the old (previous) state, as illustrated in Fig. 7(c), where the dashed line indicates the re-deﬁned discontio
nuity. Since the required re-deﬁnition of the discontinuity of the old (previous) state is not possible with the algorithm proposed (see Fig. 6), we apply a simple but eﬀective solution of this problem. Namely, we locally constrain the normal vector
to be perpendicular to the adjacent edge (in 2D) or facet (in 3D) of the ﬁnite element, see Fig. 7(d).
It is worth noting that, strictly spoken, the prediction by the proposed remedy depends on the underlying ﬁnite element
mesh, although, practically, the associated mesh-dependency is negligible. This is probably due to the fact that the generated error, i.e. the diﬀerence between the predictions shown in Fig. 7(c) and (d), depends (strongly) on the angle between Nn
and No, which is, in general, very small for the discussed situation. Moreover, practically only a few crack facets are
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Fig. 6. Flow chart of the required sequences processed by the crack-propagation package.

aﬀected by the proposed remedy, for example, for the Brokenshire test, as analyzed in Section 6.2, about 140 of about 2800
crack facets were treated by the proposed remedy, i.e. 5.0%.
5.2.4. Consequences of the proposed smoothing algorithm
The basic motivation of the proposed smoothing algorithm is to avoid diﬃculties arising from a geometrically incompatible prediction of the crack surface according to the applied failure criterion. The proposed non-local deﬁnition of the
crack surface naturally eﬀects the propagation of multiple cracks close to each other. Here, ‘close to each other’ is deﬁned
by the radius Rw, and the eﬀect of the smoothing strategy depends on the problem. For example, let us consider a simple
direct tension test, where two cracks approach each other. Without a smoothing strategy the two cracks would, in general,
not meet each other. However, the application of the proposed smoothing step enforces the two crack fronts to ﬁnd each
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Fig. 7. Discontinuity at a crack-tip illustrated for the 2D case: (a) possible geometrical situation at a crack-tip characterized by Pto (tip-point) and No
(normal to the discontinuity) of an old (previous) state; (b) prediction of the local crack tracking algorithm causes crack growth into the opposite
direction—the crack-tip is characterized by Ptn and Nn obtained from a new (current) state; (c) modiﬁcation with re-deﬁnition of the existing
discontinuity—not possible with the algorithm (the dashed line indicates the re-deﬁned discontinuity according to the re-deﬁned normal Nnew
of the old
o
(previous) state); (d) modiﬁcation without re-deﬁnition of the existing discontinuity, i.e. Nn is perpendicular to the adjacent ﬁnite element edge.

other (assuming the crack fronts are not too far away from each other), and hence a closed crack surface may develop,
which also reﬂects the physical solution. For the more general situations, and, in particular, where the approaching cracks
have signiﬁcant diﬀerent normals, the proposed smoothing strategy fails most likely. However, it needs to be emphasized,
that the evolution of multiple and non-interacting crack can be handled by the introduced concept once each crack is treated separately. This guarantees that the evolution of a particular crack is not eﬀected by the geometry of the others.
6. Representative numerical examples
The introduced computational framework, i.e. the partition of unity ﬁnite element method combined with the proposed
tracking algorithm for non-planar 3D cracks, has been employed for the prediction of concrete failure; two representative
numerical examples are analyzed in detail and compared with experimental and numerical data known from the literature.
In particular, the two examples embrace the Nooru-Mohamed test, a mixed mode fracture test undertaken at Delft University of Technology in (1992) [29], and the Brokenshire test, a torsion fracture test undertaken at Cardiﬀ University in (1996)
[9]. These examples aim at modeling the quasi-brittle failure of unreinforced concrete, where no compressive crushing and
aggregate interlocking is assumed to be present. Hence, we assume that in the localization zone the cohesive properties of
the material dominate over the frictional properties, and the corresponding failure mode exhibits fracture in the form of
separation bands rather than friction along shear bands (see [41]). The presented computations are performed on a PENTIUM 4 PC with 1.0 GB RAM. The unstructured ﬁnite element meshes are generated with the software-package NETGEN [43] and the mesh is a priori reﬁned in those regions were failure was expected.
6.1. Simulation of the Nooru-Mohamed test
The Nooru-Mohamed test applies tensile and shear loads to a double-edge-notched specimen (DENS), for which a number of loading paths were experimental investigated [29]. It is well known that this test can be considered as a 2D problem,
which is also conﬁrmed by our computation. However, the aim of the present study is to investigate the proposed algorithm
for tracking the crack path with respect to multiple (two) non-interacting and non-planar cracks. The dimensions of the
DENS and the considered loading and boundary conditions are illustrated in Fig. 8. In particular, we investigate the loading protocol 4b, as deﬁned in [29]. For that speciﬁc protocol the loading path for the DENS is comprised by two steps: (i)
applying a shear load Ps of 10.0 kN while keeping the normal load Pn at zero, and (ii) applying a normal load Pn, while
keeping the shear load Ps ﬁxed at 10.0 kN. In the following the numerical ﬁndings are labeled with the opening displacement d, which is deﬁned as the relative displacement between the points A and B (or alternatively between A 0 and B 0 ) in the
direction of the normal load Pn, as illustrated in Fig. 8.
Because of the speciﬁc loading protocol the principal stresses rotate during the test, resulting in two curvilinear cracks.
The Nooru-Mohamed test has been numerically investigated by several authors using diﬀerent numerical and constitutive
approaches, see, for example, [22,39,40] among others. For the present computation, we used material parameters as
shown in Table 2, and applied a ﬁnite element discretization using 32311 constant strain tetrahedral elements. Note that
the parameters t0, a, b, a of the cohesive zone lead to a mode I fracture energy of GIf ¼ 0:106 N mm1 [13]. Hence the quantiﬁed constitutive response of the Nooru-Mohamed test can be compared to that used in [40]. In order to deﬁne the failure
criterion of the ith ﬁnite element according to Eq. (12), the Cauchy stress is averaged within the sphere of radius
pﬃﬃﬃﬃ
Rchar ¼ 3:0 3 vi , where vi denotes the current element volume. Moreover, the orientation Nw of the discontinuity to be
embedded in the ith ﬁnite element is characterized by a corrector step (see Section 5.2.1), which utilizes a quadratic surface
for the smoothing
pﬃﬃﬃﬃﬃ algorithm. Thereto, the surface is ﬁtting to the nodes of the (non-smooth) crack surface within a sphere
of RH ¼ 4:0 3 V i , where Vi denotes the referential volume of the ith ﬁnite element.
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Fig. 8. Nooru-Mohamed test [29]: double-edge-notched specimen (DENS) applied to loading and boundary conditions (all dimensions are in millimeter).

Table 2
Bulk and cohesive material parameters applied
Bulk material response
Bulk modulus, j
Shear modulus, l

16.67 · 103 MPa
12.50 · 103 MPa

Cohesive material response
Cohesive tensile strength, t0
Cohesive parameter, a
Cohesive parameter, b
Anisotropy parameter, a

3.0 MPa
11.32 mm1
0.674
1.0

Fig. 9 shows the deformed conﬁgurations and the related maximum principal Cauchy stress at the opening displacement
d = 0.048 mm, where the displacements are scaled by a factor 500. It illustrates the two evolved cracks and the stress concentrations at the crack-tips. In addition, Fig. 10 shows the evolving discontinuities with respect to the reference conﬁguration at the opening displacements d = 0.006, 0.017, 0.5 mm. As can be seen, the two ‘symmetrical’ and curvilinear cracks
are developing as expected. Note that we have used a completely unstructured mesh, hence the symmetry of both evolving
cracks indicates no mesh sensitivity of the proposed method.
In Fig. 11 the computed crack formation is compared to experimental data [29]. The comparison indicates a good correlation between the numerical prediction and the experimental observation, in particular for the upper crack. In addition,
the initiation of the cracks at an angle of about 50 with respect to the normal loading direction is captured very nicely.
Note that the experiment does not show the expected symmetry of both cracks.
A comparative study of the evolution of the normal load Pn with respect to the opening displacement d is presented in
Fig. 12. Experimental data are according to [29] and shown by a grey solid line, while the results of the recent numerical
analysis [40] is shown by the dashed line. Our results obtained, with the PUFEM formulation combined with the proposed
tracking algorithm for non-planar 3D cracks and using an unstructured mesh are characterized by the solid black line in
Fig. 12. Note that the work [40] investigated the Nooru-Mohamed test on the basis of the extended Leon model, two multisurface plasticity formulations and a microplane model. The authors concluded that the microplane model provided the
closest results to the experimental data, and these results are also illustrated in Fig. 12. As can be seen, our numerical prediction can be compared with the results predicted by the microplane model executed in [40]. While the present computation seems to capture small opening displacements more accurately it resulted in worse results at larger opening
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Fig. 9. Nooru-Mohamed test: maximum principal Cauchy stress superimposed on the current conﬁguration at the opening displacement d = 0.048 mm
(displacements are scaled by a factor 500).

Fig. 10. Nooru-Mohamed test: evolution of two ‘symmetrical’ and curvilinear cracks. Three particular opening displacements are considered, i.e.
d = 0.006, 0.017, 0.5 mm. Illustrated cracks are with respect to the reference conﬁguration.

Fig. 11. Nooru-Mohamed test: numerically predicted and experimentally observed crack formation of the double-edge-notched specimen (DENS) applied
to loading and boundary conditions according to the Nooru-Mohamed test [29], as illustrated in Fig. 8.

displacements when compared to the experimental data. A signiﬁcant overestimation of the limit load is predicted by both
numerical approaches when compared to the experimental data. Finally, note that a similar overestimation of the limit load
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Fig. 12. Normal load–displacement (Pn-d) curves for the Nooru-Mohamed test: the grey solid line denotes experimental data published in [29], the dashed
line represents numerical results given in [40], and the solid black line denotes our computation, which combines the PUFEM formulation with the
proposed tracking algorithm for non-planar 3D cracks using a completely unstructured mesh.

was reported in [22] using Rankine gradient-dependent plasticity model, which was not able to capture the curved character
of the evolving cracks.
6.2. Simulation of the Brokenshire test
The capability and eﬃciency of the proposed method, in particular, of the proposed tracking algorithm for capturing
non-planar 3D cracks is now studied by means of the torsion fracture test, i.e. the Brokenshire test, as documented in
[9]. The dimensions of a notched prismatic specimen with the applied loading and boundary conditions are illustrated
in Fig. 13. Three supports ﬁx the specimen and a downward oriented force P with related displacement u characterizes
the loading of the Brokenshire test. The Brokenshire test requires a fully three-dimensional formulation. On the basis of
a plastic–damage-contact model and a predeﬁned crack path this example has recently been investigated numerically in
the work [18]. Based on the particular loading, a non-planar crack starts to propagate at the notch. Subsequently, all results
are considered with respect to the crack mouth opening displacement (CMOD), which is deﬁned as the relative displacement between the points A and B normal to the notch, see Fig. 13.
For the present computation we used the same material parameters as before (for a summary see Table 2). The applied
ﬁnite element discretization uses 40610 constant strain tetrahedral elements; a quasi-static and displacement-controlled
computation is performed. Moreover,
pﬃﬃﬃﬃ the orientation of the discontinuities are characterized
pﬃﬃﬃthe failure criterion and
by the non-local measures Rchar ¼ 3:0 3 v and RH ¼ ð3:0  4:0Þ 3 V , with v and V denoting the current and referential ﬁnite
element volumes, respectively.

Fig. 13. Brokenshire test [9]: notched prismatic specimen applied to loading and boundary conditions (all dimensions are in millimeter).
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Fig. 14. Brokenshire test: maximum principal Cauchy stress superimposed on the current conﬁguration at the maximum load of CMOD = 0.161 mm
(displacements are scaled by a factor 500).

Fig. 14 shows the deformed conﬁguration and the related maximum principal Cauchy stress at the crack mouth opening
displacement of CMOD = 0.161 mm. For illustrative purposes the displacements are scaled by a factor 500. The ﬁgure
illustrates the developed crack and the related stress concentration at the crack-tip. In addition, it can be seen that parallel
to the crack a region of high principal Cauchy stress is developed, in which inelastic phenomena are probably dominant not
captured by the present computation.
Fig. 15 shows the evolving discontinuity with respect to the reference conﬁguration at the crack mouth opening displacements CMOD = 0.044, 0.127, 2.145 mm. As can be seen, a double-curved crack with the expected symmetry develops.
Moreover, we investigated the inﬂuence of the numerical parameter Rw on the development of the crack; results are
p
ﬃﬃﬃﬃillus3
H
trated in p
Fig.
16.
Here
two
fully
developed
cracks
are
compared,
which
are
based
on
computations
with
R
¼
3:0
V and
ﬃﬃﬃﬃ
RH ¼ 4:0 3 V , respectively. The cracks are investigated at the bottom of the beam, where the largest diﬀerence between them
is expected. A slight deviation from each other can be observed, but the considered variation of Rw does not change the

Fig. 15. Brokenshire test: evolution of a double-curved crack with respect to the reference conﬁguration at the crack mouth opening displacements
CMOD = 0.044, 0.127, 2.145 mm.

pﬃﬃﬃﬃ
pﬃﬃﬃﬃ
Fig. 16. Inﬂuence of Rw on the evolution of the crack. Predicted cracks at the bottom of the beam for RH ¼ 3:0 3 V and RH ¼ 4:0 3 V are shown, where the
largest diﬀerence is present.
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Fig. 17. Load–displacement (P-CMOD) curves for the Brokenshire test: the grey solid line denotes experimental data published in [9], the (smooth) dashed
line represents numerical results given in [18], and the other two lines represent our numerical prediction, which combines the PUFEM formulation with
the proposed tracking algorithm for non-planar 3D cracks using a completely unstructured mesh. The solid line (‘present computation A’) represents
numerical results which are based on material parameters summarized in Table 2, while the dashed line (‘present computation B’) is based on parameters
taken from Table 3.

Table 3
Material parameters for the Brokenshire test in accordance with [18]
Bulk material response
Bulk modulus, j
Shear modulus, l

19.44 · 103 MPa
14.58 · 103 MPa

Cohesive material response
Cohesive tensile strength, t0
Cohesive parameter, a
Cohesive parameter, b
Anisotropy parameter, a

2.3 MPa
11.32 mm1
0.674
1.0

basic crack pattern. However, it needs to be emphasized that for (too) large values of Rw the crack propagation is mainly
determined by the geometry of the already existing crack surface, and the inﬂuence of the stress ﬁeld becomes negligible.
Hence, Rw can be seen as a weighting parameter between the stress ﬁeld and the geometry which determines the crack
propagation.
A comparative study of the evolution of the load P with respect to the crack mouth opening displacement (CMOD) is
presented in Fig. 17. Experimental data are taken from [9] and shown by a grey solid line, while our numerical results are
indicated by the solid black line in Fig. 17, indicated as ‘present computation A’. As can be seen, the present numerical
prediction is in good agreement with the experimental data documented in [9]. In particular, the limit load is captured accurately, and the present analysis is able to represent the softening behavior of the material. The scatter of the computed
results that exceed CMOD = 0.4 mm is either an inherent (stability) problem or is caused by the relatively coarse unstructured mesh which was used, in particular, at the bottom of the beam.
For comparison purposes numerical results of the recent study [18] are shown by the dashed line in Fig. 17. Moreover, in
Fig. 17 we have indicated our numerical results which are based on the material parameters as shown in Table 3 (indicated
as ‘present computation B’). These parameters are basically proposed in [18]. In particular, the parameters t0, a, b, a
describing the cohesive zone lead to a mode I fracture energy of GIf ¼ 0:082 N mm1, hence the quantiﬁed constitutive
response can be compared to results given in [18]. As can be seen, this set of material parameters leads to a much weaker
response of the Brokenshire test than that observed by the experiment. In particular, a signiﬁcant underestimation of the
limit load is evident.
7. Conclusion
The typical discontinuous pattern, which occurs during failure of unreinforced concrete, were modeled within the framework of strong discontinuities. A cohesive fracture process zone was introduced, and the cohesive material response was
described by a transversely isotropic traction separation law, which governs the material-dependent resistance against
cracking in a phenomenological sense. A speciﬁc cohesive potential was brieﬂy reviewed. The cohesive potential is suitable
to describe tensile failure of concrete capturing an exponential decay of the traction with respect to evolving damage (i.e.
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separation). Since the well-known necessary condition of strain localization, i.e. the singularity of the acustic tensor, is
related to high computational cost when applied to general boundary-value problems to be solved numerically, the simpler
Rankine criterion was employed in the present computations leading to suﬃciently accurate results. In addition, a nonlocal smoothing of the stress ﬁeld was introduced, and hence the failure criterion was implemented in a non-local sense.
After reviewing certain algorithms developed for tracking the crack path, a recently proposed single-step algorithm [13]
was described in more detail. The algorithm, denoted as ‘predictor step’ throughout this paper, is able to drive multiple
non-interacting and non-planar cracks in 3D. For simplicity, it was assumed that the discontinuities within the ﬁnite elements are ﬂat in the reference conﬁguration, hence, in general, a non-smooth representation of the global crack surface was
achieved. In order to overcome topological diﬃculties, i.e. ‘bumpy’ crack surfaces which may lead to (unphysical) crack
bifurcations, the tracking algorithm was equipped with a corrector step, which draws in non-local information to smooth
the surface. The idea is based on a local (ﬁrst-order or) second-order approximation of the crack surface by considering
neighboring discontinuities, and, consequently, by re-deﬁning the normal vector.
The constitutive framework is based on the partition of unity ﬁnite element method, which leads to robust and meshindependent representations of concrete failure. The ﬁnite element model, using tetrahedral elements, and the algorithms
for tracking the crack surfaces in 3D, were implemented within the multi-purpose ﬁnite element software FEAP. The
implementation is based on an user-deﬁned macro and an external software package, developed by the authors, which handles the representation and progress of 3D cracks.
The PUFEM formulation, when used in combination with the proposed two-step algorithm, leads to a fast and robust
tracking of 3D crack paths. This was aimed to be illustrated by means of two representative numerical examples, i.e. the
simulation of the Nooru-Mohamed test and the Brokenshire test, using completely unstructured tetrahedral ﬁnite meshes.
The analyses were based on geometrical, constitutive, loading and boundary-value data adopted from the literature. The
obtained numerical results are in good agreement with experimental data, and are compared and discussed with respect to
other published numerical analyses. The presented approach is well-suited for modeling 3D crack propagation in unreinforced concrete, with the only limitation that intersecting cracks can not be captured yet. An extension to intersecting
cracks is desirable, however, most probably accompanied by serious topological complexities for general 3D applications.
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Appendix A
The solution of the minimization problem, as given in (15), reduces to the solution of the optimality conditions oU/
oai = 0, i = 0, . . . , 5 (where i = 0, . . . , 2 is for the case that the surface is described by a linear function). That leads to a symmetric (and real) system of linear equations

to be solved for the coeﬃcients a0, . . . , a5 (or a0, . . . , a2), which is straightforward if enough (well-distributed) nodes nRH of
the point cloud are available.
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Z.P. Bažant, Concrete fracture models: testing and practice, Engrg. Fract. Mech. 69 (2002) 165–205.
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