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For functions p analytic in the open unit disc U = {z : |z|< 1} with the normaliza-
tion p(0)= 1, we consider the families �[A,−1], −1<A≤ 1, consisting of p such
that p(z) is subordinate to (1+Az)/(1−z) in U and �(1,b), b > 0, consisting of p,
which have the disc formulation |p−1|< b in U . We then introduce subordination
criteria for the choice of p(z)= zf ′(z)/f(z), where f is analytic in U and normal-
ized by f(0)= f ′(0)−1= 0. We also obtain starlikeness and convexity conditions
for such functions f and consequently extend and, in some cases, improve the
corresponding previously known results.
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1. Introduction. Let � denote the class of functions that are analytic in the

open unit disc U = {z : |z| < 1}. In the sequel, we assume that p in � is nor-

malized by p(0)= 1 and f in � is normalized by f(0)= f ′(0)−1= 0.

For 0< b ≤ a, the function p ∈� is said to be in �(a,b) if and only if

∣∣p(z)−a∣∣< b, z ∈U. (1.1)

Without loss of generality, we omit the trivial case p(z) = 1 and assume that

|1−a|< b.

For −1≤ B <A≤ 1, the function p ∈� is said to be in �[A,B] if and only if

p(z)≺ 1+Az
1+Bz , z ∈U. (1.2)

Here the symbol “≺” stands for subordination. For the functions f and g in

�, we say that f is subordinate to g in U , denoted by f ≺ g, if there exists

a Schwarz function w in � with |w(z)| < 1 and w(0) = 0 such that f(z) =
g(w(z)) in U .

For 0 < b ≤ a, there is a correspondence between �(a,b) and �[A,B];
namely,

�(a,b)≡�
[
b2−a2+a

b
,
1−a
b

]
. (1.3)

http://dx.doi.org/10.1155/S0161171203207146
http://dx.doi.org/10.1155/S0161171203207146
http://dx.doi.org/10.1155/ijmms
http://www.hindawi.com


2054 R. AGHALARY AND J. M. JAHANGIRI

Two subclasses that have been studied extensively (e.g., see [2, 10]) are

�(1,b) and �[A,−1]. The class �(1,b), which is defined using the disc for-

mulation, has an alternative characterization in terms of subordination, where

p ∈�(1,b)⇐⇒ p(z)≺ 1+bz. (1.4)

In this paper, we study the subordination criteria for functions p(z) =
zf ′(z)/f(z) in �, where f ∈ �. We also obtain starlikeness and convexity

conditions for such functions f ∈ � and consequently extend and, in some

cases, improve the corresponding previously known results. The significance

of the above choice for p is evident if we recall that f ∈� is said to be starlike

of order α, 0 ≤ α ≤ 1 if (zf ′(z)/f(z)) ∈ �(1,1−α), and f ∈ � is said to be

convex of order α, 0 ≤ α ≤ 1 if (1+ zf ′′/f ′) ∈ �(1,1−α). Finally, we note

that all functions, starlike or convex, of order α2 are, respectively, starlike or

convex of order α1 if 0≤α1 ≤α2 ≤ 1.

2. Main results. First, we introduce a subordination criterion for p(z) =
zf ′(z)/f(z) in �[A,−1]. To prove our first theorem, we need the following

celebrated result, which is due to Miller and Mocanu [3].

Lemma 2.1. Let q be univalent in the unit disc U and let φ and ψ be ana-

lytic in a domain � containing q(U) with ψ(ω) ≠ 0 for ω ∈ q(U). Set Q(z) =
zq′(z)ψ(q(z)) and h(z)=φ(q(z))+Q(z). Also, suppose thatQ is starlike uni-

valent in U and �(zh′(z)/Q(z)) = �[φ′(q(z))/ψ(q(z))+zQ′(z)/Q(z)] > 0

in U . If p is analytic in U , p(0)= q(0), q(U)∈�, andφ(p(z))+zp′(z)ψ(p(z))
≺ h(z), then p ≺ q, and q is the best dominant of the subordination.

Theorem 2.2. Let f in � be so that f(z)/z ≠ 0 in U . Also, let α> 0, |β| ≤ 1,

and −1<A≤ 1 be so that

β(1−α)
α

+ 1
2
(1+β)(1−A)+ (1−β)(1−A)

2(1+A) ≥ 0. (2.1)

If

(
zf ′(z)
f(z)

)β(
1+αzf

′′(z)
f ′(z)

)
≺ h(z), (2.2)

where

h(z)=
(

1+Az
1−z

)β−1[
(1−α)1+Az

1−z + α(1+Az)
2+α(1+A)z

(1−z)2
]
, (2.3)

then

zf ′(z)
f(z)

≺ 1+Az
1−z . (2.4)
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Proof. Setting zf ′(z)/f(z)= p(z), condition (2.2) can be written as

(
p(z)

)β[(1−α)+αp(z)]+αzp′(z)β−1 ≺ h(z). (2.5)

For q(z)= (1+Az)/(1−z), it is clear that q is univalent in U and q(U) is the

region �z > (1−A)/2. Also, for ψ(z) = αzβ−1 and φ(z) = zβ(1−α+αz), we

observe thatψ andφ satisfy the conditions required by Lemma 2.1. Therefore,

Q(z)= zq′(z)ψ(q(z))= α(1+A)z(1+Az)β−1

(1−z)β+1
,

h(z)=φ(q(z))+Q(z)= (1+Az
1−z

)β[
1−α+α1+Az

1−z
]

+ α(1+A)z(1+Az)
β−1

(1−z)β+1
.

(2.6)

Now, the above assumptions yield

�zQ
′(z)

Q(z)
=�

[
1+(β−1)

Az
1+Az +(1+β)

z
1−z

]

>−1+(1−β) 1
1+|A| +(1+β)

1
2

=
(
1−|A|)(1−β)

2
(
1+|A|) > 0,

�zh
′(z)

Q(z)
= β(1−α)

α
+(1+β)�

(
1+Az
1−z

)
+�zQ

′(z)
Q(z)

>
β(1−α)
α

+ 1
2
(1+β)(1−|A|)+ (1−β)

(
1−|A|)

2
(
1+|A|) ≥ 0.

(2.7)

This completes the proof since all the conditions required by Lemma 2.1 are

satisfied.

We remark that for β = A = 0 and α = 1, the above theorem reinstates the

fact that every convex function is starlike of order 1/2. Also, for β = A = 1,

we obtain [8, Theorem 1], and for α = β = 1 and A = 0 we obtain [8, Theorem

3]. Furthermore, letting α=−β= 1 in the above theorem, yields the following

corollary.

Corollary 2.3. Let f ∈� and f(z)/z ≠ 0 in U . If −1< |A| ≤ 1 and

1+zf ′′(z)/f ′(z)
zf ′(z)/f(z)

≺ 1+ (1+A)z
(1+Az)2 , (2.8)

then

zf ′(z)
f(z)

≺ 1+Az
1−z . (2.9)
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Remark 2.4. The function h(z) = 1+ (1+A)z/(1+Az)2 has interesting

mapping properties. Note that h takes real values for real values of z with

h(0) = 1 and h(U) is symmetric with respect to the real axis. Now, for D =
{h(eiθ) : 0≤ θ < 2π} and d= (1,0), observe that

mindist(D,d)= 1
1+A. (2.10)

Consequently, h maps the unit circle onto the region, which properly con-

tains the region |ω− 1| < (1+A)/(1−A)2. This is an extension to [9, The-

orem 1] which does not extend as for the sharpness. (Also see Obradovíc

and Tuneski [7].)

Our next theorem is on the subordination criterion for zf ′(z)/f(z)∈�(1,b).

Theorem 2.5. Let f ∈� and f(z)/z ≠ 0 in U . Also, let α > 0, |β| ≤ 1, and

0< b ≤ 1 be so that 2β+α(1−β)+(1−b)(1+b+bβ)≥ 0. If

(
zf ′(z)
f(z)

)β(
1+αzf

′′(z)
f ′(z)

)
≺ 1+(1+2α)bz+αb2z2

(1+bz)1−β = h(z), (2.11)

then

zf ′(z)
f(z)

≺ 1+bz. (2.12)

Proof. Setting p(z)= zf ′(z)/f(z), condition (2.11) may be written as

(
p(z)

)β[(1−α)+αp(z)]+αzp′(z)(p(z))β−1 ≺ h(z). (2.13)

Here, we need once again to make use of Lemma 2.1. Set q(z)= 1+bz,ψ(z)=
αzβ−1, and φ(z)= zβ(1−α+αz). We observe that q is univalent and q(U) is

a region, so that its boundary is the circle with radius b and center at (1,0).
Using an argument similar to that used to prove Theorem 2.2, we writeQ(z)=
αbz(1+bz)β−1 and h(z)=φ(q(z))+Q(z). Therefore,

�zQ
′(z)

Q(z)
= β+(1−β)� 1

1+bz > β+
1−β
1+b =

1+βb
1+b ≥ 0,

�zh
′(z)

Q(z)
=�

[
β(1−α)
α

+(1+β)(1+bz)
]
+�zQ

′(z)
Q(z)

>
β(1−α)
α

+(1+α)(1−b)+ 1+βb
1+b ≥ 0.

(2.14)

Thus, the proof is complete since all the conditions required by Lemma 2.1 are

satisfied.

By letting β = 1 in Theorem 2.5, we obtain the following corollary, which

is an improvement in a result obtained in [6]. For an alternative proof of the

following corollary, see Mocanu and Oros [4]. Another generalization of this

result is contained in Mocanu and Oros [5].
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Corollary 2.6. Let f ∈� and f(z)/z ≠ 0 inU . Also, letα> 0 and 0<b≤1.

If

zf ′(z)
f(z)

+αz
2f ′′(z)
f(z)

≺ 1+(1+2α)bz+αb2z2, (2.15)

then

zf ′(z)
f(z)

≺ 1+bz. (2.16)

Recalling Remark 2.4 after Corollary 2.3 for h(z) = 1+(1+2α)bz+αb2z2,

observe that h takes real values for real values of z with h(0) = 1 and h(U)
is symmetric with respect to the real axis. Now, for D = {h(eiθ) : 0 ≤ θ < 2π}
and d= (1,0), it can be shown that

mindist(D,d)= (1+2α)b−αb2,

Maxdist(D,d)= (1+2α)b+αb2.
(2.17)

Therefore, h maps the unit disc U onto a region, which properly contains

the region {z : |z−1| < (1+α)b}. This improves [6, Theorem 1] obtained by

Obradović et al.

For 0≤ ρ < 1, define Ω= {w : |w−1| ≤ 1−2ρ+�w} and let �(ρ) consist of

functions f ∈� satisfying the condition zf ′/f ∈ Ω. Note that the class �(ρ)
consists of starlike functions. Also, we let �(ρ) consist of convex functions

f ∈� for which zf ′ ∈�(ρ).
For 0 ≤ ρ < β ≤ 1, let �β(ρ) be the largest number for which the disc

�(β,�β(ρ)) = {ω : |ω−β| < �β(ρ)} lies inside the region Ω. A direct cal-

culation yields

�β(ρ)=

β−ρ if ρ < β< 2−ρ,

2
√
(1−ρ)(β−1) if β≥ 2−ρ, (2.18)

Therefore, the disc contains the point 1 for

1+ρ
2

< β< (2−ρ)+
√
ρ2−ρ+5

2
(2.19)

and we have justified the following lemma.

Lemma 2.7. Let f ∈� and (1+ρ)/2< β< (2−ρ)+√ρ2−ρ+5/2. If

∣∣∣∣zf ′(z)f(z)
−β
∣∣∣∣<�β(ρ), (2.20)

then f ∈�(ρ).

The above lemma in conjunction with Corollary 2.6 yields the following the-

orem.
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Theorem 2.8. Let f ∈� and f(z)/z ≠ 0 inU . Also, letα> 0 and 0< b ≤ 1. If

zf ′(z)
f(z)

+αz
2f ′′(z)
f(z)

≺ 1+(1+2α)bz+αb2z2, (2.21)

then f ∈�(1−b).
With some restrictions on ρ and b, we show that we can do even better than

the above theorem in terms of classification of the function f . First, we need

the following result due to Jack [1].

Lemma 2.9. Let ω be a nonconstant analytic function in U with ω(0) = 0.

If |ω| attains its maximum value on the circle |z| = r at some point z0, then

z0ω′(z0)= kω(z0), where k≥ 1.

Theorem 2.10. For α > 0, let ρ = (α−b(2+3α+αb))/α(1−b) and 0 <
b ≤ (−(3+2α)+√9+12α+8α2)/2α. If f ∈�, f(z)/z ≠ 0, and

zf ′(z)
f(z)

+αz
2f ′′(z)
f(z)

≺ 1+(1+2α)bz+αb2z2, (2.22)

then f ∈�(ρ).

Proof. Setting p(z)= zf ′(z)/f(z) andω(z)=αzf ′′(z)/f ′(z), condition

(2.22) may be written as

p(z)
(
1+ω(z))≺ 1+(1+2α)bz+αb2z2 (2.23)

or

∣∣p(z)(1+ω(z))−1
∣∣< (1+2α)b+αb2, z ∈U. (2.24)

Therefore, |p(z)−1|< b and so, by Corollary 2.6, we only need to show that

∣∣ω(z)∣∣< 2(1+α)b+αb2

1−b = T . (2.25)

Define g(z)=ω(z)/T . Since g(0)= 0 and g is analytic in U , it suffices to show

that |g| < 1 in U . On the contrary, suppose that there exists z0 ∈ U , so that

|g(z0)| = 1. Then , by Lemma 2.9, there exists k≥ 1, so that z0g′(z0)= kg(z0).
Consequently,

∣∣p(z0
)(

1+ω(z0
))−1

∣∣= ∣∣p(z0
)(

1+Tg(z0
))−1

∣∣
= ∣∣(p(z0

)−1
)(

1+Tg(z0
))+Tg(z0

)∣∣
≥ T∣∣g(z0

)∣∣−b(1+T∣∣g(z0
)∣∣)

= (1+2α)T +αT 2.

(2.26)

This is a contradiction to the required condition (2.24), and so the proof is com-

plete.
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As a corollary to the above theorem we obtain the following corollary.

Corollary 2.11. Let f ∈� be so that f(z)/z ≠ 0 and

zf ′(z)
f(z)

+ z
2f ′′(z)
f(z)

≺ 1+0.5777z+0.037z2, z ∈U. (2.27)

Then, |zf ′′(z)/f ′(z)|< 0.99987, and so f is convex.

We note that our Corollary 2.11 is an improvement to [6, Corollary 2(b)].
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43 (1998), no. 2, 49–53.

[6] M. Obradovíc, S. B. Joshi, and I. Jovanovíc, On certain sufficient conditions for
starlikeness and convexity, Indian J. Pure Appl. Math. 29 (1998), no. 3, 271–
275.

[7] M. Obradovíc and N. Tuneski, On the starlike criteria defined by Silverman,
Zeszyty Nauk. Politech. Rzeszowskiej Mat. (2000), no. 24, 59–64.

[8] K. S. Padmanabhan, On sufficient conditions for starlikeness, Indian J. Pure Appl.
Math. 32 (2001), no. 4, 543–550.

[9] H. Silverman, Convex and starlike criteria, Int. J. Math. Math. Sci. 22 (1999), no. 1,
75–79.

[10] H. Silverman and E. M. Silvia, Subclasses of starlike functions subordinate to convex
functions, Canad. J. Math. 37 (1985), no. 1, 48–61.

Rasoul Aghalary: Department of Mathematics, Faculty of Sciences, University of Ur-
mia, Western Azerbaijan, Iran

E-mail address: raghalary@yahoo.com

Jay M. Jahangiri: Department of Mathematical Sciences, Kent State University, Burton,
OH 44021-9500, USA

E-mail address: jay@geauga.kent.edu

mailto:raghalary@yahoo.com
mailto:jay@geauga.kent.edu


Journal of Applied Mathematics and Decision Sciences

Special Issue on

Intelligent Computational Methods for
Financial Engineering

Call for Papers

As a multidisciplinary field, financial engineering is becom-
ing increasingly important in today’s economic and financial
world, especially in areas such as portfolio management, as-
set valuation and prediction, fraud detection, and credit risk
management. For example, in a credit risk context, the re-
cently approved Basel II guidelines advise financial institu-
tions to build comprehensible credit risk models in order
to optimize their capital allocation policy. Computational
methods are being intensively studied and applied to im-
prove the quality of the financial decisions that need to be
made. Until now, computational methods and models are
central to the analysis of economic and financial decisions.

However, more and more researchers have found that the
financial environment is not ruled by mathematical distribu-
tions or statistical models. In such situations, some attempts
have also been made to develop financial engineering mod-
els using intelligent computing approaches. For example, an
artificial neural network (ANN) is a nonparametric estima-
tion technique which does not make any distributional as-
sumptions regarding the underlying asset. Instead, ANN ap-
proach develops a model using sets of unknown parameters
and lets the optimization routine seek the best fitting pa-
rameters to obtain the desired results. The main aim of this
special issue is not to merely illustrate the superior perfor-
mance of a new intelligent computational method, but also
to demonstrate how it can be used effectively in a financial
engineering environment to improve and facilitate financial
decision making. In this sense, the submissions should es-
pecially address how the results of estimated computational
models (e.g., ANN, support vector machines, evolutionary
algorithm, and fuzzy models) can be used to develop intelli-
gent, easy-to-use, and/or comprehensible computational sys-
tems (e.g., decision support systems, agent-based system, and
web-based systems)

This special issue will include (but not be limited to) the
following topics:

• Computational methods: artificial intelligence, neu-
ral networks, evolutionary algorithms, fuzzy inference,
hybrid learning, ensemble learning, cooperative learn-
ing, multiagent learning

• Application fields: asset valuation and prediction, as-
set allocation and portfolio selection, bankruptcy pre-
diction, fraud detection, credit risk management

• Implementation aspects: decision support systems,
expert systems, information systems, intelligent
agents, web service, monitoring, deployment, imple-
mentation

Authors should follow the Journal of Applied Mathemat-
ics and Decision Sciences manuscript format described at
the journal site http://www.hindawi.com/journals/jamds/.
Prospective authors should submit an electronic copy of their
complete manuscript through the journal Manuscript Track-
ing System at http://mts.hindawi.com/, according to the fol-
lowing timetable:

Manuscript Due December 1, 2008

First Round of Reviews March 1, 2009

Publication Date June 1, 2009

Guest Editors

Lean Yu, Academy of Mathematics and Systems Science,
Chinese Academy of Sciences, Beijing 100190, China;
Department of Management Sciences, City University of
Hong Kong, Tat Chee Avenue, Kowloon, Hong Kong;
yulean@amss.ac.cn

Shouyang Wang, Academy of Mathematics and Systems
Science, Chinese Academy of Sciences, Beijing 100190,
China; sywang@amss.ac.cn

K. K. Lai, Department of Management Sciences, City
University of Hong Kong, Tat Chee Avenue, Kowloon,
Hong Kong; mskklai@cityu.edu.hk

Hindawi Publishing Corporation
http://www.hindawi.com

http://www.hindawi.com/journals/jamds/
http://mts.hindawi.com/

	1Call for Papers
	Guest Editors

