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Abstract
Bifurcations of periodic solutions in a model of weakly coupled two Bonhoeffer – van der Pol equations are studied.
The model realizes a half-center model with reciprocal inhibition, a typical model used in the field of neural motor
control to account for the generation of alternating rhythmic bursts observed in motoneurons and spinal neural
networks. Several oscillatory solutions such as in-phase, anti-phase as well as out-of-phase solutions emerge from the
model’s equilibrium as one of the parameters of the model changes. Among the variety of bifurcations exhibited by
the model, we analyze Hopf bifurcations, by which several periodic solutions emerge, and illustrate generation
mechanisms of alternating oscillations in the model. © 2000 Elsevier Science Ireland Ltd. All rights reserved.
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1. Introduction
In the study of motor control, alternating
bursts of motoneurons and spinal interneurons
provide a basis of coordinated limb movements.
They involve discharges of motoneurons innervating antagonist muscles, i.e. the extensor and flexor
muscles, as well as those controlling muscles of
left and right limbs. The generation mechanism of
the alternating bursts has been understood in
terms of half-center models whose foundation, in
many cases, is associated with reciprocal inhibition (Getting, 1981; Grillner et al., 1983). Each
half-center has been modeled by an oscillator,
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which represents activity of a population of neurons or a single neuronal membrane, and the two
half-centers are connected mutually by reciprocal
inhibition. It is expected that when one center is
active, the other is silent, and vice versa. In this
way, certain symmetry between the two half-centers is introduced in the models. Symmetrically
coupled oscillators modeling the neural generation of walking rhythms can be considered as
natural extensions of half-center models.
Several studies have examined generation of the
walking patterns by analyzing the dynamics of
ordinary differential equations for symmetrically
coupled oscillators (Kimura et al., 1993; Taga,
1995). In these studies, parameters of the models
such as coupling strengths were determined empirically so that the model can reproduce alternating and coordinated patterns observed in animal
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mensional subspace at the left side sH as z increases, and a stable periodic solution bifurcates
from the equilibrium. It shows in-phase oscillation, i.e. two BVPs oscillates synchronously. As z
increases further, the equilibrium becomes unstable in another two-dimensional subspace at the
right side sH, and an unstable anti-phase periodic
oscillation (two BVPs oscillate with phase-shifted
by a half of the oscillation period) bifurcates from
the equilibrium. Another stable periodic oscillation branch bifurcates from the in-phase branch
(after passing through two pds). It shows out-ofphase oscillation, i.e. two BVPs oscillate with
neither in-phase nor anti-phase, and oscillation
amplitudes of x1 and x2 are different. For this
reason, two branches bifurcating from the inphase branch are plotted; one for x1 and the other
for x2.
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It is important to note that the aforementioned
two Hopf points, if they exist, coincide when
d= 0 in Eq. (1) regardless of the value of e. This
means that Hopf bifurcations in the model with
d = 0 is degenerate, and non-zero d can unfold the
degeneracy. In the singularity theoretic bifurcation analysis (Golubitsky and Schaeffer, 1985), an
appropriate singularity is chosen for a given bifurcation problem, and bifurcation structure of the
model is analyzed in the vicinity of the singularity.
We will chose the case d= 0 and e= 0 in Eq. (1)
as the highest singularity for our analysis.
Our analysis depends fully on the symmetry of
the system. If a mapping f(x) commutes with a
group G, i.e. Ög G, f(g·x)=g·f(x), we say that
f(x) is G-symmetry. Similarly, an ordinary differential equation dx/dt = f(x) is G-symmetry if f(x)
is G-symmetry. When e= 0 and d= 0 in Eq. (1),

Fig. 1. Examples of BDs of Eq. (1). a = 0.7, c= 2.0, e = 0.01 and d = 0.01 in every figure. The bifurcation parameter z is taken as
the abscissa. The ordinate is x1 and x2, and their values for several solutions are plotted as a function of z. Solid and dashed curves
represent stable and unstable equilibria, respectively. Curves with closed and open circles are the maximum values of x1 and x2
within one cycle of stable and unstable periodic oscillations, respectively. Abbreviations — pd, period doubling bifurcation; dc,
double-cycle bifurcation; sn, saddle-node bifurcation; tr, torus bifurcation; sH, supercritical Hopf; uH, subcritical Hopf; BP,
bifurcation point. (a), b = −0.28; (b), b = 0.53; (c), b= 0.58; (d), b = 1.3. These figures are obtained using the bifurcation analysis
tool XPPAUT (Ermentrout, 2000).
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two BVPs are independent, i.e. there is no interaction between two BVPs. Thus, Eq. (1) commutes
with group actions that cause the phase-shift of
the periodic solution of each BVP independently.
Due to this symmetry, in the case of e= 0 and
d =0, Eq. (1) can be reduced to the mapping,
which commutes with Z2 Z2 (see Section 3 for
definition). According to Golubitsky et al. (1988),
in addition, a Birkhoff normal form of a given
system whose linear part has the following form
at a Hopf point can be reduced to a mapping with
Z2  Z2-symmetry.
(2)

where 9iv1 and 9 iv2 are two distinct pairs of
complex conjugate purely imaginary eigenvalues.
Since the linear part of Eq. (1) with d =0 at Hopf
point has the form of Eq. (2), it is expected
strongly that Eq. (1) may exhibit bifurcations
similar to those for systems in Birkhoff normal
form with linear part as in Eq. (2).
The bifurcation problem of Z2 Z2-symmetry
mappings (i.e. finding the zeros of algebraic equations as a function of a bifurcation parameter and
their qualitative changes when auxiliary parameters change) has been studied by Golubitsky and
Schaeffer (1985). In this paper, we analyze the
bifurcation of periodic solutions in Eq. (1) in
relation to that of the mapping with Z2 Z2symmetry.

3. Bifurcation problem with Z2 Z2 symmetry
In this section, we summarize the bifurcation
problem of a Z2  Z2-symmetry mapping with
two state variables. This is necessary for our
analysis below. Z2 Z2 acting on R 2 consists of
four elements (z1,z2), where z1 = 91, z2 = 91.
(z1,z2) acts on the point (x,y)  R 2 by
(z1,z2)·(x,y) =(z1·x, z2·y). Points on R 2 are
classified into four types by the action of Z2 Z2,
i.e. (a) the origin fixed by Z2 Z2, (b) points on
the x-axis ( 9x,0) with x " 0 fixed by
{(1,1),(1,z2)}, (c) points on the y-axis (0,9y) with

y" 0 fixed by {(1,1),(z1,1)}, and (d) points off the
axes (9 x, 9y) with x,y " 0 fixed by {(1,1)}.
Let g(x,y,l), R 2 × RR 2 be a Z2  Z2-symmetry mapping with two state variables, where l is a
bifurcation parameter. The bifurcation problem
g= 0 has four solution types — (a) trivial solution, x= 0, y= 0, (b) x-mode solution, x" 0,
y= 0; (c) y-mode solution, x= 0, y"0; and (d)
mixed mode solution, x,y "0. These correspond
to the above classification of the points on R 2 by
their symmetry. By comparing the symmetry of
each solution type of Eq. (1) with that of the
Z2  Z2-symmetry mapping, it can be seen that
the equilibrium point of Eq. (1) corresponds to
the trivial solution. Similarly, the in-phase, antiphase and out-of-phase solutions correspond to
the x-mode, y-mode and mixed mode solutions,
respectively. Based on this fact, we associate the
bifurcations of periodic solutions in Eq. (1) with
those of equilibria in the Z2  Z2-symmetry mapping. Consider the following Z2  Z2-symmetry
normal form h given by
h(x, y, l)=





(e1x 2 + my 2 + e2l)x
,
(nx 2 + e3y 2 + e4l)y

(3)

where ei (i= 1,2,3,4) takes 91 and m and n are
real numbers. We assume that h satisfies the following non-degeneracy conditions,
m" e2e3e4,

n" e1e2e4,

mn" e1e3.

(4)

Among the six coefficients in h, let us fix ei (i=
1,2,3,4) for a moment. The BD of h is obtained by
plotting solutions of h=0 as a function of the
bifurcation parameter l. The form of the BD
changes as m and n change. The non-degeneracy
conditions in Eq. (4) divide the m–n plane for a
given set of ei (i= 1,2,3,4) into several regions as
shown in Fig. 2(a) and (d). BDs are topologically
equivalent for all values of m and n within each
region. Now, for another set of ei (i= 1,2,3,4), we
have a different m–n plane, which is also divided
into several regions. There are 16 possible combinations of signs e1, e2, e3 and e4. Let us concentrate on case A (Fig. 2(a–c), e1 = e3 = + 1,
e2 = e4 = − 1). Case B can be understood similarly. A typical BD for each numbered region of
Fig. 2(a) is illustrated in Fig. 2(b) with the same
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Fig. 2. Examples of BD for case A ((a), (b) and (c)) — e1 = e3 = +1, e2 =e4 = −1, and for case B ((d), (e) and (f)): e3 = +1,
e1 =e2 =e4 = −1. (a) and (d) — The n–m planes. The solid curves represent the non-degeneracy conditions. (b) and (e) — BDs
of h=0 with respect to l. (c) and (e) — Perturbed BDs, i.e. s"0, with respect to l. In (b), (c), (e) and (f), the solid and dashed
curves represent stable and unstable solutions, respectively. Symbols x, y, and m stand for a x-mode, y-mode and a mixed mode
solutions, respectively. Numbers in (b) and (c), and in (e) and (c) correspond to those attached to the regions in (a) and (d),
respectively. In (f), the branches indicated by open circles represent periodic solutions, which we do not investigate in details in this
paper.

number. h has a unique bifurcation point l= 0 at
which x-mode, y-mode and mixed mode solutions
emerge from the trivial solution simultaneously
(no mixed mode solutions emerge in Fig. 2(b)(2,3,4,5)). In this sense, this bifurcation point is a
singularity of h=0. The linearized stability of
each solution is determined by the eigenvalues of
the Jacobian matrix, and it is invariant under
equivalence as far as the non-degeneracy conditions are satisfied. Thus, the BDs of the normal
form h and those of other mapping, which is
Z2  Z2-equivalent to h have one-to-one
correspondence.
Small perturbation terms added to h can
change qualitatively the form of the BD of h = 0,
i.e. the normal form is structurally unstable, and
we have perturbed BDs. Such perturbations may
unfold the singularity of h. All possible changes in
the form of BDs of perturbed h can be analyzed
by looking at the BDs of a universal unfolding H
of h, which is Z2 Z2-equivalent to any unfoldings of h.
H(x, y, l, a)=



(e1x 2 +m̃y 2 +e2l)x
(ñx 2 +e3y 2 +e4(l −s))y



(5)

where (m̃, ñ, s) varies on a neighborhood of
(m,n,0). Note that, for a perturbed h with a given
m and n, we cannot specify the values of m̃, ñ in
the universal unfolding H explicitly, although the
point (m̃, ñ) are close to (m,n) in h. In the case
s" 0, H has two bifurcation points l= 0 and
l= s from which an x-mode and a y-mode solutions emerge, respectively. For example, the BD
of h with m and n in region (1) of Fig. 2(a) is
illustrated in Fig. 2(b)-(1), and its form changes
into the perturbed BD as illustrated in Fig. 2(c)(1). In this case, a stable mixed mode solution
bifurcates from the unstable y-mode solution.
Note that both the coupling constant d in Eq. (1)
and the unfolding parameter s in Eq. (5) unfold
the singular bifurcation to less singular
bifurcations.

4. The reduction
The theorem by Golubitsky and Schaeffer
(1985) states that near a Hopf bifurcation a sys-
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tem can be reduced by Liapunov – Schmidt
method to a mapping with one state variable. The
reduced mapping is equivalent to a pitchfork
bifurcation. Zeros of the reduced mapping are
locally in one-to-one correspondence with orbits
of small amplitude periodic solutions to the
system. Thus, bifurcation analysis of the reduced
mapping can reveal the bifurcation of a periodic
solution branch in the original system.
When two Hopf points coincide (a double
Hopf) in our model Eq. (1) with d = 0, the
theorem cannot be applied. To analyze onsets of
periodic solutions by a double Hopf in Eq. (1), we
reduce Eq. (1) with this singularity to a mapping
with two state variables for the coupling constants
e small enough and d =0. The mapping is
Z2  Z2-equivalent to the normal form h defined
in the Section 3. From the equivalence, we can
calculate the coefficients of h such as ei
(i = 1,2,3,4), m and n, once the parameter values
of Eq. (1) such as b and c are specified. Detailed
calculation is omitted here, and will be described
elsewhere.
It is important for our analysis to mention that
we assumed that Eq. (1) with no couplings (the
uncoupled two BVPs) can be considered as the
singular point of the coupled BVPs, from which
several less singular bifurcation problems are
unfolded for non-zero small coupling constants e
and d. When e =d =0, the two identical BVPs
are uncoupled, and two Hopf bifurcations (one
for each BVP) occur simultaneously. This can be
considered as a special case of double Hopf
bifurcation. A periodic solution emerging via one
Hopf is the same as another one via another Hopf
in terms of their periods, amplitudes and
directions of the solution branches on the BD.
The two periodic solutions, however, can show
arbitrary phase differences. We consider the
coupling constants d, as well as e, as
perturbations to the bifurcation problem of the
uncoupled BVPs. It can be shown that the
singularity with the double Hopf is persistent
against the perturbation by the coupling o
imposed to the uncoupled BVPs, but phase
differences between two periodic solutions are
restricted by the perturbation to particular phase
differences (such as in-phase, anti-phase, and

out-of-phase). In this sense, e unfolds the
singularity in the uncoupled BVPs. When the
singularity is unfolded by d, the two Hopf points
become distinct, and the corresponding BDs can
be analyzed in comparison to those of the
universal unfolding of the reduced mapping.

5. Hopf bifurcations in the coupled BVP equations
First, we illustrate BDs of the uncoupled BVPs
(e= d= 0) for the reason mentioned in the previous section. Each of the two identical Hopf bifurcations can be reduced to a scalar mapping
describing a pitchfork bifurcation. Bifurcation
analysis of the scalar mapping tells us the directions and stabilities of periodic solution branches
in each single BVP. The b– c parameter plane of
Eq. (1) can be divided into several regions as
shown in Fig. 3(a). Within each region, the BDs
are equivalent. In region 1, two periodic solution
branches are supercritical and neutral stable for
any phase difference (dot-dashed curves). Note
that only one branch in each BD of Fig. 3(a) is
depicted since the two periodic solution branches
are identical. In regions 2 and 3, they are subcritical and unstable (dashed curves). Fig. 3(b) shows
the b– c plane for non-zero small e and d =0. This
can be obtained from detailed analysis of a reduced mapping with two variables. Comparison
of Fig. 3(a) and (b) reveals influences of the
coupling by e on the form of the BD, i.e. inphase, anti-phase, and out-of-phase (mixed mode)
solutions appear.
Fig. 4 illustrates changes in the form of the BD
as the parameter b (and c) changes. We examine
correspondences between Fig. 4(a) and (b). The
BDs for regions labeled by the same numbers in
Fig. 4(a) and (b) are the same. Note that the BDs
of the normal form h for each region in Fig. 4(a)
are illustrated in Fig. 2(b). The trace in the b –c
plane (the long arrow in Fig. 4(b)) and those in
the coefficients of h such as ei (i= 1,2,3,4), m and
n (the set of arrows in Fig. 4(a)) are compared.
When the point (b,c) in the b–c plane is located in
region 1 of Fig. 4(b), the set of calculated coefficients of h (the point (m,n) with e1 = e3 = + 1 and
e2 = e4 = − 1) is also located in region 1 of Fig.
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4(a). Region boundaries in Fig. 4(a) and (b) are
also numbered with the parentheses, and the
boundaries labeled by the same numbers imply
that they represent the same change in the form of
the BD taking place at the boundaries. When the
point (m,n) moves across the boundary (1), which
is the point in this case, in Fig. 4(a) (for example),
the point (b,c) also moves across the boundary (1)
in Fig. 4(b). Let us consider the case that a given
point (b,c) moves along the arrow in Fig. 4(b).
Then the point (m,n) moves along the arrows (the
line m =n and others) in Fig. 4(a). The boundary
(3) corresponds to the change of signs of o1 and o3,
and the point (m,n) moves from the m – n plane
for e1 = e3 = + 1 and e2 =e4 = − 1 to that for
e1 = e3 = − 1 and e2 =e4 = −1.
Fig. 4(c) and (d) illustrate the case when the
double Hopf singularity is unfolded into two distinct bifurcation points by perturbations in d in
the coupled BVPs. In a similar way as Fig. 4(a)
and (b), the trace in the b – c plane is compared
with that in the parameter space of coefficients in
the universal unfolding H. In the singularity theoretic approach, the coefficients oi and (m̃, ñ) in H
are close to those of unperturbed h under small
perturbation in d. Remember that the point (m,n)
moves along the line m =n in the unperturbed h
as the parameter b (and c) changes. The perturbation in d forces the point (m,n) located on the line
to move slightly off from the line. Graphically,
the line m =n bends slightly as shown in Fig. 4(c).
Two typical cases, i.e. bended upward and down-
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ward, are shown. Thus, as the point (b,c) moves
along the arrow in Fig. 4(d), the point (m̃, ñ)
moving along the bended curve can visit new
regions to which the m= n does not overlap in the
case d= 0. Since the six different regions are
accumulated at the boundary (1) (m= n= 1) in
Fig. 4(a), the new regions appear near the
boundary (1) in Fig. 4(b). These new regions are
illustrated as regions 2 and 3 in Fig. 4(d). Corresponding BDs can be seen in Fig. 2(c). Because
the boundary (2) in Fig. 4(a) and the line m= n
intersect generically, no new regions appear near
the boundary by the perturbation as shown in
Fig. 4(c). Another new region appears in association with the changes of signs of e1 and e3. When
the point (m̃, ñ) moves across the boundary (5) in
Fig. 4(c), only the sign of e1 flips from +1 to − 1
and that of e3 remains at + 1, leading to a
situation illustrated in Fig. 2 case B, and region N
in Fig. 4(d) emerges. Then at the boundary (6) in
Fig. 4(c), the sign of e3 flips to − 1.

6. Discussion
We investigated the bifurcations in the weakly
coupled two BVPs in relation to the bifurcations
of equilibria of the Z2  Z2-symmetry mapping.
Bifurcation diagrams (BDs) of the model obtained
numerically and shown in Fig. 1 support our
theoretical analysis, i.e. the BDs in Fig. 1 are
comparable to those of the universal unfolding H

Fig. 3. Region boundaries in the b–c plane of Eq. (1). (a) d =0, e =0; (b), d=0, e =0.01. The schematic BDs with respect to the
bifurcation parameter z are shown as insets. Periodic solution branches with the largest, middle, and the smallest amplitudes
represent in-phase (x-mode), anti-phase (y-mode) and out-of-phase (mixed mode) solutions, respectively. Solid and dashed curves
represent stable and unstable branches, respectively. The dot-dashed curve represents a neutral-stable branch in (a). No Hopfs occur
in the shaded regions.
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Fig. 4. The m – n plane and the b–c plane. (a) The n –m plane for e1 =e3 = +1, e2 =e4 = −1 for the normal form h. (b) The
schematic b – c plane for non-zero o and d= 0. (c) The n–m plane for e1 =e3 = +1, e2 =e4 = −1 and parameter traces for the
universal unfolding. (d) The b–c plane for non-zero e and d. The regions labeled by the same numbers with open circles in (a) and
(b) and (c) and (d) are accompanied by the same bifurcation diagrams. The numbers with parentheses indicate the corresponding
boundaries. Arrows indicate traces of the points (b,c) in (b) and (d) and of the points (m,n) in (a) and (c). Bifurcation structure in
the meshed oval regions have not been well understood.

(Fig. 1(c) and (f) and others not shown in this
paper). In this section, we summarize the comparison to illustrate generation mechanisms of
alternating oscillations in the model.
Fig. 1(a) is the BD for a= 0.7, b = −0.28,
c = 2.0, e = 0.01 and d =0.01. It shows two distinct supercritical Hopfs and the out-of-phase
branch emerges from the anti-phase branch. Note
that the two Hopfs are supercritical by the change
of stability as the bifurcation parameter moves
across the Hopf point from left to right in the
figure, although the two periodic solution

branches direct leftwards. Moreover, the type of
Hopf bifurcations and existence of the out-ofphase solution are consistent to those in Fig.
2(c)-(1). Thus, Fig. 1(a) is equivalent to Fig. 2(c)(1), and the point (b,c)= (− 0.28,2.0) may be
located in region 1 of Fig. 4(d). However, one
may find a difference between Fig. 1(a) and Fig.
2(c)-(1) on the stability of the out-of-phase
branch. It is stable in Fig. 1(a) but unstable in
Fig. 2(c)-(1). In Fig. 1(a), two double-cycle bifurcations occur on the anti-phase branch and the
bifurcation point of the out-of-phase solution is
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far from the Hopf point. Thus, the emergence of
this out-of-phase solution may be outside the
framework of the singularity theory, and this may
cause the difference. In order to take into account
the double-cycle bifurcations and the emergence
of the out-of-phase solution in this case, we need
to choose another normal form, which contains
higher order terms such as x 5, xy 4 for h in Section
3, and to consider the higher singularity of the
system.
The BD in Fig. 1(b) and that of in Fig. 2(c)-(6)
are compared. From the correspondence, the
point (b,c)= (0.53,2.0) may be located in region 4
of Fig. 4(d). They are equivalent in the type of
Hopf bifurcations and the emergence of the outof-phase branch including its stability. One difference is that the out-of-phase branch bifurcating
from the in-phase branch has the double-cycle
bifurcations and connects to the anti-phase
branch in Fig. 1(b), whereas the mixed mode
branch emerging from the x-mode branch does
not connect to the y-mode branch in Fig. 2(c)-(6).
This may also be managed by the higher singularity of the system. As the parameter b increases
from 0.53 to 0.58, the supercritical Hopf by which
the in-phase solution emerges changes into subcritical, but the Hopf bifurcation which generates
the anti-phase solution remains supercritical.
Thus Fig. 1(c) may correspond to Fig. 2(f)-(3),
and the point (b,c)= (0.58,2.0) may be located in
region N of Fig. 4(d).
Fig. 1(d) includes two subcritical Hopfs. It corresponds to the universal unfolding H with e1 =
e2 = e3 =e4 = − 1. Thus the point (b,c) = (1.3,2.0)
may be in region 6 of Fig. 4(d) which is on the
m – n plane for e1 =e2 =e3 =e4 = −1. The bifurcation structure near the points labeled by uHs in
Fig. 1(d) is complicated. It includes global bifurcations and multiple equilibrium. A Hopf bifurcation can take place on every equilibrium among
coexisting equilibria, and a periodic solution generated from one equilibrium collides with the
other equilibrium. This situation is difficult to
study analytically. A detailed numerical analysis is
powerful for this case. For example, Kitajima et
al. (1998) calculated numerically the detailed BDs
of periodic solutions and those of the equilibria in
a system of coupled BVP oscillators.
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The comparison in the BDs between the reduced mapping and the coupled BVPs seems to be
able to account for the emergence of the in-phase,
anti-phase and out-of-phase oscillations in our
model as a half-center model with reciprocal inhibition. Further analysis should be done, however,
to elucidate the conditions for the model to exhibit stable anti-phase as well as other coordinated oscillations.
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