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Optimal Two Stage Open Shop Specially Structured Scheduling
To Minimize the Rental Cost, processing time Associated with
Probabilities including transportation time
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Abstract: The present paper considers a more practical problem of scheduling n jobs in a two machine
specially structured open shop to minimize the rental cost. Further the processing time of jobs is associated
with their respective probabilities including transportation time. In most of literature the processing times are
always considered to be random, but there are significant situations in which processing times are not merely
random but bear a well defined structural relationship to one another. The objective of this paper is to minimize
the rental cost of machines under a specified rental policy. The algorithm is demonstrated through the
numerical illustration.
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I.
Introduction
In scheduling problems for shop processing system, each job has to be processed on a specific
machine. A job passing through the machines following a certain order is known as the processing route. If the
processing routes are not given in advance, but have to be chosen, the processing system is called the open shop.
If the processing routes are fixed beforehand, and are same for all the jobs, the system is called flow shop. Such
an open shop environment arise in many industrial application viz, automobile repairs, quality control centres,
semiconductor manufacturing, setellite communication etc. Johnson [16] gave a procedure to obtain the optimal
sequence for n-jobs, two – three machines flow shop scheduling problem with an objective to minimize the
makespan. . Further the work was developed by Jackson.J.R.[15], Baker, K. R[3]. smith et al [14], Gupta,
J.N.D. [12], Maggu & Dass [18], Gupta Deepak et. al.[10,11], Anup [1] T. Gonzalez, S. Sahni[24], V.A.
Strusevich [25,26], Singh T.P.et al [22,23], Yoshida and Hitomi [28] etc. by considering various parameter.
Singh T.P and Gupta Deepak and Rajendra [23] made an attempt to study the optimal two stage open
shop scheduling in which processing time is associated with their respective probabilities including job block
criteria.
Open shop scheduling differ from flow shop in the sense that there are no restrictions placed on the
order of the machines i.e. operations can be performed in any order A to B or B to A and not known in the
advance. Gupta and Singh [5] studied the n*2 open shop problem to minimize the total idle time of the machines
in which the probabilities associated with processing time including job block criteria In a specially structured
flow shop scheduling the data is not merely random but bears a well defined structural relation. Gupta J.N.D.
[12] gave an algorithm to find the optimal schedule for specially structured flow shop scheduling. Gupta
Deepak, Sharma and Shashi [7] introduce the concept of specially structured flow shop scheduling to minimize
the rental cost of machines in which processing times are associated with probabilities. The present paper is an
attempt to minimize the rental cost of machines by introducing the concept of transportation time, under
specially structured open shop scheduling. The transportation times (loading time, moving time and unloading
etc.) from one machine to another are also not negligible and therefore must be included in the job processing.
However, in some application, transportation time have major impact on the performance measures considered
for the scheduling problem so they need to considered separately hence become significant. Thus the problem in
the present paper has wider and practically more applicable and provides suitable results. An algorithm has been
developed to minimize the maximum utilization time and hence minimize rental cost. The algorithm is
demonstrated through numerical example.

II.

Practical Situation

Open shop scheduling problems arise in several industrial situations. For example, consider a large
aircraft garage with specialized work-centers. An airplane may require repairs on its engine and electrical circuit
system. These two tasks may be carried out in any order but it is not possible to do these tasks on the same plane
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simultaneously. Other applications of open shop scheduling problems are in automobile repair, quality control
centers, semiconductor manufacturing, teacher-class assignments, examination scheduling, and satellite
communications etc. In the era of globalization or global uncertainties, to meet the challenges of the business,
one does not always have enough funds to invest in advanced machines to update the technology. Under such
circumstances the machines has to be taken on rent. Rental of machines is an affordable and quick solution for
having the equipment and up gradation to new technology. . Further, when the machines on which jobs are to be
processed are planted at different places, the transportation time which include the loading time, moving time
and unloading time etc. has a significant role in production concern and hence significant.

III.
S
Sk
Mj
aij
pij
Aij
Ti1→2
tij(Sk)
Uj(Sk)
R(Sk)
Ci
CT(Sk)

Notations

: Sequence of jobs 1, 2, 3,….,n
: Sequence obtained by applying Johnson’s procedure, k = 1, 2, 3, ------ r.
: Machine j= 1,2,
: Processing time of ith job on machine Mj
: Probability associated to the Processing time aij
: Expected processing time.
: Transportation time of ith job from 1st machine to 2nd machine.
: Completion time of ith job of sequence Sk on machine Mj
: Utilization time for which machine Mj is required
: Total rental cost for the sequence Sk of all machine
: Renal cost of ith machine.
: Total completion time of the jobs for sequence Sk

IV.

Definition

Completion time of ith job on machine Mj is denoted by tij and is defined as:
tij = max (ti-1, j , ti , j-1+ Ti1→2 ) + aij  pij for j  2.
= max (ti-1,j , ti,j-1+ Ti1→2) + Aij , where Aij= Expected processing time of ith job on jth machine.

V.

Rental Policy(P)

The machines will be taken on rent as and when they are required and are returned as and when they
are no longer required. i.e. the first machine will be taken on rent in the starting of the processing the jobs, 2 nd
machine will be taken on rent at time when 1st job is completed on the 1st machine.

VI.

Problem Formulation

Let n jobs 1,2,……..,n be processed on two machines M1 and M2 in any order i.e. the jobs will be
processed first on M1 and then on M2 or first on M2 and then on M1 under the specified rental policy . Let aij be
the processing time of ith job (i = 1,2,..,n) on machine Mj and pij be the probabilities associated with aij. Aij be
the expected processing time of ith job on machine Mj (j = 1,2) such that
either Ai1 ≥ Aj2
or
Ai1 ≤ Aj2 for all values of i, j. i≠j
Let Ti,1→2be the transportation time of ith job from 1st machine to the 2nd machine which is same as
transportation time from 2nd machine to 1st machine i.e. Ti,1→2 is same asTi,2→1.
Our aim is to find the optimal or near optimal sequence {Sk} of the jobs which minimize the rental cost of
machines.
The mathematical model of the problem in matrix form can be stated as:
Machine M1
Ti,1→2
Machine M2
Ti,2→1
i
ai1
pi1
ai2
pi2
1
a11
p21
T11→2
a12
p12
2
a21
p21
T21→2
a22
p22
3
a31
p31
T31→2
a32
p32
n
an1
pn1
Tn1→2
an2
pn2
Table :1
Mathematically, the problem is stated as: Minimize
Jobs
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Subject to constraint: Rental Policy(P).
Our objective is to minimize rental cost of machines while minimizing the utilization time.

V.
1.
2.
3.
4.

5.
6.
7.
8.
9.

Assumptions

Two jobs cannot be processed on a single machine at a time.
Jobs are independent to each other.
Per-emption is not allowed i.e. once a job started on a machine, the process on that machine cannot be
stopped unless the job is completed.
Either the processing time of the ith job of machine M1 is longer than the expected processing time of jth job
on machine M2 or the processing time ith job on machine M1 is shorter than the expected processing time of
jth job on machine M2 for all i, j.
i.e. either
Ai1 ≥ Aj2
or
Ai1 ≤ Aj2
for all i,j. i≠j
∑ Pi1= 1, ∑ pi2 =1 , 0≤pi1≤1, 0≤pi2≤1.
Let n jobs be processed through two machines M1 and M2 in order M1 M2 and in order M2 M1.
Machine break down is not considered
Transportation time from first machine to second machine and second machine to first machine is same.
Transporting device is always available.

VI.

Algorithm

Step 1: Calculate the expected processing times, Aij  aij  pij i, j.
Step 2: A ́i1=Ai1+ti1→2 ,
A ́i2=Ai2+ti1→2
Step 3: Check the condition
Either
A í 1 ≥ A í 2
or
A í 1≤ A ́i2 for all i and j, i ≠ j, if conditions hold good, go to step4,else modify the data to
reduce the problem in standard form.
Step 4: Obtain the job J1 (say) having maximum processing time on 1st machine and job Jn(say) having
minimum processing time on 2nd machine.
Step 5: If J1 ≠ Jn then put J1 on the first position and Jn on the last position & go to step 8, Otherwise go to step
6.
Step 6: Take the difference of processing time of job J1 on first machine from job J2 (say) having next
maximum processing time on first machine. Call this difference as G 1. Also, take the difference of processing
time of job Jn on second machine from job Jn-1(say) having next minimum processing time on second machine.
Call the difference as G2.
Step 7: If G1 ≤ G2 put Jn on the last position and J2 on the first position otherwise put J1 on 1st position and Jn-1
on the last position.
Step 8: Arrange the remaining (n-2) jobs between 1st job & last job in any order; thereby we get the sequences
S1, S2 … Sr (when the order of machines is M1 →M2) and the sequences S′1, S′2 … S′r (when the order of
machines is M2 → M1).
Step 9: Compute the total completion time CT(Sk) and CT(S′k) by computing in – out table for sequences Sk
and S′k (k= 1, 2, ....r.).
Step 10: Calculate utilization time U2(Sk) and U2(S′k) of 2nd machine as follows:
U2(Sk) = CT(Sk) – A11(Sk); k=1,2,…. r.
U2(S′k) = CT(Śk) – A12(S′k); k=1,2,…. r.
Step 11: Find rental cost

where C1 & C2 are the rental cost per unit time of machine M1 & M2 respectively.
Step 12: Find rental cost
n

R( S1)   Ai 2 ( S1)  C2  U 2 ( S1)  C1
i 1

where C1 & C2 are the rental cost per unit time of machine M1 & M2 respectively.
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Step 13: Find R (S) = min {R(S1), R(S′1)}.

VII.

Numerical Illustration

Consider 6 jobs, 2 machines problem to minimize the rental cost, processing time associated with their
respectively probabilities and transportation time Ti,1→2 or Ti,2→1 given in the following table.
The rental cost per unit time for machines M1 and M2 are 10 and 5 units respectively. Our objective is
to obtain optimal schedule and order of machines to minimize the total production time subject to minimization
of the rental cost of the machines, under the rental policy P.
Jobs
i
1
2
3
4
5
6

Machine M1
ai1
40
30
45
35
25
50

pi1
0.2
0.3
0.1
0.2
0.1
0.1

Ti,1→2
Ti,2→1
3
3
6
2
4
3

Machine M2
ai2
75
80
85
90
95
100

pi2
0.2
0.2
0.2
0.2
0.1
0.1

Table: 2
Solution: As per step 1: the expected processing time for machines M1 and M2 is as follow:
Jobs
Machine M1
Machine M2
Ti,1→2
i
Ti,2→1
Ai1
Ai2
1
8.0
15.0
3
2
9.0
16.0
3
3
4.5
17.0
6
4
7.0
18.0
2
5
2.5
9.5
4
6
5.0
10.0
3
Table: 3
As per step 2:the expected processing time with transportation time for machine M1 and for machine M2 is as
follow:
Jobs
Machine M1
Machine M2
i
Á ́i1
A ́i2
1
11.0
18.0
2
12.0
19.0
3
10.5
23.0
4
9.0
20.0
5
6.5
13.5
6
8.0
13.0
Table: 4
As per step 3: For order M1 → M2
A ́i1≤ A ́i2 for all i and j, i ≠ j i.e. data is in standard form.
Also max A ́i1 = 12 which is for job 2 i.e. J1=2.
And min A ́i2 = 13.0 which is for job 6 i.e. Jn = 6.
Since J1 ≠ Jn As per step 6, job 2 will be on 1st position and job 6 will be on the last position.
Therefore as per step 9, all 24 possible optimal sequences are:
S1: 2 –5– 1 – 3 – 4 – 6
S2: 2 –5– 1 – 3 – 4 – 6
.
.
S24: 2 –4– 1 – 3 – 5 – 6
The total elapsed time is same for all these 24 possible sequences
S1, S2, S3 …,S24.
The in- -out table for any of these sequences S1, S2….S24
Say for S1: 2 – 5 – 1 – 3 – 4 – 6 is as follow:
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Jobs i
2
5
1
3
4
6

Machine M1
In – out
0 – 9.0
9.0 – 11.5
11.5 – 19.5
19.5 – 24.0
24.0 – 31.0
31.0 – 36.0
Table: 5

Machine M2
In – out
12.0 – 25.0
25.0 – 34.5
34.5 – 49.5
49.5 – 66.5
66.5 – 84.5
84.5 – 94.5

Therefore the total elapsed time = CT(S1) = 94.5 units
And utilization time for M2 = U2(S1)= 82.5 units
Also

There rental cost R(S1)

= 36.0 × 10 + 82.5 × 5
= 360 + 412.5
= 772.5 unit
As per step 3: For order M2 → M1
A í 1≤ A ́j2 for all i and j, i ≠ j i.e. data is in standard form
As per step 4: max A í 2 = 23.0 which is for job 3 i.e. J1 = 3
And min A í 1 = 6.5 which is for job 5 i.e. Jn = 5
Since J1 ≠ Jn As per step 6 job 3 will be on 1st position and job 5 will be on the last position.
As per step 9 all 24 possible optimal sequences are
S1 : 3 – 1 – 6 – 2 – 4 – 5

S 2 : 3 – 1 – 6 – 2 – 4 – 5
.
.
S24: 3 – 4 – 6 – 2 – 1 – 5
The total elapsed time is same for all 24 sequences S1 , S 2 ........, S24.
The in - out table for any of these 24 sequences S1 , S 2 , ….. S24
Say for S1 : 3 – 1– 6 – 2 – 4 – 5
Jobs i

Machine M2
In – out
3
0 – 17
1
17 – 32
6
32 – 42
2
42 – 58
4
58 – 76
5
76 – 85.5
Table: 6

Therefore the total elapsed time = CT( S1 ) = 91.9 units

Machine M1
In – out
23 – 27.5
35 – 43.0
45 – 50
61 – 70
78 – 85.0
89.4 – 91.9

And utilization time for M1 = U2( S1 ) = 91.9 – 23
= 68.9 units
Also

Therefore rental cost R( S1 )

= 85.5 × 5 + 68.9 × 10
= 427.5 + 689
= 1116.5 units
www.iosrjournals.org
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R(S) =min {R(S1), R( S1 )} = min {772.5, 1116.5}
= 772.5 = R(S1)
We conclude that optimal schedule:S1= 2 – 5 – 1 – 3 – 4– 6, which is for order M1 to M2 gives minimum rental
cost.

VIII.

Remarks

If we find optimal schedule by Johnson [16], we get the optimal schedule as S11= 5 – 6 – 4 – 3 – 1–
2,for order M1→M2. And optimal schedule as S21= 2 – 1 – 3 – 4 – 6– 5, for order M2→M1. R(S) =min {R(S11),
R(S21)} = min {787.5, 1157.5}
= 787.5 = R(S11). Thus rental cost is minimum for schedule S11= 5 – 6 – 4 – 3 – 1– 2,for order M1→M2..
IX.
Conclusion
We conclude that the algorithm proposed here is more effective and gives better result as compared to
traditional algorithm given by johnson(1954).
The study in n × 2 open shop specially structured may be further extended by considering various
parameters such as weightage of jobs, job block , break in interval etc.
The study may further be extended to three stage, n machine open shop specially structured scheduling
problem.
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