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Abstract—With the development of modern society, it is 
commonly accepted in China that English as a second lan-
guage has attracted much attention especially for students. 
How to select an appropriate model to learn English is still 
an important question. After the induction of some relevant 
attributes related to the assessment of this problem, the key 
point is to propose a method to assess different models, 
which can be considered as a MADM problem. To date, 
many attempts by researchers have been done, but there are 
still some drawbacks. Thus, in order to overcome the weak-
ness in existing methods, an intuitionsitic fuzzy multiple 
decision making method is proposed in this paper to acquire 
an optimal model including the construction of a decision 
matrix, aggregation operators, score function and a method 
for determining the weights of attributes. Finally, an exam-
ple is demonstrated to verify the applicability of the method 
proposed in this paper. 

Index Terms—English education, Intuitionistic fuzzy infor-
mation, Multiple attributes decision making. Aggregation 
operators 

I. INTRODUCTION 
It is widely accepted that language education is a key 

field in all education fields all over the world. English, as 
the most widely used language globally, has attracted 
increasing attention [1-2]. The global spread of English 
has reshaped the sociolinguistic realities of the language, 
which has lead to the emergence of a number of local 
English varietiations in different places of the world [3]. 
In general, social cultural theory indicates the interde-
pendence of social and individual processes in the devel-
opment of human cognition. Learning happens in a cultur-
al environment which is mediated by artifacts such as 
language, other symbolic systems, and humans [4]. Dur-
ing the learning process, humans use culturally created 
concepts and activities to regulate the material world of 
their own and each other’s social and mental activity. 
Thus, students as a typical representation of humans in 
modern society, need to learn language including a second 
language such as English using the strength of culture [5-
6]. But this is only one factor to learn a language well. 
How to help students master the second language is still a 
question and attract many researchers’ attention [7-10]. To 
date, many research projects have attemptemted to do so. 

Vygotsky (1978) argued that language is the most pow-
erful tool that mediates learner development. Since lan-
guage is the medium through which learners develop and 
internalize knowledge, then it is arguably correct to sug-
gest that language is fundamental to effective learning 
[11]. Swain (2010) presented a thorough analysis of the 

ongoing process of cognitive change triggered by verbali-
zation. They used genetic analysis to analyze the language 
performance of a high and low level language learner 
drawn from a sample of nine university learners of French 
in their original study [12]. Kirkpatrick (2006) proposed a 
localized model which is culturally, politically and lin-
guistically more relevant to teachers and learners in that 
context than a native speaker model [13]. 

In China, English as a second language has been a sig-
nificant aspect of this study. English proficiency has long 
been promoted as indispensable for the nation’s moderni-
zation and internationalization, although English is seldom 
used for daily communication. English language education 
has been a compulsory course in mainstream education 
from primary schools to universities. How to select a 
perfect learning model or teaching model is an important 
question to help students promote English learning. There 
are many attributes to help this selection, which can be 
considered a MADM problem. Some experts can be invit-
ed to provide assessments on different attributes, but it is 
difficult to obtain the preferences of experts exactly. Many 
ways have been introduced in this field such as interval 
numbers, triangular numbers, and especially fuzzy num-
bers [14-18]. 

Intuitionistic fuzzy numbers [19-20], as the major as-
pect of fuzzy numbers, are introduced in this paper to help 
express the preferences of the decision maker or expert. 
Here, after construction of the decision matrix, aggrega-
tion operators are proposed in this paper to aggregate the 
information in the decision matrix with intuitionisitc fuzzy 
numbers. In general, there are three basic types of aggre-
gation operators with fuzzy information including opera-
tors for the intersection of fuzzy sets (e.g. the Min opera-
tor), operators for the union of fuzzy sets (e.g. the Max 
operator) and averaging operators [21-23]. Combining 
with the advantages of the mentioned operators, the or-
dered weighted averaging (OWA) operator is developed in 
this paper. Then, a score function is also proposed to rank 
different alternatives. Based on these methods, an appro-
priate teaching model can be selected. Finally, an example 
is demonstrated to verify the applicability of the method 
proposed in this paper. 

The rest of this paper is organized as follows. In Section 
2, some concepts of intuitionistic fuzzy sets are reviewed, 
such as the definition of intuitionsitc fuzzy sets and the 
operational laws. Section 3 proposes a new method in-
cluding the ordered weighted averaging operator with 
intuitionistic fuzzy numbers. An example is demonstrated 
in Section 4 to verify the applicability of this method. 
Finally, Section 5 concludes this paper. 
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II. PRELIMINARY  
In this section, some concepts of intuitionistic fuzzy 

sets are introduced to deal with multiple criteria decision 
making problem such as assessment of performance of 
cloud computing in education.  

Definition 1. Let X be a universe of discourse, then a 
fuzzy set is defined as: 

{ }, ( )AA x u x x X= !  

which is characterized by a membership function 
[ ]: 0,1Au X ! , where Au denotes the degree of member-

ship of the element x to the set A. 
Definition 2. Let X be an ordinary finite non-empty set. 

An intuitionisitc fuzzy set in X is an expression A given by 

{ }, ( ), ( )A AA x u x v x x X= !    
(1) 

where, [ ]: 0,1Au X !  denotes the degree of membership 
and [ ]: 0,1Av X !  denotes the degree of non-membership 
with the condition: 0 1A Au v! + ! , for all elements x in the 
set X.  

For each intuitionistic fuzzy set A in X, if the amount  
( ) 1 ( ) ( ),A A Ax u x v x x X! = " " # $ .  

Then !A(x) is referred to as the degree of indeterminacy 
of the element x to the set A. Especially, if  

( ) 1 ( ) ( ) 0,A A Ax u x v x x X! = " " = # $ . 
Thus, the intuitionisitc fuzzy set is reduced to a fuzzy 

set. For computational convenience, in this paper, (uA(x), 
vA(x)) is referred to as an intuitionistic fuzzy number. 

Definition 3.[19] Let ( , )a aa u v=  and ( , )b bb u v=  be 
two intuitionistic fuzzy numbers, then it can be obtained 
that 

(1) ( , )a b a b a ba b u u u u v v! = + " ; 

(2) ( , )a b a b a ba b u u v v v v! = + " ; 

(3) (1 (1 ) , ( ) ), 0a aa u v! !! != " " > ; 

(4) (( ) ,1 (1 ) ), 0a aa u v! ! ! != " " > . 
Definition 4.[19] Given two intuitionistic fuzzy values 

A and B, the following operations are valid: 
(1) a b b a! = ! ; 
(2) ( )1 1 1a b a b! ! !" = " ;  

(3) 1 2 1 2( )a a a! ! ! !" = + . 

III. PROPOSED METHOD TO ASSESS THE SEVERAL 
NEW MODELS 

In this section, a new method is proposed in the context 
of  the introduction of some teaching models to select an 
appropriate one. 

A. The introduction of several new teaching models 
Many efforts have resulted in a growing number of di-

verse English as a Second language for students in China. 
The challenges students face related to language barriers 
are not only evident in China, but in other English-
speaking countries as well. These students often have 
limited English proficiency, which can result in language  

 
Figure 1.  The basic relationship of new models 

and cultural barriers that impede their success in China. 
Students have been found to have higher rates of attrition 
and lower levels of academic achievement. 

Now, many new models have been developed to teach 
and train students to learn English, including on-line, off-
line and using a mobile device. Then, the most important 
issue is how to choose the most appropriate and effective 
method. Therefore, how to assess these models is a 
significant problem. In order to solve this problem, many 
evaluation attributes have been proposed to help the 
decision making process select the optimal alternative. 

 

 

B. The method to aggregation information 
The most important thing to assess alternatives is to ag-

gregate information of these alternatives. Operators are a 
direct way of aggregation of information. To date, many 
operators have been proposed with fuzzy information, 
especially intuitionistic fuzzy information. 

Two of the most common operators for aggregating ar-
guments are the weighted averaging operator and the 
ordered weighted averaging operators, respectively. 

First of all, the weighted averaging operator with intui-
tionistic fuzzy numbers will be introduced. 

Definition 5. Let aj = [uj, vj] (j = 1, 2, ..., n) be a collec-
tion of intuitionistic fuzzy numbers, then their aggregation 
of intuitionistic fuzzy numbers can be defined using the 
following intuitionistic fuzzy weighted operators: 

  IFWA(a1, a2, ..., an) = 
1

n

j j
j
w a

=
!   

= 1 1 2 2 ... n nw a w a w a! ! ! ,                       
(2) 

where w = (w1, w2, ..., wn)T is the weight vector of aj (j = 

1, 2, ..., n). with wj ! [0, 1] and 
1

1
n

j
j
w

=

=! . 

In Eq. (2), if w = (1/n, 1/n, ..., 1/n)T, then IFWA opera-
tor is reduced to an intuitionistic fuzzy averaging (IFA) 
operator of dimension n, which is defined as follows: 

  IFWA(a1, a2, ..., an) = ( )1 2
1 ... na a a
n

! ! ! .              

(3) 
Based on the above mentioned definition, the following 

new operation can be obtained. 
IFWA(a1, a2, ..., an) = 

 ( ) ( )
1 1

1 1 ,1
j j

j j

n nw w

a a
j j

u v
= =

! "
# # #$ %

& '
( ( .                            (4) 

iJET ‒ Volume 11, Issue 8, 2016 5



PAPER 
EVALUATION OF SEVERAL NEW MODELS TO TEACH ENGLISH AS A SECOND LANGUAGE 

 

Additionally, there is another important operator named 
the ordered weighted averaging (OWA) operator, which 
can reflect the common characteristic of the existing oper-
ators with fuzzy information.             

Definition 6. Let aj = [uj, vj] (j = 1, 2, ..., n) be a collec-
tion of intuitionistic fuzzy numbers, then their aggregation 
of intuitionistic fuzzy numbers can be defined using the 
following intuitionistic fuzzy ordered weighted operators: 

  IFOWA(a1, a2, ..., an) = 
( )

1

n

j j
j

a!"
=
#   

=  
( ) ( ) ( )1 21 2 ... n na b b! ! !" " "# # # ,                                  

( 5 ) 
where ( )ja!  is the jth largest element in the set of inputs 

{aj} which are assumed to belong to the unit interval and 
( ) ( ) ( )( )1 , 2 ,..., n! ! !  is a permutation of (1, 2, ..., n), 

such that ( ) ( )1j ja a! !" #  for all j. j! , as the balance coef-
ficients are the order of weights such as j!  �  [0, 1] and 

1
1

n

j
j
!

=

=" .   

Similarly, the following can be obtained: 
IFOWA(a1, a2, ..., an)  

= 
( )( ) ( )( )

1 1

1 1 ,1
j j

j j

n n

a a
j j

u v
! !

" "

= =

# $
% % %& '

( )
* * .                        (6) 

Here, if ! = (1/n, 1/n, ..., 1/n)T, then the IFOWA opera-
tor is reduced to an intuitionistic fuzzy averaging (IFA) 
operator of dimension n. 

In addition, if intuitionistic fuzzy sets are reduced to 
fuzzy sets, then Eq. (6) will be reduced to the following 
equation: 

IFOWA(a1, a2, ..., an) = 
( )( )

1

1 1
j

j

n

a
j

u
!

"

=

# #$ .                (7) 

Compared with other operators, IFOWA satisfies the 
following condition: 

IFMin(a1, a2, ..., an) ! IFOWA(a1, a2, ..., an) ! IFMax(a1, 
a2, ..., an). 

C. The way to rank models 
The order of weights depends on the decision maker's 

degree of optimism which is known as the Orness degree. 
If the weights at the beginning of the weight vector be-
come larger, then the degree of optimism to accept risk of 
the decision maker will become larger. According to the 
weights for the OWA operator, the degree of optimism " 
is defined as follows: 

( )
1

1
1

n

j
j
n j

n
! "

=

= #
# $

                            (8) 

The three major states of " include the optimistic views, 
the neutral and the pessimistic views of the decision mak-
er. 

Many methods have been proposed to determine the or-
der of weights. One of the most frequently used methods 
is based on the fuzzy linguistic quantifiers. In natural 
languages some linguistic terms such as most, few, many 
and about half are often applied. Zadeh (1983) called them 
linguistic quantifiers and suggested to model these linguis-
tic quantifiers by fuzzy sets.  

Regular Increasing Monotonic (RIM) quantifiers Q as 
one of the linguistic quantifiers are introduced in this 
paper. Here, the more objects that are included, the higher 
the satisfaction is. That is, Q(r1) #Q(r2) as r1 # r2.  

Based on this, Yager (1988) provided that  

IFOWA(a1, a2, ..., an) = 
( )

1

n

j j
j

a!"
=
#  

=
1

k

j
j
!

=
" = Sk                                             (9) 

where j ! k and ( )ja!  = 0 for j > k. 

Thus Sk is the satisfaction degree of the decision maker 
for the k/n portion of the criteria. The marginal satisfaction 
is defined as the weight of satisfying only one criterion in 
that order, or j!  = Sj - Sj-1. Then, a better model is con-
structed by Yager to obtain the weights of an n-dimension 
OWA operator as follows:    

1
j

j jQ Q
n n

!
"# $ # $= "% & % &

' ( ' (
, j = 1, 2, ..., n.              (10) 

The type of the RIM quantifiers can be obtained in 
questioning the decision maker as to how many criteria 
the decision maker considers. The decision maker's degree 
of optimism can be calculated by using these quantifiers. 
The relation for RIM quantifiers can be derived from the 
following: 

( )
1

0
Q r dr! = " .                                           (11) 

After aggregation of intuitionsitic fuzzy information, 
the critical step is to rank different intuitionistic fuzzy 
numbers according to score function and accuracy func-
tion. 

Definition 7. Let a = [u, v] be an intuitionistic fuzzy 
number. The score function of a can be obtained as fol-
lows: 

                               S(a) = a au v! ,                         (12) 
Definition 8. Let a = [u, v] be an intuitionistic fuzzy 

number. The accuracy function of a can be obtained as 
follows: 

                               H(a) = a au v+ ,                         (13) 
 
Definition 9. For two intuitionistic fuzzy numbers a1 

and a2, some rules can be obtained to compare them as 
follows: 

if S(a1) > S(a2), then a1 is better than or preferred to a2, 
denoted by a1 > a2;  

if S(a1) = S(a2), then  
    if H(a1) > H(a2), a1 is better than or preferred to a2, 

denoted by a1 > a2; 
    if H(a1) = H(a2), a1 is indifferent to a2, denoted by a1 

= a2; 
    if H(a1) < H(a2), a2 is better than or preferred to a1, 

denoted by a1 < a2. 
These rules will be applied in the following section. 

D. Decision procedure 
In this section, a procedure to form this evaluation 

model based on the above mentioned methods is proposed 
including the following steps:  
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Step1. For an evaluation problem, a decision matrix is 
constructed [ ]ij m nA a !" , where all the arguments ija (i = 1, 
2, ..., m; j = 1, 2, ..., n) are intuitionistic fuzzy numbers, 
given by the decision maker. As for every alternative iA (i 
= 1, 2, ..., m), the decision maker is invited to express an 
evaluation or preference according to each attribute jC (j = 
1, 2, ..., n). Then, a normal decision making matrix can be 
obtained as follows:  

 

11 12 1

21 22 2

1 2

n

n
m n

m m mn

a a a
a a a

A

a a a

!

" #
$ %
$ %=
$ %
$ %
& '

!
!

" " # "
!

                              (14) 

Step 2. The decision maker specifies the order weights 
of the n attributes denoted as !  = (! 1, ! 2, …, ! n)T with 
0 !! j ! 1 (j = 1, 2, ..., n) and 

1
1n

ji
!

=
=" . Then, based 

on the risk preference of the decision maker and Eq. (10), 
the order weights can be acquired. 

Step 3.The intuitionistic fuzzy ordered weighted opera-
tors (IFOWA) denoted as Eq.(5) are introduced to aggre-
gate the intuitionistic fuzzy assessments. Then, the aggre-
gation results of each alternative can be obtained. 

Step 4. The score function and accuracy function are 
used to compare each alternative in the decision making 
matrix.  

Step 5. Through different score and accuracy value of 
alternatives, the rank-order can be obtained. Then, the 
optimal alternative can be selected by the largest values. 

IV. ILLUSTRATIVE EXAMPLE 
In this section, the selection problem about teaching 

models will be solved by the proposed method in this 
paper. 

Using the basic relationship between the three models 
in Figure 1, a new attribute system can be obtained as 
shown in Figure 2. This means that the three teaching 
models are on-line denoted by A1, off-line denoted by A2
and mobile device denoted by A3. Meanwhile, five attrib-
utes are demonstrated as quality denoted by C1, satisfac-
tion denoted by C2, brand denoted by C3, cost denoted by 
C4 and peer evaluation denoted by C5. A famous expert 
was invited to act as the decision  maker to provide the 
assessments of each model on each attribute so as to help 
others  select an  appropriate model.  As mentioned above, 

The selection of teaching 
models

Quality Satisfaction Brand Cost
Peer 

evaluation

 
Figure 2.  A new attribute system 

 
Figure 3.  The aggregation result of each alternative 

the decision maker finds it difficult to express exact pref-
erences, so the intuitionistic fuzzy numbers are introduced 
to help the decision maker provide preferences of each 
alternative on each attribute, respectively. Then, the deci-
sion matrix with intuitionistic fuzzy numbers denoted 

by 4 3[ ]ijD a !"  can be demonstrated in Table 1. Here, the 
decision maker gives an assessment of a model on an 
attribute without consideration of other attributes. That is, 
the attributes in the decision matrix are mutually inde-
pendent.  

Based on the decision matrix, the decision maker uses 
Eq. (10) to obtain the order weights of each alternative as 
{0.3, 0.25, 0.25, 0.1, 0.1}. Then, the intuitionistic fuzzy 
ordered weighted operators are introduced to aggregate 
the intuitionsitc fuzzy information of each alternative on 
each attribute in Figure 3. In addition, score and accuracy 
value of alternative are computed by Eqs. (12) - (13). 
Finally, based on the rules in Definition 9, we can obtain 
the ranking order of alternatives can be obtained as shown 
in Table 2. From this ranking order, A1 can be selected as 
the best choice. 

TABLE I.  INTUITIONISTIC FUZZY DECISION MATRIX 

 C1 C2 C3 C4 C5 
A1 {0.6,0.2,0.2} {0.7,0.1,0.2} {0.7,0.2,0.1} {0.8,0.1,0.1} {0.5,0.2,0.3} 
A2 {0.8,0.1,0.1} {0.6,0.3,0.1} {0.6,0.1,0.3} {0.5,0.1,0.4} {0.7,0.2,0.1} 
A3 {0.5,0.3,0.2} {0.5,0.5} {0.6,0.3,0.1} {0.7,0.2,0.1} {0.6,0.3,0.1} 

TABLE II.  THE RANKING ORDER 

 score rank 
A1 0.6414 1 
A2 0.5929 2 
A3 0.5174 3 
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V. CONCLUSIONS 
It is widely accepted that language education is a key 

field in all education fields all over the world. English, as 
the most widely used language globally, has increasingly 
attracted attention. The global spread of English has been 
reshaping the sociolinguistic realities of the language, 
which has lead to the emergence of a number of local 
English varieties in different areas of the world. In China, 
English as an important second language has been a sig-
nificant aspect of our study. English proficiency has long 
been promoted as indispensable for the nation’s moderni-
zation and internationalization though English is seldom 
used for daily communication in Chinese people’s daily 
lives. in order to overcome the weakness in existing meth-
ods, an intuitionsitic fuzzy multiple decision making 
method is proposed in this paper to acquire an optimal 
model including the construction of a decision matrix, 
aggregation operators, score function and a method for 
determining the weights of attributes. Finally, an example 
is demonstrated to verify the applicability of the method 
proposed in this paper. 
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