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Abstract: In practice, understanding the behavior of the solution of the linear programming
problem due to changes in the data is often as important as obtaining the optimal solution itself.
Postoptimal analysis based on the simplex method by using an optimal basis is well established
and widely used. However, in case of degenerate optimal solutions, due to nonunicity of optimal
bases, problems arise in correct interpretation of the results of the analysis; partial, in a certain
sense erroneous, information is e.g. provided by commercial packages for linear programming.
We discuss the problems in this approach and the proposals that have been made to resolve the
diculties. Then we investigate postoptimal analysis in linear programming from an interior
point of view. We make use of the partition of the variables induced by a pair of strictly
complementary solutions (the optimal partition), which is uniquely determined and arises as
a natural concept in interior point methods. We give examples to compare the information
obtained from both the approach using bases and the approach using optimal partitions.
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1 Introduction
In 1984 Karmarkar [16] proposed his projective algorithm for linear programming (LP), which
he showed to be a polynomial time algorithm. This gave the impuls to an enormous amount of
research on interior point methods (IPM's), however, almost exclusively dealing with algorithmic
aspects and implementation. Surely, it is also of interest whether other subjects related to linear
programming can be treated with the interior point approach. Recently, Guler et al. [14] have
shown that the fundamental results of the theory of linear inequalities and linear programming
can be derived from the interior point of view.
Another important topic in the eld of linear programming is postoptimal analysis (often referred
to as sensitivity analysis), which means the study of the behavior of the optimal solution with
respect to changes in the LP model after an initial model has been solved. This is closely related
to parametric programming, where one (several) parameter(s) is (are) included in the model and
the optimal value is computed for all values of the parameter(s). These approaches are of
tremendous importance in practice, where parameter values may be estimates and questions of
type "What if..." are frequently encountered.
The classical way to perform postoptimal analysis is based on the Simplex method, and is
founded on the concept of optimal basis (see Gal [7] for an extensive treatise). Until recently,
many people believed that postoptimal analysis could not be handled with IPM's. It was argued
that for this an optimal basic solution is needed. A concept naturally arising in IPM's is that
of strictly complementary solutions (see Goldman and Tucker [11]) and the associated optimal
partition of the variables. As was rst shown by Adler and Monteiro [1] it is possible to perform
parametric (and hence postoptimal) analysis in LP using optimal partitions. Moreover, the
optimal partition appears to be a very natural tool in parametric analysis.
In this paper we survey the topic of postoptimal analysis from both the classical approach based
on optimal bases and the new approach based on optimal partitions. In case of degeneracy the
di erences between these approaches become quite apparent. As many authors have noticed,
the analysis using optimal bases may yield incomplete or even erroneous information in case of
a degenerate optimal solution, see e.g. [3,5,8,9,12,17,23]. Unfortunately, most textbooks on (applied) linear programming do not mention this phenomenon and practitioners often are unaware
of it. Rubin and Wagner [23, p.150] state: "Managers who build their own microcomputer linear
programming models are apt to misuse the resulting shadow prices and shadow costs. Fallacious
interpretations of these values can lead to expensive mistakes, especially unwarranted capital
investments." As an example, we solved the following simple transportation problem with some
LP packages and compared the results.

Example 1 Consider the unbalanced transportation-problem with three suppliers and three
markets:
minf

3 X
3
X
i=1 j =1

cij xij :

3
X
j =1

xij + si = ai;

3
X
i=1

xij ? dj = bj ; xij ; si ; dj  0 i; j = 1; 2; 3 g:

Let the transportation costs be cij = 1 (i; j = 1; 2; 3); the supplies ai (i = 1; 2; 3) are 2, 6 and
5 respectively, while all demands are equal to 3, that is bj = 3 (j = 1; 2; 3). We solved this
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problem with ve LP packages and used the options for postoptimal analysis. The results are
summarized in Tables 1 and 2.
LP package
CPLEX
LINDO
OSL
PC-PROG
XMP

Primal solution

Dual solution

x11

x12

x13

x21

x22

x23

x31

x32

x33

y1

y2

y3

y4

y5

y6

0
2
0
0
0

2
0
2
0
0

0
0
0
0
2

2
0
2
0
3

1
0
1
3
3

3
2
3
1
0

1
1
1
3
0

0
3
0
0
0

0
1
0
2
1

0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

1
1
1
1
1

1
1
1
1
1

1
1
1
1
1

Table 1: Primal and dual solutions Example 1.
LP package

COST-intervals
c11

CPLEX
LINDO
OSL
PC-PROG
XMP

[1,1)
(?1,1]
[1,1)
[1,1)

c12

(-1,1]
[1,1)
[1,1]
[1,1)

c13

[1,1)
[1,1)
[1,1)
[1,1)
(-1,1]

c21

c22

c23

c31

[1,1]
[1,1)
[1,1]
[1,1)
[1,1]

[1,1]
[1,1)
[1,1]
[0,1]
[0,1]

[0,1]
[1,1]
[1,1]
[1,1]

[1,1]
[1,1]
[1,1]
[0,1]
[1,1]

b1

b2

b3

[2,7]
[2,4]
[2,7]
[2,5]
[3,7]

[2,5]
[1,4]
[2,5]
[0,5]
[3,6]

[2,5]
[1,7]
[2,5]
[2,5]
[2,7]

LP package
CPLEX
LINDO
OSL
PC-PROG
XMP

c32

[1,1)
[0,1]
[1,1)
[1,1)

c33

[1,1)
[1,1]
[1,1)
[1,1]
[1,1]

RHS-intervals
a1

a2

[0,3]
[1,3]
[0,3]
[0,1)
[0,3]

[4,7]
[2,1)
[4,7]
[4,1)
[3,6]

a3

[1,1)
[4,7]
[1,1)
[3,6]
[1,1)

Table 2: COST-intervals and RHS-intervals Example 1.

Even in this simple example, no two packages yield the same result. Four di erent primal
solutions are obtained and the intervals for the coecients in the objective function all di er;
even though the dual solution is equal for all packages, the intervals for the right-hand-side
coecients are not the same.
3
Some proposals have been made to resolve the diculties encountered in the classical analysis
in case of degeneracy. Unfortunately, it seems that the impact these proposals have made in the
scienti c world as well as in practice is small. In the rst part of this paper we give a survey
of these proposals and show what information can be obtained from them. The second part of
this paper is devoted to the interior approach. As mentioned, the foundation of this approach
is the use of the unique optimal partition of the LP problem. As an optimal basis is related to
2

an optimal basic solution, the optimal partition is related to a strictly complementary solution.
One of the strictly complementary solutions is the so-called central solution, which is the limit
point of the central path of the LP problem; this path plays an important role in IPM's (see
e.g. Megiddo [19]). In case of nondegeneracy, the two approaches coincide; however, as will be
shown, in case of degeneracy, the approach using optimal partitions gives a natural way of doing
postoptimal analysis, contrary to the analysis using bases. This is due to the unicity of the
optimal partition for any LP problem.
It should be stressed that the approaches using either bases or optimal partitions are not necessarily connected to the method by which the initial LP problem is solved. However, it is very
natural to connect the basis-approach with the Simplex method and the partition-approach with
IPM's. We mention also that given the nal (interior) iterate in IPM's an optimal basic solution
can be obtained (see e.g. Charnes and Kortanek [4]); given the optimal partition and a strictly
complementary solution an optimal basic solution can be obtained in strongly polynomial time
(see Megiddo [20]). The reverse implications are, however, not true.
In this paper, we restrict ourselves to changes in a single element of the right-hand-side (RHS)
and the objective (COST) function and in the combination of the two. The analysis is split
in two parts. We consider sensitivity analysis, by which we mean the computation of intervals
(critical regions, ranges); secondly, we consider shadow prices and shadow costs, which are the
rates at which the optimal value changes as a consequence of changes in elements of the RHSrespectively COST-vector.
This paper is built up as follows. In Section 2 we describe the classical postoptimal analysis
using bases and the modi cations that have been proposed to handle postoptimal analysis in
case of degeneracy. We give some examples where the information obtained is not complete. In
Section 3 we derive properties of the optimal partition and indicate its use in parametric and
postoptimal analysis. In this section we give simple proofs of results that were rst obtained by
Adler and Monteiro [1]. Our proofs make use of results from the theory of IPM's whereas [1] uses
the polyhedral geometry present in linear programming. In Section 4 we show how complete
information for Example 1 and the examples in Section 2 is obtained from the partition approach
and compare the (theoretical) computational cost for obtaining the same information with the
classical approach. Finally we make some concluding remarks.

2 Postoptimal Analysis using Bases
Since the early 1950s it has been noticed that it is of much interest to know how the optimal
solution of the LP problem changes due to (small) perturbations in the problem data. In this
section we discuss the way postoptimal analysis has been performed on basis of the simplex
method.
We introduce some notation. We consider the following primal-dual pair of LP problems
(P)
minf cT x : Ax = b; x  0g
(D)
maxf bT y : AT y + s = c; s  0g;
3

where A is an m  n matrix, c; x; s 2 IRn and b; y 2 IRm . We make the assumption that
rank(A) = m (m < n). We feel free to refer to any dual feasible pair (y; s) by y or by s. We
denote by z  the common optimal value of problems (P) and (D). Finally, we denote by ek the
k ? th unit vector of appropriate dimension.
We restrict ourselves to changes in a single RHS-coecient bi = , for some 1  i  m, in a
single COST-coecient cj = for some 1  j  n and in the combination of the two. Let 0
and 0 be some initial values of the parameters and respectively. Corresponding to these
values, let x be an optimal basic solution of (P), y  an optimal basic solution of (D). A basis is
denoted by the index set B; the indices of the nonbasic variables are in N . Given this partition
of the index set f1; : : :; ng, the vector x (matrix A) can be written as xT = (xTB ; xTN ) (resp.
A = (AB ; AN ) ). So a primal basic solution is given by xB = A?B 1 b, a dual basic solution is
y = A?B T cB ; when xB  0 then B is a primal feasible basis, when ATN y  cN then B is dual
feasible. We call a basis optimal if it is both primal and dual feasible; a basis is called primal
optimal if it is associated with an optimal solution of (P) and is primal but not necessarily dual
feasible; analogously, a basis is called dual optimal if it is associated with an optimal solution of
(D) but not necessarily primal feasible.

2.1 Sensitivity analysis
The classical approach to sensitivity analysis is to pose the following typical question:
(Q1) In what interval may (or ) vary such that B remains an optimal basis?
The question is inspired by the desire to know the interval where the current dual (resp. primal)
optimal solution remains optimal. We already stress at this moment that (Q1) is not the
adequate question for this inspiration, as will soon become clear. We brie y discuss how the
answer to (Q1) is obtained. Letting
= 0;
= 0 + ;
the basis B remains primal feasible (hence optimal, since dual feasibility is not a ected by )
for all  such that
A?B 1 (b + ei )  0:
This condition determines an interval  for , where the interval may be unbounded. Analogously, when
= 0;
= 0 + ;
an interval T is determined from
0 +   aT y  if j 2 N
j
and from
ATN A?B T (cB +  (ej )B )  cN if j 2 B;
such that B remains dual feasible (and optimal) for all  2 T . Note that these intervals can be
obtained at low computational cost: for each interval, m, 1 or n ? m respectively quotients have
4

to be computed and compared. Also, both and may simultaneously be varied within these
intervals without changing the optimality of the basis B.
Indeed, in case of nondegeneracy, the respective interval obtained in this way is exactly the
interval where the optimal dual resp. primal solution does not change. But, as is well-known, in
case of primal degeneracy the optimal basis B is not necessarily unique. In case of dual degeneracy, the optimal solution x itself may not be unique. This can have a signi cant in uence on
the intervals obtained, as already appeared in Example 1. In fact the intervals given there, were
obtained in the way described above. Although from a theoretical point of view this behavior
is known, to the best of our knowledge, all commercial LP packages o ering the opportunity
of doing sensitivity analysis take this approach, independently of whether degeneracy is present
or not; also this approach is standard in textbooks often without referring to degeneracy problems. In the literature attempts have been made to circumvent the obvious shortcomings of the
classical approach, see e.g. [5,17,12,8,9]. So (Q1) has been sharpened to
(Q2) In what interval may (or ) vary such that at least one of the optimal bases
associated with x remains optimal?
We discuss this proposal in some more detail (cf. Gal [8, 9]). Denote

F (x ) := fB : B is primal and dual feasible and A?B 1 b = xB g

as the set of optimal bases associated with x . Each basis Bk 2 F (x ) (k = 1; : : :; K ) yields an
interval k for  where Bk remains an optimal basis. Obviously the overall critical region for 
given by the approach (Q2) is

K
[
 = k :
k=1
Similarly, each basis Bk yields an interval T k for  , and the overall critical region for  is given

by

K
[
T = T k:
k=1
depend on x . As is clear, determination of  and

T is
It should be noted that  and T
more expensive than computing the interval for a single basis: more optimal bases have to
be generated. Evans and Baker [5] suggest to solve a sequence of LP problems to nd the
intervals. Knolmayer [17] proposes an algorithm which does not need to generate all optimal
bases associated with x ; however, the statement of his algorithm is not quite clear nor complete.
Gal [9] provides a parametric algorithm inspired by [18] that does not need all optimal bases
associated with x . We illustrate the approach according to (Q2) with the following example.

Example 2 Consider the following pair of primal-dual LP problems containing a parameter :
minf?2x2 ? x3 + 4x4 + 5x5 + 6x6 : ?x1 ? 2x2 + x4 + x5 = 0;
?x2 ? x3 ? x4 + x6 = ?1; x  0g
maxf?y2 : ?y1  0; ?2y1 ? y2  ?2; ?y2  ? ; y1 ? y2  4; y1  5; y2  6 g:
5

In Figure 1 the dual feasible region is depicted. Solving these problems for the initial value
0 = ?1, the unique optimal solution of the primal problem is given by x = 1; x = 0; i 6= 3;
3
i
the optimal basic solutions of the dual problem are y  = (1:5; ?1)T and y = (3; ?1)T . The set
of optimal bases associated with x is
F (x ) = f f2; 3g; f3; 4g g:
It is easily seen that the bases in F (x ) are optimal in the following intervals for (cf. Figure
1):

B1 = f2; 3g ?! T 1 = [?1; 3] ?!
B2 = f3; 4g ?! T 2 = [?1; 2] ?!

2 [?2; 2]
2 [?2; 1].

So T = [?1; 3] and (Q2) gives the answer 2 [?2; 2]. In this case B1 would be sucient for
determination of this interval.
3
At this stage it can be made clear that also (Q2) is not the appropriate question: in Example 2
the primal solution x remains optimal for 2 [?2; 6], a much larger interval than the interval
[?2; 2] obtained from (Q2). So we conclude that the answer to (Q2) does not provide the desired
complete information. Ward and Wendell [26] propose to deal with the following question.
(Q3) In what interval may (or ) vary such that at least one of the dual
(primal) optimal bases associated with x is optimal?
We discusss this approach for the case that varies (for varying the results are analogous).
We need some concepts from parametric linear programming here. We introduce for  2 IR
(P )
z( ) = minf(c + ej )T x : Ax = b; x  0 g:
It is well-known that the optimal value function z ( ) is a piecewise linear concave function (cf.
Gal [7]). The intervals where z ( ) is linear are called the linearity intervals; the points where the
slope of the function changes are the breakpoints of z ( ). Note that the optimal value function
for is just a translation of z ( ), since z ( ) = z ( ? 0). Ward and Wendell [26] de ne the
optimal coecient set of a primal solution x as
T (x) := f : x is an optimal solution of (P ) g:
We also de ne
R(x) := f : z( ) = z(0) +  xj g:
So R(x) is either a linearity interval of z ( ) with slope xj , or the set f0g; in the latter case  = 0
is a breakpoint of z ( ). The set of primal optimal bases associated with x is denoted by S (x).
The following result is given by Ward and Wendell [26, Th. 17].

Lemma 1 Let x be an optimal basic solution of (P0), then
T (x) =

[ k
T ; where
k2H

H = fk : Bk 2 S (x)g:
6
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6

6
m
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Figure 1: Feasible region of the dual problem in Examples 2 and 3; constraint 3 is shifted. The intervals
where the indicated bases are optimal are denoted by the arrows.

Proof: S

If  2 k2H T k , then clearly x is optimal in (P ), so  2 T (x). Conversely, if  2 T (x)
then x is optimal in (P ). Clearly there is an optimal basis Bk with respect to (P ), which is
associated with x. So  2 T k . We will show that k 2 H . Since Bk is primal feasible for (P ),
it is primal feasible for (P0 ). So Bk 2 S (x) and k 2 H .
2
We proceed by showing that the interval obtained from (Q3) is exactly the interval where z ( )
is determined by xj . This is the contents of the next lemma.

Lemma 2 Let x be an optimal basic solution of (P0), then T (x) = R(x).
Proof:

Clearly, T (x)  R(x). Suppose that  2 R(x);  62 T (x). Let x~ be the optimal solution of
(P ). Because of the linearity of z ( ) on R(x), it must hold that x~j = xj . Since by assumption
7

x is not optimal for  , we have
(c + ej )T x~ < (c + ej )T x;
which implies that cT x~ < cT x, contradicting the optimality of x for  = 0.

2

From Lemma 2 we can conclude that either the optimal basic solution is only optimal in the
breakpoint, or it corresponds to a linearity interval of the optimal value function (in the sense
that for each value of the parameter in this interval this solution is an optimal solution of the
corresponding problem). If  = 0 is a breakpoint of z ( ) then obviously there must exist more
than one optimal basic solutions of (P0). The following lemma implies that when the intersection
of optimal coecient sets corresponding to di erent optimal basic solutions is nontrivial, then
the sets are equal.

Lemma 3 Let x and x~ both be optimal basic solutions of (P0) and let T (x) \ T (~x) 6= f0g,
then T (x) = T (~x).

Proof:

Assume that  2 T (x ) and  62 T (~x). Then
(c + ej )T x < (c + ej )T x~:
However, this inequality cannot hold, since the optimality at  = 0 implies cT x = cT x~ and the
linearity of z ( ) implies xj = x~j .
2
Ward and Wendell [26] argue that T (x) can be obtained from the application of a parametric
programming type algorithm. We conclude this subsection by continuing Example 2.

Example 3 Consider the LP problems from Example 2 with

0 = ?1. The set of primal

optimal bases associated with the optimal primal solution x is given by

S (x) = f f1; 3g; f2; 3g; f3; 4g; f3; 5g g:
The intervals for are now

B1 = f1; 3g
B2 = f2; 3g
B3 = f3; 4g
B4 = f3; 5g

?!
?!
?!
?!

T 1 = [3; 7]
T 2 = [?1; 3]
T 3 = [?1; 2]
T 4 = [2; 7]

?!
?!
?!
?!

2 [2; 6]
2 [?2; 2]
2 [?2; 1]
2 [1; 6] ,

as can be seen from Figure 1. So the overall critical region is T (x) = [?1; 7] and the answer to
(Q3) is 2 [?2; 6]. Indeed, the optimal value function is linear on T (x); a breakpoint occurs
at = ?2, while for > 6 the primal problem is unbounded. See Figure 2.
3
8

z( )


@
@

-2

2

@
0@ 2
@
-2
@

-4
-6

4
@
@

@
@

6

@
@

Figure 2: Optimal value function Example 2 and 3.

Note that in (Q3) we consider primal optimal bases associated with the given optimal solution
x . Evans and Baker [5] suggest to take the union of the intervals of all primal optimal bases,
also using the bases associated with di erent optimal solutions. Obviously, this may yield an
overall critical region containing points of two linearity intervals, and so containing points where
the current optimal solution x is not optimal (see also [25] and [6]). This suggests that the
decision maker has all optimal basic solutions available and desires the interval where at least
one of them remains optimal. As Steinberg and Aucamp [25] notice, it is questionable whether
this is useful information from a practical point of view.

2.2 Shadow prices and shadow costs
The second important aspect of postoptimal analysis is the determination of shadow prices
(shadow costs), that is, the rate at which the optimal objective value changes as a result of
a small change in an element of the RHS-vector b (or the COST-vector c). Considering a
nondegenerate optimal solution, it is well-known that the shadow prices for the constraints in
(P) are given by the optimal dual solution y  . In case of primal degeneracy, there may be
several optimal dual basic solutions and the usual interpretation is not valid; instead, one has to
distinguish between the rates of change as a consequence of an increase and as a consequence of a
decrease in the RHS-coecient (for a short history on this, see Gal [8]). Rubin and Wagner [23]
indicate the traps and give a number of tips for correct interpretation of results of the dual
problem in practice.
Gauvin [10] used left and right shadow prices to distinguish between increasing and decreasing
the RHS-coecient. In the case of varying the coecient bi = , the right shadow price p+i for
the i ? th constraint is the rate at which the objective value changes as a consequence of an
increase in ; the left shadow price p?i gives the rate when  decreases. Gauvin proves that

p?i = minf yi : y is optimal in (D)g
9

(1)

p+i = maxf yi : y is optimal in (D)g;

(2)

and moreover that p?i and p+i are the left respectively right derivatives of the (piecewise linear)
optimal value function at the current value of the parameter. From this it is easy to see that

f yik g;
p?i = min
k
f yik g;
p+i = max
k
where y k (k = 1; : : :; K ) are the optimal dual basic solutions. Analogous results have been
derived in [2,3,12,17]. As may be clear, the values of p+i and p?i can be found by applying a
parametric programming algorithm. Knolmayer [17] states that his algorithm for determining
critical regions can also be applied to the computation of shadow prices.
We illustrate the notion of left and right shadow prices with the following example.

Example 4 Let the following primal-dual pair of LP problems be given:
minf?2x2 + 2x3 + 4x4 + 5x5 + 6x6 : ?x1 ? 2x2 + x4 + x5 = 0;
?x2 ? x3 ? x4 + x6 = ?1; x  0g
maxfy1 ? y2 : ?y1  0; ?2y1 ? y2  ?2; ?y2  2; y1 ? y2  4; y1  5; y2  6 g;
(so the LP problems as in Example 2 with 0 = ?2 and a slightly di erent dual objective). The
optimal dual basic solutions are

y1 = (2; ?2)T y2 = (5; 1)T :
So the left and right shadow prices are given by

y1? = 2
y2? = ?2

y1+ = 5
y2+ = 1

The optimal objective value is 4. From y 1 it could erroneously be concluded that a unit increase
in b1 (from 1 to 2) would yield a value 6, whereas the correct answer is 9; also y 2 suggests that
decreasing b2 from ?1 to ?2 gives an optimal value 3 instead of the true value 6.
3
Obviously an analogous derivation can be applied to shadow costs (cf. Greenberg [12]). This
yields left and right shadow costs qi? and qi+ , which represent the rate of change in the optimal
value when the parameter cj = decreases respectively increases. So

qi? = maxf xj : x is optimal in (P)g
qi+ = minf xj : x is optimal in (P)g:
10

3 Parametric Analysis using Optimal Partitions
In the previous section we made clear that the phenomenon of nonuniqueness of an optimal basis
in degenerate problems causes troubles when performing postoptimal analysis. The aim of this
section is to show that the use of optimal partitions is not a ected by such phenomena, cf. [1,15].
The results to be presented in this section were rst obtained by [1], who use the geometry of
the linear programming problem in their proofs. Here we present new and elegant proofs, which
use concepts from the interior point methodology and all essentially have the same structure.

3.1 The optimal partition
An early result in the theory of linear programming concerns the existence of a strictly complementary (primal-dual) optimal pair (see [11]). This is an optimal solution pair (xc ; sc ) satisfying
xc + sc > 0. We call x (s or y) a strictly complementary solution if either belongs to a strictly
complementary optimal pair. For any vector x 2 IRn its support is the set of coordinate indices
i for which xi > 0. Obviously a strictly complementary optimal pair (x; s) uniquely determines
a partition (B; N ) of the index set f1; : : :; ng via the support:

xi > 0 () i 2 B
si > 0 () i 2 N:
This partition is called the optimal partition of the problems (P) and (D). Using the optimal
partition we can write the optimal faces P  and D of (P) and (D) as

P  = fx : Ax = b; xB  0; xN = 0g
D = f(y; s) : AT y + s = c; sB = 0; sN  0g:
Note that N is the set containing the indices of the variables which are zero in any optimal
solution of (P). Likewise, B contains the indices of the constraints in (D) which are binding
in any optimal solution of (D). So the knowledge of a strictly complementary solution of the
pair (P) and (D) gives much more information than only one optimal basic solution does (see
Greenberg [13] for some practical examples where this information is useful or necessary).
We now point out the relationship between the optimal partition and IPM's. When P  and D
are both bounded sets, the analytic centers (Sonnevend [24]) of the optimal faces P  and D are
the points determined by

x^ = argmax f
s^ = argmax f

Y

i2B
Y
i2N

xi : x 2 P  g
si : s 2 D g:

This optimal solution x^ is called the central solution of (P); likewise s^ is the central solution of
(D). Since the central solutions form a strictly complementary pair they determine the optimal
partition. It is well-known that the central path of the LP problem ends up in the central
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solution (see e.g. Megiddo [19]). Moreover, in many of the existing IPM's the central path
of the LP problem is approximately followed, and these methods are able to generate strictly
complementary optimal pairs (see e.g. Mehrotra and Ye [21]).
In this section we investigate the e ect of changes in b and c on the optimal value of (P).
Therefore, we denote (P) as (P(b; c)) and (D) as (D(b; c)). The optimal value is denoted as
z(b; c), and the optimal partition as (b; c). We call the pair (b; c) a feasible pair if the problems
(P(b; c)) and (D(b; c)) are both feasible. If the problem (P(b; c)) is unbounded then we de ne
z(b; c) = ?1, and if its dual (D(b; c)) is unbounded then we de ne z(b; c) = 1. If both (P(b; c))
and (D(b; c)) are infeasible then z (b; c) is unde ned.
In fact we are mainly interested in parametric perturbations of b and c, as considered in the
classical topics of parametric and postoptimal analysis. So we want to study the behavior of
z(b + b; c +  c), where b and c are given perturbation vectors, as a function of the
parameters  and  . It is well known, and will be proved below, that z (b + b; c) is a piecewise
linear convex function of  and z (b; c +  c) is a piecewise linear concave function of  . In
practice one is interested in the slopes of these functions for given values of b and c, at  = 0 and
 = 0 respectively (cf. shadow prices and shadow costs), and also in the interval of the optimal
value function to which b and c belong (sensitivity analysis). The main result is that along the
linearity intervals of the optimal value functions z (b + b; c) and z (b; c +  c) the optimal
partitions of the underlying problems remain constant. We also show that in a breakpoint the
optimal partition di ers from the partitions of the `surrounding' linearity intervals. In all proofs
we use a similar structure: we construct a solution pair that is feasible for the given problem
pair and then show that this pair is strictly complementary and renders the required optimal
partition.
The rst result we prove relates having the same optimal partition for di erent values of the
parameter to linearity of the optimal value function.

Lemma 4 Let (b0; c0) and (b1; c1) be feasible pairs such that the partitions (b0; c0) and (b1; c1)

are equal. If b is any convex combination of b0 and b1, and c of c0 and c1 , then  (b; c) is the
same partition. Moreover, z (b; c) is linear on the line segment from (b0; c) to (b1; c) and also on
the line segment from (b; c0) to (b; c1).

Proof:

Let  = (B; N ) denote the common partition for the feasible pairs (b0; c0) and (b1; c1). So we
have  =  (b0; c0) =  (b1; c1). Let 0  1 ; 2  1 be such that
b = 1 b1 + (1 ? 1 )b0;
c = 2 c1 + (1 ? 2 )c0:
Furthermore, let x0 ; s0; y 0 denote the central solutions of (P) and (D) for the pair (b0; c0), and,
similarly, x1 ; s1; y 1 for the pair (b1; c1). Now de ne
x := 1 x1 + (1 ? 1 )x0 ;
y := 2 y1 + (1 ? 2 )y 0 ;
s := 2s1 + (1 ? 2 )s0:
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Then one easily checks that x is feasible for (P(b; c)), and (y; s) for (D(b; c)). Since  (b1; c1) =
(b0; c0) = (B; N ), it follows that xk > 0 if and only if k 2 B, and sk > 0 if and only if k 2 N .
Therefore, the pair (x; s) is strictly complementary (and hence optimal) for the pair (b; c). The
partition determined by this pair being (B; N ), the rst part of the lemma follows.
Now let us deal with the proof of the second part. Since x is optimal for (P(b; c)), we have
z(b; c) = cT x. So
z(b; c) = (2 c1 + (1 ? 2 )c0)T (1 x1 + (1 ? 1 )x0 ):
This makes clear that z (b; c) is a bilinear function of 1 and 2 . Now xing c, i.e. xing 2 , this
expression becomes linear in 1 , and hence z (b; c) is linear on the line segment from (b0; c) to
(b1; c). Similarly, xing b, i.e., xing 1 , the expression for z (b; c) becomes linear in 2 , so z (b; c)
is also linear on the line segment from (b; c0) to (b; c1).
2
In the next subsections we deal with the converse implication. We will show that if z (b; c) is
linear on the line segment from (b0; c) to (b1; c) then the partition is constant on this line segment
with a possible exception in the end points of the line segment; a similar result holds if z (b; c) is
linear on the line segment from (b; c0) to (b; c1).

3.2 Perturbations in the right hand side vector
To facilitate the discussion we introduce the notation

b() := b1 + (1 ? )b0;
and

() := z (b(); c);
where b0; b1 and c are such that the pairs (b0; c) and (b1; c) are feasible. For each  we denote the
corresponding optimal partition by  () = (B  ; N ), and the corresponding central solutions
by x ; y ; s. Note that the feasible region of the dual problem (D(b(); c)) is independent of .
It is simply given by f y : AT y  cg. So the dual problem is feasible for each  and () is
well de ned for each  2 IR. The following result is well-known; we give a simple proof using
optimal partitions.

Theorem 1 The value function () is piecewise linear and convex.
Proof:

Let  move from ?1 to 1. Then  () runs through a set of partitions of the index set
f1; : : :; ng. Since the number of such partitions is nite, we can get a partition of the real

line into a nite number of nonoverlapping intervals by `starting' a new interval every time the
partition  () changes. Now we know from Lemma 4 that on each subinterval the value function
() is linear. To prove the convexity let (P(b(1); c)) and (P(b(2); c)) have optimal solutions
1
x and x2 respectively; let 0 <  < 1 and  = 1 + (1 ? )2. It is easily veri ed that

x := x1 + (1 ? )x2
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is feasible for (P(b(); c)), so cT x  (). Since

cT x = cT x1 + (1 ? )cT x2 =  (1) + (1 ? ) (2)
the convexity of () follows. This proves the theorem.

2

We proceed by showing that in the open part of a linearity interval the optimal partition is
constant. In other words, the linearity intervals are precisely the intervals constructed in the
proof of Theorem 1.

Lemma 5 Let for some b0; b1; c the value function () be linear for 0    1. So
() =  (1) + (1 ? ) (0):
Then  () is independent of  for all values of  in the open interval (0; 1).

Proof:

For 0    1, let the triple (x; y ; s ) be the central solution for the pair (b(); c), and
(B  ; N ) the corresponding optimal partition. Since y  is feasible for both (D(b0; c)) and
(D(b1; c)) we have, (b0)T y   (b0)T y 0 = (0) and (b1)T y   (b1)T y 1 = (1). Using this
and the de nition of b() we may write
() =  (1) + (1 ? ) (0)  (b1)T y  + (1 ? )(b0)T y  = b()T y  = ():
For 0 <  < 1, this implies that
(b0)T y  = (0) and (b1)T y  = (1):
Now let 0   1. Then we may write

b( )T y = ( b1 + (1 ? )b0)T y =

(1) + (1 ? ) (0) = ( ):

This proves that y  is optimal for all problems (D(b( ); c)), with 0   1. From this we derive
that (x )T s = 0. Therefore, N  \ B = ;. This is equivalent to N   N and B  B  . Now
taking 0 < < 1, we can apply the same argument to and obtain the converse inclusions
N  N  and B   B . We conclude that B  = B and N  = N . This proves the lemma.

2

From this lemma (and its proof) we draw an important conclusion, which we state as a corollary.

Corollary 1 The set of optimal solutions of (D(b(); c)) is constant on the interval 0 <  < 1
and, moreover, each of these solutions is also optimal for the extreme cases  = 0 and  = 1.
We have now shown that on the open part of the linearity interval the partition does not change;
moreover, we have that a linearity interval corresponds to the situation that the optimal dual
solution remains optimal in case of varying . This is exactly the issue of interest in postoptimal
analysis. We still have to answer the question how to perform the postoptimal analysis, that
is, how to nd the slopes of the optimal value function when we are in a breakpoint and how
14

to nd the linearity interval otherwise. This is closely related to the question how to nd the
'surrounding' partitions of a given partition. We show that these partitions can be found by
solving two appropriate linear programming problems. These problems are stated in terms of
the given partition and the perturbation vector. We need to distinguish between the case that
the given partition belongs to a breakpoint and the case that the given partition belongs to a
linearity interval.
To simplify the presentation we assume for the moment that  = 0 and  = 1 are two consecutive
breakpoints of (). We denote the perturbation vector by b := b1 ? b0 . As a consequence we
have
b() = b0 + b:
 N ).
The partitions (B  ; N ); 0 <  < 1; are all equal, so we simply denote them by  = (B;

Similarly, the central solutions y ; 0 <  < 1; being all equal, are denoted by y. From the proof
of Lemma 5 we deduce the relation
() = (0) + (b)T y; 0    1:
We now show how the optimal partition in the linearity interval 0 <  < 1 can be determined
from the optimal partition at the breakpoint  = 0. To this end we de ne the following pair of
dual linear programming problems:


(P7!b ) min cT x : Ax = b; xN  0 ;
b ) maxf(b)T y : AT y + s = c; sB = 0; sN  0g:
(D7!
0

0

0

Note that in (P7!b ) the variables xi ; i 2 B 0 ; are free. As a consequence we need to de ne the
concepts of strictly complementary solution and optimal partition for this particular case. This
can be done in an obvious way. Replace the free part xB of x by x+B ? x?B , with x+B and x?B
nonnegative, and we are again in the standard format. As a consequence we obtain that there
exists a solution triple (~x; y~; s~) such that for each i 2 N 0 one has x~i > 0 if and only if s~i = 0.
~ N~ ) of the set N 0, namely by taking for B~ the
In this way we obtain a (unique) partition (B;
subset of N 0 for which the coordinates x~i are positive and for N~ the subset of N 0 for which the
~ N~ ) the optimal partition of the problem. Any
coordinates s~i are positive. Then we call (B 0 [ B;
such solution with the above property is called strictly complementary. It is clear that strict
complementarity implies optimality.
0

0

0

0

0

It may be worthwhile to indicate that the feasible region of the dual problem (D7!b ) is the optimal
face for the dual problem (D(b0; c)). As a consequence it admits the analytic center (y 0 ; s0 ) of
this face as a feasible solution. Recall that also (y ; s) is in this face.

Theorem 2 The optimal partition for the pair of dual problems (P7!b) and (D7!b) is just (B; N ).
Furthermore, y is the central solution of (D7!b ).

Proof:

Let 0 <  < 1, and consider


0
x := x ? x :
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Since x0N = 0 one has xN  0. Obviously Ax = b. So x is feasible for (P7!b ). We already
observed that the dual problem (D7!b ) admits (y; s) as a feasible solution. So we have found a
pair of feasible solutions for (P7!b ) and (D7!b ). We conclude the proof by showing that this pair
 N ) as the optimal partition. Recall
is strictly complementary and that it determines  = (B;

0
0

that the support of x is B and the support of x is B . So, for i 2 N 0 , we have xi > 0 if and
only if i 2 N 0 n N . On the other hand, if i 2 N 0, then we have si > 0 if and only if i 2 N . This
proves that the given pair of solutions is strictly complementary and that the optimal partition
 N ).
is just  = (B;
2
0

0

An immediate consequence of the theorem is that the optimal value of the problem (D7!b ) gives
the slope of the optimal value function when the parameter increases. The partition belonging
to the left of a breakpoint can be obtained by solving a similar pair of linear programming
problems, namely:


(P 7 b ) min cT x : Ax = ?b; xN  0 ;
(D7b ) maxf?(b)T y : AT y + s = c; sB = 0; sN  0g:
1

1

1

Without further proof we state

Theorem 3 The optimal partition for the pair of dual problems (Pb7 ) and (Db7 ) is just (B; N ).
Furthermore, y is the central solution of (Db7 ).

For future use we include the following

Lemma 6 (b)T (y ? y0) > 0 and (b)T (y1 ? y) > 0:
Proof:

Recall that y 0 is the central solution (hence the analytic center of the optimal (dual) face) for
the case that  = 0. Now Theorem 2 makes clear that when we maximize (b)T y over this
face then y is the central solution. Also, as a consequence of Theorem 3, if we minimize (b)T y
over the optimal (dual) face for the case that  = 0, then the optimal partition is the optimal
partition associated to the linearity interval to the left of the breakpoint  = 0; let y denote the
central solution for this problem. Since the value function () has a breakpoint at  = 0, its
left and right derivatives to  are di erent at  = 0. Since these derivatives are given by (b)T y
and (b)T y respectively, we conclude that (b)T y and (b)T y are di erent. This implies that
(b)T y < (b)T y; because y maximizes and y minimizes (b)T y over the optimal dual face for
 = 0, so it follows that (b)T y is not constant in this face. Since y 0 is the analytic center of
this face, we conclude that (b)T y < (b)T y 0 < (b)T y: This implies the rst inequality of the
lemma; the second follows in a similar way.
2
 N ) associated with some given
Finally we consider the case that the optimal partition  = (B;
linearity interval is known. We show how the optimal partitions at the surrounding breakpoints
can be found from this partition and the perturbation vector b. In the analysis below it will
be convenient to assume that the  = 0 belongs to the linearity interval under consideration,
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and that the surrounding breakpoints (if they exist) occur at ? < 0 and + > 0 respectively.
For the present purpose we consider the following pair of dual problems.
(P7 b ) minf : Ax = b(); xB  0; xN = 0g;
(D7b ) maxf(b0)T y : AT y + s = 0; (b)T y = ?1; sB  0g:
Since these problems do not have the standard format we have to discuss the meaning of strictly
complementary solution and optimal partition for these problems. Note that (P7 b ) can be
 By omitting also the
brought in the standard format by omitting the variables xi ; i 2 N:

b
constraints in (D7 ) which are indexed by the indices in N , we obtain a completely equivalent
pair of dual problems, namely
minf : AB xB = b(); xB  0g;
maxf(b0)T y : ATB y + sB = 0; (b)T y = ?1; sB  0g:
~ N~ ) be the optimal partition for this pair. Then this is a partition of the set B with
Let (B;
the property that there exists a solution triple (~x; y~; s~) for the original pair of problems such
that for each i 2 B one has x~i > 0 if and only if s~i = 0. Now it becomes natural to de ne
~ N~ [ N ) as the optimal partition of the original problems. Any solution triple (~x; y~; s~) with
(B;
the above property is called strictly complementary. It is clear that strict complementarity
implies optimality.

Theorem 4 The? optimal partition for the pair of dual problems (P7 b) and (D7 b ) is just (?).

Furthermore, y  is the central solution of (D7 b ).

Proof:

Observe that

x := x? ;  := ?
is feasible for the primal problem, since x? is the central solution of the problem (P(b(?),c).
We show that

? ? y
y
y :=
(b)T (y ? y ? )

is feasible for the second problem. First we deduce from Lemma 6, that (b)T (y ? y ? ) is
positive, so y is well de ned. Clearly (b)T y = ?1. Furthermore, one has




(b)T (y ? y ? ) AT y = AT (y ? ? y) = s ? s? :

Since sB = 0 and s?  0, it follows that sB ? sB? = ?sB?  0. So the given y is feasible for the
dual problem. The given pair (x; y; s) is strictly complementary
with the partition (B ?? ; N ? ),
?
since for i 2 B we have xi > 0 if and only if i 2 B  , and si = 0 if and only if i 2 B  . Hence
the theorem is proved.
2
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An immediate consequence of this theorem is that the optimal value of (P7 b ) equals ? , so we
also nd the breakpoint to the left. To obtain the breakpoint + to the right of  = 0 and its
optimal partition, a similar pair of linear programming problems is needed:
(P!7b ) maxf : Ax = b(); xB  0; xN = 0g;
(D!7b ) minf(b0)T y : AT y + s = 0; (b)T y = 1; sB  0g:
Without further proof we state

Theorem 5 The optimal partition for the pair of dual problems (P!7b) and (D!7b ) is just (+).

Furthermore, y  is the central solution of (D!7b ).
+

2

3.3 Perturbations in the objective vector
In this section we consider the e ect of variations in the vector c on the value function. It turns
out that by \dualizing" the results of the previous section we obtain the appropriate results.
The proofs are based on the same idea as for their dual counterparts. One checks that some
natural candidate solutions for both problems indeed are feasible, and then shows that these
solutions are strictly complementary with the correct partition. Therefore, in this section we
state these results without proofs. The discussion below is facilitated by using the notation
c := c1 ? c0;
and

c( ) := c0 +  c = c1 + (1 ?  )c0;

( ) := z(b; c( ));
where b and c0; c1 are such that the pairs (b; c0) and (b; c1) are feasible. For each  we denote
the corresponding optimal partition by  ( ) = (B  ; N  ).

Theorem 6 The value function ( ) is piecewise linear and concave.
Lemma 7 Let for some b; c0; c1 the value function ( ) be linear for 0    1. So
( ) = (1) + (1 ?  )(0):
Then  ( ) is independent of  for all values of  in the open interval (0; 1).

Corollary 2 The set of optimal solutions of (P(b; c( )) is constant on the interval 0 <  < 1
and, moreover, each of these solutions is also optimal for the extreme cases  = 0 and  = 1.

Just as in the previous section we conclude with the problem of nding the 'surrounding' partitions of a given partition. Also in the present case these partitions can be found by solving
18

appropriate linear programming problems. These problems are formulated in terms of the given
partition and the direction c of the perturbation in c.
We start with the case that the given partition belongs to a breakpoint. Without loss of generality we assume again that  = 0 and  = 1 are two consecutive breakpoints of ( ), and that we
have given either the partition  (0) = (B 0 ; N 0) or the partition  (1) = (B 1 ; N 1). We show that
either of these partitions, together with the perturbation vector c, determines the partition
 N ). The
associated to the interval between these breakpoints, which will be denoted by  = (B;

central solution x ; 0 <  < 1; is denoted by x. As a consequence we have

( ) = (0) +  (c)T x; 0    1:
We consider the following pair of dual linear programming problems:


(P7!c ) min (c)T x : Ax = b; xB  0; xN = 0 ;

(D7!c ) max bT y : AT y + s = c; sB  0 :
0

0

0

Theorem 7 The optimal partition for the pair of dual problems (P7!c) and (D7!c) is just (B; N ).
Furthermore, x is the central solution of (P7!c ).

A similar result can be obtained for the optimal partition at  = 1. De ning the pair of dual
linear programming problems


(P 7 c ) max (c)T x : Ax = b; xB  0; xN = 0 ;

(D7c ) max bT y : AT y + s = ?c; sB  0 ;
1

1

1

one has

Theorem 8 The optimal partition for the pair of dual problems (Pc7 ) and (Dc7 ) is just (B; N ).
Furthermore, x is the central solution of (Pc7 ).

Using these results one easily derives that

Corollary 3 (c)T (x ? x0) < 0 and (c)T (x1 ? x) < 0.
 N ) associated to a linearity interval
Yet we turn to the case that the optimal partition  = (B;
is given. This is the contents of the last two results. It is convenient to assume that the vector
c0 belongs to the linearity interval under consideration, and that the surrounding breakpoints,
if they exist, occur at  ? and  + respectively. We consider the following pair of dual problems.
(P!7c ) maxf : AT y + s = c( ); sB = 0; sN  0g;
(D!7c ) minf(c0)T x : Ax = 0; (c)T x = ?1; xN  0g:
19

From the discussion in the previous section it will be clear how to de ne in a natural way the
notions of strictly complementary solution and optimal partition for these problems. We now
may state

Theorem 9 The optimal partition for the pair of dual problems (P!7c) and (D!7c) is just ( +).

Furthermore, x is the central solution of (D!7c ).
+

A similar result can be obtained for the pair of dual linear programming problems given by:
(P7 c ) minf : AT y + s = c( ); sB = 0; sN  0g;
(D7c ) minf(c0)T x : Ax = 0; (c)T x = 1; xN  0g:
The following theorem will be no surprise.

Theorem 10 The
optimal partition for the pair of dual problems (P7 c ) and (D7 b ) is just  ( ? ).
?

Furthermore, x is the central solution of (D7 b ).

2

3.4 Example
We conclude this section by presenting an example which demonstrates the results obtained so
far, and elucidates the relationship between optimal partitions and linearity of the optimal value
function.

Example 5 Consider the following pair of LP problems:

minf 2x1 + 2x3 + x5 + 3x6 : x1 ? x2 + x5 + x6 = 1; x3 ? x4 + x5 + x6 = ; x  0g
maxf y1 + y2 : y1  2; ?y1  0; y2  2; ?y2  0; y1 + y2  ; y1 + y2  3g;
being parametrized by and . The feasible region of the dual problem is drawn in Figure 3.
Note that the dual problem is feasible for  0, and bounded for all values of . Figure 4 shows
the optimal partitions for all feasible pairs, and in Figure 5 the surface of the optimal value
function z ( ; ) is depicted. Note the correspondence between the regions where the optimal
partition does not change and the areas where z is (bi)linear.
3

4 Interior Point Approach to Postoptimal Analysis
Using the results of the previous section we reconsider postoptimal analysis in linear programming from the interior point of view. As is clear by now, we can use the optimal partition to
obtain the linearity intervals and the slopes of the optimal value function by solving suitable
linear programming problems. This yields clear and unambiguous results, not apt with the
possible interpretation problems as in the analysis using bases. In postoptimal analysis we are
interested in changes in single coecients of the right-hand-side or the objective function. So
we have b = ei for some 1  i  m and c = ej for some 1  j  n.
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Figure 3: Feasible region for Example 5.

4.1 Sensitivity analysis
We propose the following question as being relevant in sensitivity analysis:
(Q4) In what interval may (or ) vary such that the optimal partition does not
change?
Note that in case (or ) is not a breakpoint of the optimal value function (Q3) and (Q4) yield
the same answer. When it is a breakpoint, then (Q4) surely gives the interval consisting of the
breakpoint only, while (Q3) may give either the breakpoint, the linearity interval to the left, or
the linearity interval to the right of this breakpoint.
We rst consider the case where the RHS coecient bi is changed and cj is xed. Let ( 0; 0) =
(0; 0) be an initial feasible pair with partition  0 =  ( 0; 0) = (B 0 ; N 0) and let x0 , y 0 and s0
be strictly complementary solutions.
Assume for the moment that  = 0 does not correspond to a breakpoint of the optimal value
function. We will answer (Q4) by solving the appropriate LP problems. They can be derived
from Theorems 4 and 5:
min f  : AB xB = b + ei ; xB  0g

(3)

max f  : AB xB = b + ei ; xB  0g:

(4)

;x

0

0

0

B0

;x

0

0

0

B0

The solutions of these problems give the required interval and also imply the optimal partitions
in the breakpoints. Also for all  in the interval the value of z is now known to be
() = ( 0) + yi0:
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Figure 4: Optimality sets for Example 5.

For each  in the interval it also is not dicult to construct a pair of optimal solutions for the
corresponding perturbed problems. Obviously y 0 is optimal for each of the dual problems. Now
let u be any vector such that AB u = ei , then x() = x0 + u is an optimal solution for the
corresponding primal problem (P(b(); c)). This condition of u being in the columnspace of the
matrix AB appears explicitly in Adler and Monteiro [1], where it is needed to derive the theory;
note that we did not need to use it in the previous section.
0

0

We will brie y discuss the di erences with postoptimal analysis in the classical sense. When
the optimal solution associated with the feasible pair ( 0 ; 0) is nondegenerate, it is a unique
solution, equal to the optimal basic solution and to the central solution. In that case it holds
that jB j = m and AB is nonsingular. Hence the interval obtained with (Q4) can be determined
in the same way as in the classical analysis using (Q1).
The interesting di erences occur when the optimal solution is degenerate. When the complete
linearity interval need to be known, using optimal partitions the two LP problems (3) and (4)
have to be solved, which can be done in polynomial time. Note that the size of these problems
is in general smaller than the size of (P). Using bases would imply that all dual optimal bases
might have to be used. Although some algorithms have been developed which do not need the
derivation of all these bases (see [9,26], cf. Section 2), it is still not clear what is the theoretical
complexity of this approach (also ecient bases enumeration techniques are needed). Extensive
testing would be needed to compare these two approaches; an important aspect in this would be
whether the LP problems (3) and (4) can be solved eciently from a warm start using IPM's.
When the user is satis ed with partial information he can proceed in several ways. Using bases
he can restrict himself to answer the question (Q1) and use only one optimal basis, which
is cheap; alternatively he can use optimal bases to handle (Q2). Using optimal partitions
partial information can be obtained by computing an optimal basis (this can be done in strongly
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(4; 5; 9)

(4; 3; 9)

(4; 2; 8)

(1; 5; 3)
(0; 5; 2)

?

( 4; 5; 2)

?

( 4; 2; 2)

(4; 0; 0)
(1; 0; 0)

?

( 4; 0; 0)

Figure 5: Optimal value function in Example 5. The triples represent values of , and z (
tively.

;

) respec-

polynomial time, see Megiddo [20]) and proceeding as above. A di erent way is to take an
arbitrary feasible solution of either of the LP problems (3) and (4) by using an arbitrary u
satisfying AB u = ei and computing the interval where x0 + u  0; this is just a ratio test,
hence a cheap operation (cf. Mehrotra and Monteiro [22]).
0

We will illustrate the primal degenerate RHS-case with the following example.

Example 6 Consider the following primal-dual pair of LP problems containing a parameter :

minfx3 + x4 + 2x5 : ?x1 + x3 + x5 + x6 = 1; ?x2 + x4 + x5 ? x6 = 2 + ; x  0g
maxfy1 + (2 + )y2 : ?y1  0; ?y2  0; y1  1; y2  1; y1 + y2  2; y1 ? y2  0g
Let 0 = 0, then the optimal dual solution is y 0 = (1; 1)T . The optimal partition has B 0 =
f3; 4; 5; 6g. The critical region is found by solving
(5)
minf  : x3 + x5 + x6 = 1; x4 + x5 ? x6 = 2 + ; xB  0g
and the corresponding maximization problem. It is easily derived that this yields the interval
 2 (?3; 1), so 2 (?3; 1). The approach using bases gives the following. There are three
optimal bases, each yielding a di erent interval for :
0

B1 = f3; 4g ?!
B2 = f4; 5g ?!
B3 = f4; 6g ?!
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2 [?2; 1)
2 [?1; 1)
2 [?3; 1):

In this example the optimal bases are sucient for determination of the complete interval,
even the basis B3 suces. The dual optimal bases f3; 5g and f3; 6g need not be considered;
unfortunately, this is not known beforehand. Using the optimal partition, incomplete (and
cheap) information can be obtained as follows. An optimal primal solution with partition B 0 is
given by x01 = x02 = 0; x03 = 1=3; x04 = 2; x05 = x06 = 1=3; the vector u = (0; 1; 0; 0)T satis es
3
AB u = e2. So, the interval where x0 + u > 0 is given by  2 (?2; 1).
0

Consider now the case where bi is xed and the objective coecient cj varies. Assume that 0
does not correspond to a breakpoint. Then one is interested in the interval where the optimal
primal solution remains optimal, so in the linearity interval. Using optimal partitions this
amounts to solving two auxiliary LP problems again which are given by
min
f  : ATB y = cB +  (ej )B ; ATN y  cN +  (ej )N g
;y
max
f  : ATB y = cB +  (ej )B ; ATN y  cN +  (ej )N g:
;y
The new partitions are obtained and for all
sponding pair of problems is known to be

in the interval the optimal value of the corre-

( ) = ( 0) + x0j :
Also a pair of optimal solutions for this pair can be constructed by using a vector v in the row
space of AB (cf. [1]). For any  in the interval x0 is optimal in the primal problem (P(b; c( ))),
whereas y = y 0 + v is optimal in the corresponding dual problem (D(b; c( ))).
0

With respect to the computation time required in the approaches using optimal paritions and
using optimal bases, almost the same remarks apply as in the RHS-case. One exception is when
the degeneracy is solely caused by weakly redundant constraints: Gal [8,9] shows that these
constraints may be omitted without in uencing the critical region. We continue with looking
again at Examples 2 and 3. Recall that the overall critical region could only be obtained as the
union of the intervals of the primal optimal bases (see Figure 1).

Example 7 Consider again the primal-dual pair of LP problems from Examples 2 and 3.
minf?2x2 + x3 + 4x4 + 5x5 + 6x6 : ?x1 ? 2x2 + x4 + x5 = 0;
?x2 ? x3 ? x4 + x6 = ?1; x  0g
maxf?y2 : 0  y1 ; ?2y1 ? y2  ?2;  y2 ; y1 ? y2  4; y1  5; y2  6 g
The feasible region for the dual problem was depicted in Figure 1. Letting 0 = 0, the optimal
partition has B = f3g, which remains the same for all 2 (?2; 6). This interval is immediately
determined from
minf : y2 = ; 0  y1 ; ?2y1 ? y2  ?2; y1 ? y2  4; y1  5; y2  6g;

3

and the corresponding maximization problem.
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4.2 Shadow prices
We now turn to the case where the initial parameter 0 is a breakpoint of the optimal value
function. This implies by Theorems 2 and 3 that the optimal partitions for 6= 0 are di erent
from  0. The left and right shadow price for the i-th constraint are the solutions of the problems
minf yi : AT y + s = c; sB = 0; sN  0 g
maxf yi : AT y + s = c; sB = 0; sN  0g:
0

0

0

0

(6)
(7)

These problems also imply the new partitions. Obviously, the optimal dual basic solutions
are the vertices of the optimal dual set. So, the results (1) and (2) concerning the left and
right shadow prices are immediately obtained. Approximate shadow prices can be obtained by
taking any feasible solution of (6) or (7). Using an optimal basis di erent situations may occur.
The interval where the given optimal basis is optimal may consist of 0 only; in this case the
corresponding dual variable will satisfy p?i < yi0 < p+i . When an interval to the left of the
breakpoint is obtained then one is sure that yi0 = p?i , but the interval need not be the complete
linearity interval to the left of the breakpoint; a similar situation happens to the right of the
breakpoint.
We illustrate the RHS-case with the following example.

Example 8 We continue with Example 6. Now let

0 = ?3, which is a breakpoint of the
0
optimal value function. The optimal partition has B = f6g. The dual optimal solutions are
represented by 0  y10 = y20  1; the unique primal solution is given by x06 = 1, x0i = 0 i 6= 6.

Solving the problem

minf y2 : y1 ? y2 = 0; 0  y1  1; 0  y2  1; y1 + y2  2g
renders the left shadow price y2? = 0 and B ? = f1; 2; 6g. The corresponding maximization
problem gives the right shadow price y2+ = 1 and B + = f3; 4; 5; 6g. In Figure 6 we depict the
optimal value function and the optimal partitions for all values of . Using bases we see that
there are ve optimal bases:

y1 = (0; 0)T , B1 = f1; 6g
B2 = f2; 6g
y2 = (1; 1)T , B3 = f3; 6g
B4 = f4; 6g
B5 = f5; 6g

?!
?!
?!
?!
?!

2 (?1; ?3]
2 (?1; ?3]
2 [?3; ?2]
2 [?3; 1)
2 [?3; ?1]

Using y 1 with any of its optimal bases we nd the complete linearity interval to the left and the
left shadow price; using y 2 we nd the right shadow price and part of the linearity interval with
B3 or B5 and the complete interval with B4.
3
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?
?

-3

?
?

?
?

-2
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?
?
?
3?
?
? 2

1

-1

0

1
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f1; 2; 6g f6g f3; 4; 5; 6g
r

B

Figure 6: Optimal value function and optimal partitions Example 8.

The reader will understand that for the computation of the shadow costs a similar procedure
applies as for the computation of shadow prices, so we only state that to obtain the left and
right shadow cost two LP problems need to be solved whose feasible regions are the optimal set
of the initial primal problem (cf. Section 2.2).

4.3 Example
At the end of this section we give the reader the appropriate answers for the postoptimal analysis
of the transportation problem given in the Introduction. This makes the di erences between the
use of bases and partitions most apparent. We provide the answers from the interior approach
using (Q4); we also give the answers using (Q3) with the optimal solutions provided by the
Simplex codes CPLEX and LINDO. Note that for the COST-intervals, there are still di erences
in the answers obtained with the Simplex-solutions.
Approach
CPLEX
LINDO
IPM
shadow costs

Optimal solution
x11

x12

x13

x21

x22

x23

x31

x32

x33

0
2
0.62
-2,0

2
0
0.62
-2,0

0
0
0.62
-2,0

2
0
1.45
-3,0

1
0
1.45
-3,0

3
2
1.45
-3,0

1
1
0.93
-3,0

0
3
0.93
-3,0

0
1
0.93
-3,0

Shadow prices
(1) (2) (3) (4) (5)
0 0
0 1 1
0 0
0 1 1
0 0
0 1 1

Table 3: Optimal solution, shadow prices and shadow costs in Example 1.
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(6)
1
1
1

Approach

COST-intervals
x11

(Q3)-CPLEX
(Q3)-LINDO
(Q4)-IPM

x12

x13

x21

x22

x23

x31

x32

x33

[1,1) (-1,1] [1,1) [1,1] [1,1] (-1,1] [1,1] [1,1) [1,1)
(?1,1] [1,1) [1,1) [1,1) [1,1) [1,1]
[1,1] (?1,1] [1,1]
[1,1]
[1,1]
[1,1] [1,1] [1,1] [1,1]
[1,1] [1,1]
[1,1]
Approach
(Q3)-CPLEX
(Q3)-LINDO
(Q4)-IPM

RHS-intervals
(1)
(2)
(3)
(4)
[0,1) [2,1) [1,1) [0,7]
[0,1) [2,1) [1,1) [0,7]
[0,1) [2,1) [1,1) [0,7]

(5)
[0,7]
[0,7]
[0,7]

(6)
[0,7]
[0,7]
[0,7]

Table 4: Ranges in Example 1.

5 Concluding Remarks
We have shown that postoptimal analysis in linear programming can be performed by using
bases as is the classical approach, but also by using optimal partitions. The use of bases is
suggested by using the Simplex method to solve an LP problem. The use of optimal partitions
is naturally connected to interior point methods, although the topic of how to nd the optimal
partition best is not completely resolved yet.
In the nondegenerate case, the desired information can be obtained at the same cost in both
approaches. However, in case of degeneracy the situation is quite di erent. To obtain complete
information either (possibly all) dual or primal optimal bases have to be computed or two
auxiliary LP problems have to be solved.
An interesting topic is how postoptimal analysis based on both approaches compare in theory
and in practice with respect to computation time and delivered information; this is subject of
current research.

Acknowledgement: the authors gratefully acknowledge the many helpful remarks and suggestions of the referees that improved this paper signi cantly.
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