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Abstract: We have performed first-principles calculations to obtain magnetic moment, 

magnetocrystalline anisotropy energy (MAE), i.e., the magnetic crystalline anisotropy 

constant (K), and the Curie temperature (Tc) of low temperature phase (LTP) MnBi and 

also estimated the maximum energy product (BH)max at elevated temperatures. The  

full-potential linearized augmented plane wave (FPLAPW) method, based on density 

functional theory (DFT) within the local spin density approximation (LSDA), was used to 

calculate the electronic structure of LPM MnBi. The Tc was calculated by the mean field 

theory. The calculated magnetic moment, MAE, and Tc are 3.63 μB/f.u. (formula unit)  

(79 emu/g or 714 emu/cm
3
), −0.163 meV/u.c. (or K = −0.275 × 10

6
 J/m

3
) and 711 K, 

respectively. The (BH)max at the elevated temperatures was estimated by combining 

experimental coercivity (Hci) and the temperature dependence of magnetization (Ms(T)). 

The (BH)max is 17.7 MGOe at 300 K, which is in good agreement with the experimental 

result for directionally-solidified LTP MnBi (17 MGOe). In addition, a study of electron 

density maps and the lattice constant c/a ratio dependence of the magnetic moment 

suggested that doping of a third element into interstitial sites of LTP MnBi can increase  

the Ms.  
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1. Introduction 

The maximum energy product (BH)max of a permanent magnet at elevated temperatures has become 

increasingly important because a motor for electric vehicles (EV) should be operational at  

473 K. Rare-earth Nd-Fe-B magnets show the highest (BH)max of 59 MGOe at room temperature [1], 

which is much larger than 5.4 MGOe for the most widely used low energy ferrite magnets [2]. 

Although the Nd-Fe-B magnets exhibit desirable magnetic flux density (B), intrinsic coercivity (Hci 

and (BH)max), a large negative temperature coefficient of Hci, a low Curie temperature (Tc) of 523 K [3] 

and limited supply are the critical drawbacks that need to be addressed. Motors for electric vehicles 

(EV) must reliably operate at temperatures up to 473 K. Therefore, the usage of Nd-Fe-B magnets is 

limited to a lower temperature than 473 K, due to their negative temperature coefficient of Hci and low 

Curie temperature. On the other hand, low temperature phase (LTP) MnBi shows a positive magnetic 

anisotropy coefficient [4–6] resulting in Hci of about 1.5 T at 300 K and 2 T at 400 K [5]. The high Hci 

of LTP MnBi helps to make it usable at the operating temperature of the motor. The  

directionally-solidified LTP MnBi shows a remanent magnetic flux density (Br) of 0.8 T and (BH)max 

of 17 MGOe at 290 K [7]. However, arc-melted and mechanically-milled LTP MnBi powder shows a 

low Br of 0.7 T and (BH)max of 11.00 MGOe [8] and Br of 0.7 T and (BH)max of 11.95 MGOe [9] at  

300 K. Therefore, it is imperative to predict the theoretical limit of (BH)max for the LTP MnBi magnet.  

Coehoorn et al. performed first self-consistent spin-polarized band-structure calculations and 

obtained a magnetic moment of 3.6 μB, the density of states (DOS) and the band structures at 0 K [10]. 

Köhler et al. used first-principles calculation based on local density functional approximation (LDA) 

and the augmented spherical wave (ASW) band structure method to calculate the magneto-optical 

properties, a magnetic moment of 3.61 μB, a magnetocrystalline anisotropy constant (K) of  

1.5 × 10
6
 J/m

3
, DOS and the band structures at 0 K [11]. Furthermore, Huberman et al. have predicted 

the normalized temperature dependence of magnetic moment within the mean-field theory [12]. 

However, the theoretical limit of saturation magnetization (Ms), and thereby (BH)max, at elevated 

temperatures and the possibility of an increase in the Ms has not been reported.  

In this paper, we calculated DOS, and, thereby, the magnetic moment, and K using first-principles 

calculations and Tc by the mean field theory. Then, we have used these parameters to determine the 

temperature dependence of saturation magnetization Ms(T) and the maximum energy product  

(BH)max (T). In addition, an electron density map was obtained to find if any interstitial site is available 

for alloying elements. The lattice constant c/a ratio dependence of magnetic moment was investigated 

to explore a possible increase in Ms.  

2. Method of Calculations 

The WIEN2k package [13] was used to perform first-principles calculations. The package is based 

on density functional theory (DFT) and uses the full-potential linearized augmented plane wave 
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(FPLAPW) method with the dual basis set. For the LTP MnBi, the 3s, 3p, 3d and 4s states of Mn and 

the 5p, 5d, 6s and 6p states of Bi were taken as valence states. All calculations used a 25 × 25 × 15  

k-point mesh generating 1,352 k-points in the irreducible part of the Brillouin zone. The muffin tin 

radii (RMT) of 2.50 a.u. for Mn and 2.23 a.u. for Bi and the experimental lattice constants a = 4.256 Å 

and c = 6.042 Å at 4.2 K [6] were used.  

The density functional theory within the local-spin-density approximation (LSDA) was used for all 

spin-polarized and spin-orbit coupling calculations. Spin and orbital magnetic moments were 

calculated for the magnetization directions of <100> and <001>. The total energies calculated for these 

two different magnetization directions were used to obtain K.  

3. Results and Discussion 

3.1. Density of States and Magnetic Moments  

Figure 1a,b shows the density of states (DOS) in <100> and <001> magnetization directions of the 

LTP MnBi, which were calculated based on spin-polarized and spin-orbit coupling. The DOS is 

divided into lower and higher energy regions. The lower energy region near −0.4 Ry is mostly 

contributed by the s band of Bi, and the higher energy region near the Fermi energy (EF) is mostly 

contributed by the d band of Mn, as seen in Figure 1a,b. The DOS near the EF is a highly-degenerated 

energy state; slightly below the EF in the majority spin state and slightly above the EF in the minority 

spin state. These highly-degenerate energy states near EF are the origin of the magnetic moment of 

LTP MnBi by contributing to the difference between the number of electrons in the majority and 

minority spin states below EF. The spin and orbital magnetic moments, which were calculated from the 

spin polarized and spin-orbit couplings, are given in Table 1. It is noted that the orbital magnetic 

moment from spin-orbit coupling calculations in the <100> magnetization direction is higher than that 

of the <001> magnetization direction. This difference results in the highest total magnetic moment of 

3.63 μB/f.u. (formula unit) (79 emu/g or 714 emu/cm
3
) for LTP MnBi. This magnetic moment value is 

in good agreement with the results of first-principles calculations based on local density functional 

approximation (LDA) and the augmented spherical wave (ASW) band structure method (3.61 μB) [11] 

and first self-consistent spin-polarized band-structure calculations (3.6 μB) [10]. However, this 

calculated value is smaller than the experimental neutron diffraction measurement value of 3.8 μB at 

300 K [6] and the extrapolated value of 3.9 μB at 0 K [14].  

Table 1. The calculated spin and orbital magnetic moments per formula unit (f.u.) and Mn 

and Bi atoms for low temperature phase (LTP) MnBi in units of μB. Magnetic moments 

from both spin-polarized and spin-orbit coupling calculations are listed. 

Direction of 

magnetization  

Spin moment  Orbital moment  Total moment  

f.u. Mn/Bi f.u. Mn/Bi f.u. Mn/Bi 

Spin-polarized 3.50 3.57/−0.07   3.50 3.57/−0.07 

<100> 3.52 3.5/−0.06 0.105 0.10595/−0.00009 3.63 3.68/−0.06 

<001>  3.52 3.58/−0.06 0.084 0.08415/−0.00012 3.60 3.66/−0.06 
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Figure 1. Density of states (DOS) for LTP MnBi in the (a) <100> and (b) <001> 

magnetization directions. The black line represents the total DOS, and blue and pink lines 

represent the partial DOS of Mn and Bi, respectively. The red vertical line corresponds to 

the Fermi energy (EF). 

  

(a) (b) 

3.2. Magnetocrystalline Anisotropy Constant  

Magnetocrystalline anisotropy energy (MAE) is the total energy difference between <100> and 

<001> magnetization directions, i.e., ΔE = E<100> − E<001>. The calculated total energy difference is  

−0.163 meV/u.c., which corresponds to an in-plane K of −0.275  10
6
 J/m

3
 at 0 K. The DOS in  

Figure 1a,b, and the calculated K imply that forcing the magnetization direction from the easy plane to 

the c-axis results in destruction of the degeneracy near the EF, thereby increasing the total energy. The 

destruction of degeneracy (lower and broader DOS peaks) can be observed by comparing the DOS of 

<100> and <001> magnetization directions below the EF. Our calculated K is close to  

the experimental K of −0.155  10
6
 J/m

3
 at 4.2 K [6], but smaller than the reported K value of  

1.5  10
6
 J/m

3
 [11], indicating a strong anisotropy along with c-axis. It was experimentally observed 

that the spin rotated from the basal plane to the c-axis at about 90 K [15]. The K was measured in the 

range of 4.2 to 628 K [4] using a vibrating sample magnetometer (VSM) and by singular point 

detection (SPD) from 147 to 586 K [5]. The measured K is 1.3  10
6
 J/m

3
 [4] and 1.8  10

6
 J/m

3
 [5]  

at 300 K and 2.3  10
6
 J/m

3
 at 430 K [5], suggesting out-of-plane magnetization at the  

elevated temperatures. 

3.3. Curie Temperature  

In this section, the Tc for LTP MnBi was calculated using the following mean field approximation 

(MFA) expression [16]: 

, , 
(1)  

where J0 is the molecular field parameter calculated by summing the exchange integrals (J0j) and kB is 

the Boltzmann constant. The factor γ is given by S (S + 1)/S
2
 for quantum spins and one for classical 
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spins. In this work, we choose γ = 1, which gives a Tc close to the experimental one. This is because 

the temperature dependences of J0j and S are mutually cancelled [17,18]. The J0j are obtained by the 

exchange energy difference between the ground and excited states of sublattices. The exchange 

integral [15] is written as:  

 (2)  

where Δij is the difference of exchange energies between the excited state at both the i and j sublattices 

and the ground state, Δi is the difference between the excited state at the i sublattice and the ground 

state, Δj is the difference between the excited state at the j sublattice and the ground state, Si is the spin 

of the i-th Mn atom, ni is the number of i-th Mn atoms and zij is the number of neighboring j-th Mn 

atoms to i-th Mn atom. The exchange interaction between spins is inversely and exponentially 

proportional to the corresponding distance. The distance and number of corresponding neighbors for 

LTP MnBi are given in Table 2. The distance of the third and fourth nearest neighbors is greater than 

0.5 nm. Therefore, the exchange interactions between these spins are negligible. Accordingly, the 

energy difference  between the ground and exited states was calculated only for the first and second 

nearest neighbors. To include the significant exchange interaction with the nearest neighbors, the 

supercell structures (two LTP MnBi unit cells) were built. The input parameter S and ni for LTP MnBi 

are two and one, respectively. The zij values for the first and second nearest neighbors were taken from 

Table 2.  

Table 2. The number of nearest neighbors (z0i) and corresponding distances (r0i) in the unit 

of Å in LTP MnBi. 

Material 
# of nearest neighbors  Distance 

z01 z02 z03 z04 r01 r02 r03 r04 

LTP MnBi 2 6 12 2 3.02 4.26 5.22 6.04 

As a result, the calculated first and second exchange integrals (J01 and J02) are 32.31 and 4.59 meV, 

respectively, which corresponds to the mean-field estimated Tc = 711 K. Experimentally, the LTP 

MnBi structure transforms to the high temperature phase (HTP) MnBi at 628 K [4]; thereby,  

a dramatic drop of magnetization occurs at 628 K. 

3.4. Temperature Dependence of Saturation Magnetization and Maximum Energy Product 

We use the mean field theory to calculate Ms(T). The Ms(T) within the MFA [19] is given by:  

 

(3)  

where Ms (0) is the saturation magnetization at 0 K, BJ is the Brillouin function with angular quantum 

number (J) and normalized temperature (τ = T/Tc). J is the summation of spin moment (S) and orbital 

contribution (L). The calculated magnetic moment of 3.63 μB/f.u., Tc of 711 K and J of two were used 

to calculate the Ms(T). Figure 2 shows the calculated and experimental [5] Ms(T). The calculated values 

are in good agreement with the experimental data.  

  

)4/()( ijijijiijij znSSJ 

)()0()( Jss BMTM 
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Figure 2. The calculated and experimental temperature dependence of saturation 

magnetization Ms(T) for LTP MnBi. 
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Therefore, we used the calculated Ms(T) to estimate the temperature dependence of the maximum 

energy product (BH)max (T) for the LTP MnBi. In order to calculate the (BH)max (T), the temperature 

dependence of intrinsic coercivity Hci (T) is also needed. We used the experimental Hci (T) [15] in 

Figure 3 and assume coherent magnetization reversal and a rectangular hysteresis loop of LTP MnBi to 

estimate (BH)max (T). The (BH)max is the maximum amount of magnetic energy stored in a magnet, 

which is the maximum rectangular area in the B-H loop. Therefore, the (BH)max (T) can be obtained by 

either Equation (4) or (5).  

 

(4)  

 

(5)  

where Br is the remnant magnetic flux density. Equation (4) is used for the case of Hci < Br/2, and 

Equation (5) is for Hci > Br/2. From a comparison between Figures 2 and 3, the Hci is smaller than Br/2 

below 250 K, while it is greater than Br/2 above 250 K for LTP MnBi.  

Figure 3. Experimental intrinsic coercivity (Hci) as a function of temperature for LTP MnBi. 
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MnBi dramatically increased from 1.7 MGOe at 100 K to 18.7 MGOe at 250 K and then gradually 

decreased to 6.2 MGOe at 600 K. The calculated (BH)max at 300 K is 17.7 MGOe, and it is in good 

agreement with the (BH)max of directionally-solidified LTP MnBi (17 MGOe at 290 K [7]). However, 

it is larger than those of arc-melted and mechanically-milled MnBi, which are 11 MGOe [8] for 

powder and 11.9 MGOe for a powder-wax mixture [9] at 300 K. Resin-bonded MnBi magnets show 

(BH)max values of 7.7 and 4.6 MGOe at 300 and 400 K, respectively [15], and a sintered MnBi magnet 

shows (BH)max values of 7.8 MGOe [9] and 5.8 MGOe [20] at 300 K. All of these (BH)max are smaller 

than the calculated values due to the imperfect rectangular demagnetization curve. As shown in  

Figure 4, the semi-theoretical (BH)max of LTP MnBi (10.9 MGOe) was found to be higher than that of 

Nd-Fe-B (2 MGOe) at 500 K [3]. This result suggests that LTP MnBi is a good permanent magnet for 

high temperature applications.  

Figure 4. The calculated temperature dependence of the maximum energy product (BH)max 

(T) and experimental (BH)max for LTP MnBi and experimental (BH)max (T) for Nd-Fe-B. 
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Figure 5. The c/a dependence of magnetic moment and relative total energy for MnBi. 
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In order to explore any possibility of increasing the magnetic moment, we calculated the electron 

density and, thereby, find interstitial sites available for the doping element. Figure 6 shows the  

three- (3D) and two-dimensional (2D) electron density maps for (110), (100) and (001) planes. The  

2-D electron density maps show that the positions of (0.667, 0.333, 0.250) and (0.333, 0.667, 0.750) 

have low electron density areas. Therefore, these sites can be interstitial sites for alloying elements.  

Figure 6. The 3D and 2D electron density maps for LTP MnBi in (a) (110), (b) (100) and 

(c) (001) planes. The peaks colors, and contour lines indicate the electron density. 

 

(a) (b) (c) 

The identified interstitial sites in the LTP MnBi structure are shown in Figure 7. From these results, 

we can conclude that doping with a third element into the interstitial sites of LTP MnBi is feasible. In 

this way, it could be possible to increase the c/a ratio, thereby increasing Ms. We previously reported 

that the ternary and quaternary systems of MnBi-Co and MnBi-Co-Fe show increased Ms values of  

730 emu/cm
3
 and 810 emu/cm

3
, respectively, as compared to 714 emu/cm

3
 for LTP MnBi [21]. 

Moreover, it was found that the K increased from −0.275  10
6
 J/m

3
 for LTP MnBi to 1.9  10

6
 J/m

3
 

for MnBi-Co and 1.62  10
6
 J/m

3
 for MnBi-Co-Fe. These results imply that doping of the elements 

into the interstitial sites changes the weak easy plane anisotropy of LTP MnBi to the strong easy axis 

anisotropy at 0 K [21].  

Figure 7. Yellow boxes indicate the low electron density areas of the hexagonal LTP MnBi structure. 
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Although the Ms and K are enhanced by the doping, the Tc decreases to 325 K for MnBi-Co and  

275 K for MnBi-Co-Fe [21] from 711 K for binary MnBi. These low Tc are the drawbacks of the Co 

and Co-Fe-doped MnBi-based permanent magnets, which precludes high temperature applications. It 

is noted that a structural transition by migration of Mn atoms to the interstitial sites occurs at a high 

temperature, which causes anti-ferromagnetic coupling between Mn atoms [22]. The doping of a third 

element into the interstitial sites possibly prevents LTP MnBi from the structural transition, thereby 

maintaining the high Tc.  

4. Conclusions  

The calculated magnetic moment, MAE, and Tc are 3.63 μB/f.u. (79 emu/g or 714 emu/cm
3
),  

−0.163 meV/u.c. (or K = −0.275 × 10
6
 J/m

3
) and 711 K, respectively. It was found that the (BH)max at 

300 K is 17.7 MGOe, which is in good agreement with the experimental result reported for 

directionally-solidified LTP MnBi (17 MGOe). The study of the electron density maps and c/a ratio 

dependence of the magnetic moment suggested that doping of a third element into interstitial sites of 

LTP MnBi can increase the Ms. The LTP MnBi outperforms Nd-Fe-B above 450 K.  
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