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ABSTRACT
Sparse coding, an unsupervised feature learning technique, is
often used as a basic building block to construct deep networks. Convolutional sparse coding is proposed in the literature to overcome the scalability issues of sparse coding techniques to large images. In this paper we propose an efficient
algorithm, based on the fast iterative shrinkage thresholding
algorithm (FISTA), for learning sparse convolutional features.
Through numerical experiments, we show that the proposed
convolutional extension of FISTA can not only lead to faster
convergence compared to existing methods but can also easily
generalize to other cost functions.
Index Terms— Convolution, Sparse Coding, Feature Extraction, Unsupervised Learning.
1. INTRODUCTION
Choosing the appropriate data representation (i.e. feature
space) that has desirable properties for a given task (e.g.
classification, clustering) is a central issue in statistical machine learning. This issue becomes all the more important
for computer vision tasks (e.g. object detection) due to high
dimensionality of input features and high variability in instances. Hand crafted features like SIFT [1], HoG [2], etc.,
have been successful to over come these issues. Recent
developments in deep architectures, where multiple layers
of feature extractors (e.g. RBM, sparse coding blocks) are
stacked, attempt to learn the features automatically in an unsupervised manner using large-scale unlabeled data [3, 4].
Some of the popular deep networks use sparse encoders as
building blocks [5, 6, 7] and hence, in this work we focus on
these sparse coding blocks.
Generally, sparse coding is based on the idea that an observation, y ∈ Rp , can be encoded using an over-complete
dictionary of filters, C ∈ Rp×k ; (k > p) and a sparse vector
x ∈ Rk . More formally this can be written as
1
x̂ = arg min ky − Cxk22 + λkxk1
x 2
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The `1 -norm on x ensures that the latent vector is sparse.
Several efficient solvers like coordinate descent (CoD) [8],
fast iterative shrinkage thresholding algorithm (FISTA) [9],
feature-sign algorithm [10], etc, can be readily applied to
solve the above optimization problem. The dictionary C can
also be learned from the data [10, 11].
However, in most applications of sparse coding many
overlapping patches across the image are processed separately. This is often too slow in practice, making it difficult to
scale to large images. Moreover, sparse coding alone is not
capable of encoding translations in the observations. Learning the dictionary in this context produces several shifted
versions of the same filter, such that each patch can be reconstructed individually [12]. During inference, when performed on all the overlapping patches, this can lead to a very
redundant representation. To over come these limitations,
convolutional sparse coding is proposed [5, 12]. Here sparse
coding is applied over the entire image and the dictionary is a
convolutional filter bank with ‘M ’ kernels such that,
M
X
1
Cm ∗ xm k22 + λ|x|1
x = arg min kI −
x 2
m=1

(2)

where I is an image of size (w × h), Cm is a filter kernel
of size (s × s) in a dictionary, xm is a sparse matrix of size
(w + s − 1) × (h + s − 1), λ is the sparsity parameter and ’∗’
represents a 2D convolution operator 1 .
In this work, we propose an algorithm to solve the optimization problem in (2) efficiently and which scales to large
images. This is an extension to fast iterative shrinkage thresholding algorithm (FISTA) [9] and is solved using proximal
gradient. In addition, we also extend our method to include a
feed-forward predictor (predictive sparse decomposition [6])
in the cost for joint optimization during inference and learning.
Convolutional sparse coding is also previously studied in
[5, 12]. Zeiler et. al. [5] proposed a method to solve the
optimization problem in (2) by introducing additional auxiliary variable which demands solving a large linear system
1 All the variable henceforth represent a matrix, unless otherwise stated.
Also, in MATLAB notation, convolution operators is applied in ‘full’ or
‘valid’ modes, depending on the context.

(the size of the linear system is proportional to size of the
image) at every iteration; although the complexity could be
reduced by using conjugate gradient, their approach does not
scale to large images. On the other hand, the authors in [12]
proposed a convolutional extension to CoD where the computation per iteration is small compared to the method in [5] but
the number of iterations required for convergence becomes
large for large images. In the following sections, we compare
and contrast convolutional CoD with our method to show the
performance improvements achieved.
The rest of the paper is organized as follows: section 2
describes convolutional FISTA and procedures to learn the
parameters of the model. Also, the extension of the method
for predictive sparse decomposition (PSD) is discussed. Several experiments are described in section 3 to show the performance of the proposed method and compare with the existing
methods. The paper concludes in section 4.
2. CONVOLUTIONAL FISTA AND DICTIONARY
LEARNING
Since the cost function in (2) is not jointly convex in both C
and x, learning the dictionary of filters involves a block coordinate descent kind of optimization [10, 11]; where in the
objective in (2) is alteratively minimized w.r.t x and C while
keeping one of them fixed. This section describes the convolutional generalization of the popular sparse coding algorithm
FISTA for inferring the latent variable x while C is held fixed.
Then, a procedure for updating the parameters in C with fixed
x is described. In addition to this, the effectiveness of the proposed method to generalize to other cost functions is shown
using predictive sparse decomposition (PSD) [12].
2.1. Inference
ISTA is a popular first order proximal method to infer sparse
codes from a linear inverse problem in (1). That is, it has the
advantage of being a simple gradient based algorithm involving simple computations like matrix multiplications with C
and CT followed by a soft thresholding function. However,
it tends to have a very slow convergence rate. To overcome
this, Beck and Teboulle [9] have proposed FISTA, which has
significantly better global convergence rate while preserving
the computational simplicity of ISTA. In fact, FISTA can be
generalized to any non-smooth convex optimization problem
with cost function of the form:
F(x) =f (x) + g(x)

(3)

where f, g are convex and g is possibly non-smooth [9]. Most
notable advantage of FISTA is that it keeps ISTA’s number
of gradient evaluations (just one per iteration) but involves
finding a point that is smartly chosen for updating the latent
variable, x. This additional point is a function of the difference between the previous two updates of x. Such “momen-

Algorithm 1 Convolutional extension for fast iterative shrinkage thresholding algorithm (FISTA).
Require: Input image: I, L(0) > 0, η > 1 and x(0) ∈
R(w+s−1)×(h+s−1)
1: Initialize z (1) = x(0) , t(1) = 1 and k = 0.
2: while (convergence) do
3:
k =k+1
4:
Line search: Find the smallest non-negative integer
(k)
i(k) such that with L̄ = η i L(k−1)
F(pL̄ (z (k) )) ≤QL̄ (pL̄ (z (k) ), z (k) )
(k)

5:
6:

Set L(k) = η i L(k−1)
x(k) = pL(k)√(z (k) )

7:

t(k+1) =

8:

z (k+1) =

9:
10:

1+4t(k)2
2

(k)
−1
x(k) + tt(k+1)
(x(k)

1+

− x(k−1) )

end while
return x(k)

tum” term introduced into the update helps to obtain faster
convergence and is shown to have a convergence rate of order
O(1/k 2 ), where k is the number of iterations.
A straight forward way to use FISTA (or any sparse coding method) to solve (2) is by replacing the convolution operator by a matrix-vector product. The matrix, equivalent to the
dictionary in (1), is made by first constructing a “Toeplitz”
matrix for each filter containing all its shifted versions and
then concatenating all such matrices. The resulting problem
is similar to (1) and FISTA is guaranteed to converge for such
a problem. However, in practice working on such large matrices can be computationally expensive and might be unnecessary if one can take advantage of the convolutional nature of
the formulation.
Algorithm 1 describes the convolutional generalization of
FISTA. Here pLk (.), with an `1 regularization, is given by
pL(k) (z (k) ) =Tλ/L(k) z (k) −


1
∇f (z (k) )
L(k)

(4)

where Tα (.) is an elementwise soft thresholding function
Tα (xi ) =(|xi | − α)+ sgn(xi )

(5)

where xi indicates the ith element of a point x in the latent space. ∇f (z) is the gradient of the quadratic term in
(2), denoted by f , at some point z in the latent space. As
discussed before, the key to computational simplicity in this
work comes from computing this gradient efficiently and can
be obtained as follows: the derivative of f with respect to zn
(nth map corresponding to the nth filter) is given by
∇f (zn ) =Cn0 ∗ I −

M
X
m=1

Cm ∗ zm



(6)

where Cn0 is equivalent to 180o rotation of matrix C 2 . This
rotation of the matrix enables to find the correlation, rather
than convolution, between the filter and every patch in image space more efficiently. Also, the line search to find the
appropriate step size, Lk , requires computing F(x), the cost
function in (2), and Q(pL (x), x) given by
Q(pL (x), x) =f (x) + hpL (x) − x, ∇f (x)i+
L
kpL (x) − xk2 + |pL (x)|1
2
where f (x) is the quadratic loss in (2) and h.i is the inner
product between two vectorized quantities.
Note that, compared to convolutional CoD [12], the computations required per iteration here are more. However,
because of the “momentum” term introduced in step 7 of
Algorithm.1, the number of iterations required for convergence are much less.
2.2. Dictionary Learning
With the inferred latent variable x fixed, the dictionary of filters are updated using gradient descent method. For faster
convergence limited-memory BFGS [13] is used for updating
the filters over a batch of images. The gradient w.r.t to a single
filter, Cn is
∇f (Cn ) =

B
X

x0b,n ∗ (Ib −

M
X

Cm ∗ xb,m )

(7)

m=1

b=1

is comwhere B is the number of images in a batch and
0
described in (6). Each filter
puted in a similar manner to Cm
is normalized to have a unit norm post update to avoid any
redundant solution.
The above described inference and learning procedure can
be readily applied for image denoising [14] and constructing deep networks like deconvolutional network [5]. However, unlike convolutional CoD, FISTA can be generalized to
other cost functions easily, like predictive sparse decomposition (PSD) described below.
2.3. Extension to PSD
The cost function used in PSD [6] contains two parts: a decoder, containing a quadratic cost function along with a sparsity constraint similar to (2) and feed-forward, non-linear encoder to approximate the sparse code. The cost function with
this additional prediction term looks like:
M
X
1
Cm ∗ xm k22
x = arg min kI −
x 2
m=1
M
X

kxm − ϕ(Wm ∗ I)k22 + λ|x|1

(8)

m=1
2 In
MATLAB
notation,
C0 ∗ z = conv2(z, rot90(C, 2))
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(b) Preprocessed input image.

(c) Reconstructed image

Fig. 1: Shows (a) the dictionary of filters learned from the
face images, (b) original contrast normalized image and (c)
reconstruction of the images from the inferred variables.
where Wm ∈ Rs×s is a feed-forward filter and ϕ(.) is a nonlinear function to approximate sparse codes. For further details refer to [12].
Now, the first two quadratic terms in (8), referred to as
f below, are convex and continuously differentiable with respect to x and this can be readily solved using convolutional
FISTA described above with gradient w.r.t xn computed as
M

 

X
∇f (xn ) =Cn0 ∗ I −
Cm ∗ xm + xn − ϕ(Wn ∗ I)
m=1

x0b,m

+

(a) Learned convolution filters

be

written

as

Note that convolutional CoD cannot deal with this cost
function, without losing its efficiency.
3. EXPERIMENTS
In this section, convolutional FISTA (ConvFISTA) is compared with the other existing algorithms. Gray scale images
of different sizes are used for testing purposes. All the images
are first pre-processed such that their mean is subtracted and
then contrast normalized using a 5 × 5 average filter. This
step ensures that the low-frequency components are removed
and high frequency edges are made prominent. This helps to
speed up the learning and inference during sparse coding [15].
3.1. Dictionary Learning
Face images from AT&T database [16] are used for learning
the dictionary. Each gray scale image is first resized to be
64 × 64 pixel and pre-processed as stated above. From here
8, 16 × 16 convolutional filters are learned using a batch of
20 images per epoch. Fig.1 shows the results obtained. It is
important to note that taking 8 convolutional filters makes the
system that may times over-complete at every point. This typically leads to a more sparse representation that what would
be achieved from patch level sparse coding, because each element in the latent variables competes with the other filters
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Fig. 2: Comparison of the convergence rate between convolutional CoD (ConvCoD) and convolutional FISTA (ConvFISTA). Two different images sizes,(a) 50 × 50 pixel and (b)
150 × 150 pixel, are used for comparison.

Fig. 3: (a) Shows 36, 11 × 11 encoder filter weights learned
using ConvFISTA. They resemble in the learned dictionary
filters (not shown). (b) Shows the instantaneous total loss at
every epoch for both ConvFISTA and ConvCoD.

not just to explain one point but a local neighborhood in the
image.

minimize the joint cost function, so that the encoder would be
able to approximate the decoder function more accurately.
Here ConvFISTA is used for inferring the latent representation from the joint cost function involving both the decoder
and the encoder. The non-linear function used in the encoder
is considered as in [18] with: ϕm (I) = βm (tanh(Wm ∗ I −
θ) + tanh(Wm ∗ I + θ)). The parameters of the encoder,
β and W , are also learned along with the convolution filters,
C (each one is updated while all the others are held fixed).
On the other hand, for comparison we use the procedure described in [12], where the encoder is learned separately as
feed-forward model, similar to convolutional networks [19],
after obtaining the sparse representation using ConvCoD. Results obtained a shown in Fig.3. Similar to the previous experiment, Berkeley segementation dataset [17] is used, with
each image re-sized to be 150 × 150 pixel and preprocessed.
Fig.3a shows the learned encoder weights corresponding to
36, 11 × 11 convolutional filters. We observe (Fig.3b) that the
total loss, the quadratic term plus the prediction term in (8),
reaches a lower value when using ConvFISTA for jointly optimizating the cost than using ConvCoD for separately training
the model.

3.2. Convergence Rate
As discussed before, one of the important advantages of ConvFISTA is its faster convergence rate during inference. To
compare the performance of the proposed model with convolutional CoD (ConvCoD) [12], the ability of both the methods to reconstruct the image, with a pre-learned dictionary, is
considered as the metric. In other words, the relative error between the true (contrast normalized) image and reconstructed
image obtained from the inferred latent representation
M=

kI − Îk22
kIk22

(9)

where Î is the reconstructed image, is used as the metric.
To make a fair comparison, the same model is used for
both the methods, i.e., the sparsity parameter is held fixed
(λ = 0.1) and a fixed dictionary of 32, 9 × 9 filters learned
from Berkeley segmentation dataset [17] is used. Images
from the same dataset of varying size are used to compare
the performance with scale. Fig.2 shows the comparison. It
is observed that ConvFISTA is able to out perform ConvCoD
in terms of convergence rate. The difference in performance
becomes more pronounced with increase in the size of the
images because ConvCoD, which updates only one carefully
chosen element at every iteration, requires more iterations for
convergence.
3.3. Predictive Sparse Decomposition
As described in section. 2.3, predictive sparse coding (PSD),
used as a basic block for building deep networks, has a decoder (involving C) and an feed-forward encoder (involving
W ) in the cost function as in (8). However, once the model
is trained, the decoder is discarded while the encoder alone is
used for approximate inference. Therefore, it is important to

4. CONCLUSION
In this paper, we proposed a convolutional extension to the
FISTA algorithm for solving the sparse coding problem. The
convolutional FISTA proposed here has two major advantages: (1) Unlike ConvCoD, where only one carefully chosen
element in updated at every iteration, ConvFISTA updates all
the elements in parallel and achieves faster convergence rate
and (2) because of simple first order updates, ConvFISTA can
be easily generalized to other convex loss functions as well.
With the help of recent advances in using proximal methods for structured sparsity models [20], it might be possible
to extend the methods proposed here to learn more complex
structures within the convolutional filters. This is still remains
to be studied.
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