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Polynomial Dynamical Systems in Systems Biology
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“Biology is moving from being a descriptive science to being a quantitative science.”
John Whitmarsh, National Institutes of Health
2005 Joint Mathematics Meeting
Abstract. Research in systems biology focuses on the prediction and control of the behavior of biochemical networks through the use of mathematical
models that accurately capture the responses of the network to certain types
of perturbations. The construction of models based on the observations of
these responses, referred to as reverse engineering, is an important step in discovering the structure and dynamics of such networks. Recently polynomial
dynamical systems over finite fields were introduced as a class of models for
reverse engineering. These lecture notes, which are largely excerpts of the author’s PhD thesis, are intended to provide the reader with key concepts related
to reverse engineering using polynomial dynamical systems.

1. Introduction: What is Systems Biology?
The end of the twentieth century brought several technological breakthroughs
in molecular biology, which led to the introduction of a new approach to the study
of the molecular mechanisms that underlie the functioning of individual cells and
whole organisms: systems biology. New sequencing technologies have shifted the
focus from studying the DNA making up single genes to the determination of whole
genomes. The field of bioinformatics, for instance, arose in part out of the need to
store, search, and compare sequence data from an ever increasing number of organisms. DNA microarray chip technology has allowed quantitative measurements of
the activity level of all genes in a cell extract, in response to an environmental perturbation. Likewise, it is now possible to make large-scale measurements of protein
concentrations in cells. Innovative imaging technologies allow the determination of
the spatial distribution of proteins in a single cell. The data that can be generated
with all these technologies bring the goal of studying large-scale molecular networks
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within reach. Rather than studying the interactions of a handful of genes, we have
data available to study whole gene regulatory networks. Instead of dividing cellular
metabolism into individual pathways and focusing on the parts of the network, we
can attempt to construct whole metabolic networks. The language, concepts, and
tools of mathematics play a central role in this paradigm shift. A wide range of
mathematical fields can and do contribute to the development of systems biology.
In fact, the goal of constructing mathematical models of biological networks at the
system level can be taken as a possible definition of the field of systems biology
[Kit02].
There is a variety of modeling frameworks that are currently being exploited
in systems biology. Ideker et al. [IL03] provide a categorization of modeling
paradigms along a scale. On one end of the scale are abstracted or high-level
models, such as statistical models, which encode the structure of a system by providing information about the components in the system and relationships between
its components. These models are used to represent qualitative properties of a
system, such as the existence of components that make up a pathway of interest
and may also define correlations between components in a system. Examples of
high-level models are Bayesian and neural networks [dJ02, Edw00].
At the other end, low-level models provide more detail, such as the mechanisms governing the relationships. These models are often represented as dynamical
systems, which can capture quantitative features. Mechanistic properties of interactions among the components of the system can be encoded in models through
the use of reaction rates and binding constants. In contrast to high-level models,
low-level models are used to describe both the structure and dynamics of systems.
Examples of low-level models include ordinary, partial, and delay differential equations [IGH01, May04].
These two classes represent the extremes of a spectrum of models, ranging in
complexity from the abstracted to the specified. Finite dynamical systems (FDSs)
are an intermediate class which provide a qualitative or coarse-grained view of
both the structure and dynamics of a biological system. Examples of finite dynamical systems include Boolean, dynamic Bayesian, Glass, and logicical networks
[dJ02, HGJY01]. For a more comprehensive review, see [dJ02, DLS00, May04,
Sti05a].
Once we choose a modeling framework, there are various ways to construct
models which can be broadly characterized as follows. One approach is to construct
a mathematical model from a qualitative conceptual description based on extensive
knowledge of the system [DWFS99]. With this prior knowledge, a model class
is selected, such as the collection of SIR models which are used in mathematical
epidemiology. Then a specific model is built by constraining the system so that the
model behaves in a predetermined way. The mathematical model can then be used
to simulate the behavior of the system. Such a method is referred to as forward
engineering or bottom-up modeling as one starts from first principles (the conceptual
description) and designs a system (or a simulation of the system) [IGH01]. The
challenge in this modeling approach is to identify model parameters.
A second approach is to build a mathematical model from observations of the
system in response to well-constructed perturbations. In molecular biology the
observations are often measurements of concentrations of biochemicals, recorded at
pre-determined time intervals, resulting in time series of experimental data (see,
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Figure 1. The wiring diagram of a network of 5 genes in the fruit
fly D. melanogaster, as seen in Tegnér et al. [TYHC03]. Edges
with arrows := activation; edges with circles := inhibition.

e.g., [YTC02]). A model is built from the observations and is adjusted to fit
the observations. As with the previous approach, the mathematical model is a
representation of the system which can be used to identify key features, including
system dynamics. This process of discovery is called reverse engineering or topdown modeling: the starting point is the system (the observations) and the result is
a model [DWFS99, IGH01]. The challenge in this paradigm is the development
of algorithmic tools for constructing predictive models, including model structure
and parameters, from experimental data.
In the context of dynamical systems, reverse engineering is the process of discovering the dynamic behavior and connectivity structure of a system, given observations of the system [DLS00, GdBLC03, TYHC03, YTC02]. Local behavior
of a node in the system, when described in relation to other nodes, may give rise
to relationships or interactions between them. Therefore, reconstructing local interactions may lead to identification of global, system-level behavior (see [vB68],
p.55).
The dependency structure can be depicted in a wiring diagram. These diagrams
are typically directed graphs, such as Figure 1 from [TYHC03], where vertices represent system variables, in this case biochemicals, and edges indicate the direction
and perhaps the type of interaction between the biochemicals. As observations from
an experiment are recorded at fixed times, the dynamics of a biochemical network
is manifested as a time series of values representing fluctuations in the concentration of the biochemicals in the system. The dynamics can also be represented
graphically, via a state space graph (see Section 2 for definitions).
Observations of biological systems at the molecular level are increasingly abundant [DWFS99, IGH01]. A key goal of systems biology is to gain insight into
the structure and dynamics of systems, so there is a growing need for reverseengineering methods, which by their nature translate observations into predictive
models. While there are algorithmic approaches for constructing low- and highlevel models (for example, [FLNP00, PREF01, TYHC03, YTC02]), there are
surprisingly few for FDSs. Those that exist for Boolean networks are based on
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enumeration of large numbers of models with constraints (see [LFS98]). An algorithmic method for constructing a special class of FDSs, called polynomial dynamical systems, has been proposed in [LS04] and [Sti05a], which we present.
Specifically, we present a collection of methods to construct polynomial dynamical
systems (PDSs) from time series of discrete data, using tools and concepts from
computational algebra.
Next we define polynomial dynamical systems. Section 3 is devoted to the
algorithms and Section 4 contains results from application of the algorithms to
simulated data. We close with a discussion of future directions and summary of
resources.
2. Finite Dynamical Systems
Definition 2.1. Let X be a finite set, called a state set and its elements states.
A finite dynamical system (FDS) on n nodes is a function F = (f1 , . . . , fn ) : X n →
X n with each fi : X n → X called the transition function associated to node i. An
FDS on n nodes is called n-dimensional.
Function evaluation is defined as F (s) := (f1 (s), . . . , fn (s)) for every s ∈ X n .
Unless otherwise noted, all FDSs are n-dimensional, for a fixed integer n > 0.
An FDS F = (f1 , . . . , fn ) can be defined over a Cartesian product of state sets
X1 × · · · × Xn , where each transition function fi takes values from Xi . Since we are
interested in the application of FDSs to molecular biology, we make the assumption
that all biochemicals take values from the same state set.
Let s = (s1 , . . . , sn ), t = (t1 , . . . , tn ) ∈ X n . We say that the pair (s, t) is a
state transition of an FDS F : X n → X n if F (s) = t. Further, we write s 7→ t.
A sequence s1 7→ · · · 7→ sm of state transitions for m ≥ 1 is called a trajectory. If
s1 = sm , then the trajectory is a limit cycle of length m. When m = 1, the limit
cycle is called a fixed point.
By their construction, FDSs have an ordered dynamic structure in that all trajectories end in limit cycles. This is due to the fact that the transition functions are
defined over finite state sets and function evaluation is a deterministic process. On
the other hand, FDSs in general admit no algebraic structure as they are defined by
arbitrary set functions. This lack of structure renders the algorithmic construction
of such functions computationally intractable for moderately sized system. However, constraining the state set will allow us to impose algebraic structure on FDSs.
2.1. Polynomial Dynamical Systems. Let |X| denote the cardinality of a
state set X. If |X| is (a power of) a prime, then we can view X as a finite field
with usual modular arithmetic. We let k denote a state set satisfying the primality condition to distinguish it as a finite field. Primality allows us to exploit the
following theorem, which characterizes functions defined over finite fields [LN97].
Theorem 2.2 (Generalized Lagrange Interpolation). Let k be a finite field.
Then every function f : k n → k can be represented as a polynomial of degree at
most n.
In fact we can think of each transition function of an FDS as an element of a
polynomial ring k[x1 , . . . , xn ].
Definition 2.3. Let k be a finite field. An FDS F = (f1 , . . . , fn ) : k n → k n
over k is a polynomial dynamical system (PDS).
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Example 2.4. Consider a 3-dimensional PDS F = (f1 , f2 , f3 ) : F5 → F5 given
by
f1 (x1 , x2 , x3 )
f2 (x1 , x2 , x3 )

= x21 + 3x1
= 3x1 + x2 x3

f3 (x1 , x2 , x3 )

= 2x32 + 4.

where F5 (∼
= Z/5Z) is the field on 5 elements. Then F evaluated at the state (1, 1, 1)
is calculated as follows:
F (1, 1, 1) = (f1 (1, 1, 1), f2 (1, 1, 1), f3 (1, 1, 1)) = (4, 4, 1),
giving the state transition (1, 1, 1) 7→ (4, 4, 1).
Example 2.5. Let p be any prime integer. The formal expressions x and xp
are distinct polynomials in the ring R = Fp [x]; however, x = xp as functions under
mod-p arithmetic. Therefore, we can view the expressions as elements in quotient
ring R/hxp − xi.
In this setting, state transitions are computed synchronously. In applications,
it may be the case that the variables should be updated at different times. Such
a phenomenon occurs when the nodes of the dynamical system operate at heterogeneous time scales. The theory of sequential dynamical systems provides an
alternative way to describe these types of systems. For an exposition, see [LP03].
2.2. Properties of PDSs. The two key features of biological systems that
are of interest are the connectivity structure, typically represented as a wiring
diagram (see Figure 1 for an example), and the dynamics, that is, the behavior of
the system. These features are encoded in a PDS F : the structure is given by a
graph constructed from the form of the transition functions, and the dynamics by
a graph arising from iteration of F .
Definition 2.6. Let f ∈ k[x1 , . . . , xn ]. The support of f , denoted by supp(f ),
is the smallest subset {xi1 , . . . , xim } of {x1 , . . . , xn } such that f ∈ k[xi1 , . . . , xim ].
Example 2.7. Let f ∈ k[x, y, z]. If f = x2 y + 3y, then supp(f ) = {x, y}. If
f = a, for some a ∈ k, then supp(f ) = ∅.
Definition 2.8. Let F be an n-dimensional PDS. The dependency graph of
F , denoted by D(F ) is a directed graph (V, E) where V := {x1 , . . . , xn } and E :=
{(xi , xj ) : xi ∈ supp(fj )}.
Example 2.9. Let k = F3 and F = (f1 , f2 , f3 ) : k 3 → k 3 be the 3-dimensional
PDS with transition functions
f1 (x1 , x2 , x3 ) =
f2 (x1 , x2 , x3 ) =

x1
x1 x2 x3 + 2x2 + x3

f3 (x1 , x2 , x3 ) =

2x22 + x2 + 1.

The dependency graph of F is given in Figure 2.
From the definition, we see that polynomial dynamical systems give rise to
directed graphs on n vertices through the construction of a dependency graph.
However the converse is also true: any directed graph on n vertices can be viewed
as the dependency graph for a PDS.
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Figure 2. The dependency graph for the PDS in Example 2.9.
Theorem 2.10. Let D be the mapping from the set of n-dimensional PDSs to
the set of directed graphs on n vertices that sends a PDS F to its dependency graph
D(F ). Then D is a surjective mapping.
Proof. Let (V, E) be a digraph with |V | = n. We can assume that the vertices
of V are labeled as integers 1, . . . , n. Denote by Ei the set {(v1 , i), . . . , (vm , i)} ⊂ E
of incoming
edges for a vertex i. Define fi ∈ k[x1 , . . . , xn ] to be the polynomial
Pm
fi = j=1 xvj . Then F = (f1 , . . . , fn ) is a PDS with D(F ) = (V, E).
¤
Notice that the construction of F is not unique in that we could have defined
fi as any polynomial function in terms of the variables xv1 , . . . , xvm . Hence, D is
not injective.
Iteration of a PDS produces its dynamics, as we define below. Because the
state set of a PDS is finite, we can represent the dynamics by a finite graph with
|k|n vertices.
Definition 2.11. Let F be an n-dimensional PDS. The state space graph of
F , denoted by S(F ), is a directed graph (V, E) with V := k n and E := {(a, b) :
a, b ∈ V and F (a) = b}.
The edges of the state space graph (or state space, for short) represent state
transitions of the function F . Below we provide an example of a state space,
generated by the visualization tool DVD [JLV].
Example 2.12. The state space for the PDS in Example 2.9 is given in Figure 3
and has two fixed points, two limit cycles of length 2, and one limit cycle of length 3.
Example 2.13. While the PDSs in Examples 2.4 and 2.9 have the same dependency graphs, their state spaces differ: their cardinalities are 53 and 33 , respectively.
The set Pk of PDSs over a finite field k gives rise to a second class of directed
graphs. Let G be the set of directed graphs on |k|n vertices such that the out-degree
of each vertex is exactly 1. Define S : Pk → G by F 7→ S(F ).
Theorem 2.14. Then mapping S is bijective.
Proof. Let F1 = (f11 , . . . , fn1 ), F2 = (f12 , . . . , fn2 ) ∈ Pk with F1 6= F2 . Then
there is a ∈ k n such that F1 (a) 6= F2 (a). This implies that S(F1 ) 6= S(F2 ) since
(a, F1 (a)) 6= (a, F2 (a)). So S is one-to-one.
Let (V, E) ∈ G and for 1 ≤ i ≤ n define πi : k n → k to be the i-th projection
a = (a1 , . . . an ) 7→ ai for each a ∈ k n . Consider the function fi : k n → k defined
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Figure 3. The state space for the PDS in Example 2.9.
as f (a) = πi (b) for each (a, b) ∈ E. By Theorem 2.2, fi is a polynomial. Hence
F = (f1 , . . . , fn ) is a PDS with state space (V, E) and S is onto, thus concluding
the proof.
¤
In summary an n-dimensional PDS is a function F = (f1 , . . . , fn ) : k n →
k with dependency graph D(F ) and state space S(F ). While the state space
associated to a PDS F uniquely determines F , its dependency graph does not.
In certain settings, more is known about the structure of polynomial dynamical
systems, particularly for Boolean [GJL01], linear [JLVL06, HT05], and monomial
dynamical systems [CRLP05, CRJLS07].
n

3. Reverse Engineering using PDSs
As mentioned in the introduction, reverse engineering is the process of inferring
network structure and dynamics from observations. In molecular biology, observations are often transition pairs (si , ti ) ∈ Rn × Rn corresponding to the state of a
biochemical network before and after a perturbation. The number of such transition pairs tends to be small (on the order of tens) due to the high cost in conducting
biological experiments. Whenever si+1 = ti for (si , ti ) and (si+1 , ti+1 ), then the
collection of contiguous pairs is considered to be a time series.
3.1. Data Discretization. In order to use PDSs to model biochemical networks, the data must be discrete. Since experimental data are typically real-valued,
we must first preprocess the data by discretizing them; that is, we must map them
to elements of a finite field. One approach is to choose a small number of thresholds and cluster the experimental values according to the thresholds, as is done in
[AFD+ 06]. However, this requires knowing the number of thresholds to use and
explicitly defining the thresholds. Another approach is to use statistical techniques
to calculate features of the data, such as its central tendency and variance. However, experimental data sets tend to have few data points and rarely more than 3
replicates.
Given these constraints, we have chosen a method which works well with few
data points and does not require replicates or user-defined thresholds. This method
developed by Dimitrova et al. [DLM05, Dim06] uses unsupervised single-linkage
clustering which balances a small number of discrete states to reduce computational
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complexity and having enough discrete states to maintain the information content
in the data. We provide an example in Section 3.4.
3.2. Solving the Reverse-engineering Problem. Let k be a finite field
and D = {(s1 , t1 ), . . . , (sm , tm ) | si , ti ∈ k n , 1 ≤ i ≤ m} be a data set for a
biochemical network on n nodes.
Problem 3.1 (Reverse Engineering). Find a PDS F : k n → k n such that
(1) (Data Fitting) F (si ) = ti for 1 ≤ i ≤ m.
(2) (Structure) F is consistent with known network topology.
(3) (Dynamics) F is consistent with known dynamic behavior (e.g., limit
cycles).
Since a PDS F = (f1 , . . . , fn ) consists of coordinate functions, to solve (1)
of Problem 3.1 we can instead consider the problem of reverse engineering the
transition functions fj simultaneously. That is, we aim to find functions f1 , . . . , fn :
k n → k such that fj (si ) = tij for all 1 ≤ i ≤ m and 1 ≤ j ≤ n, and where each
ti = (ti1 , . . . , tin ). We fix a coordinate j and let Dj = {(s1 , t1 ), . . . , (sm , tm ) | si ∈
k n , ti ∈ k, 1 ≤ i ≤ m} denote the data for node j.
Suppose there are two such functions f, g : k n → k such that f (si ) = ti = g(si )
for all i. Then (f − g)(si ) = 0 for all i and we can write g as the function f − (f − g)
on the given data Dj . So the problem of finding interpolating functions is reduced
to finding one, say f ; any other can be written as a sum of f and some function
which vanishes on s1 , . . . , sm . We call a function g with the property that g(si ) = 0
for all i a vanishing function.
Next we show that the reverse-engineering problem can be expressed in the language of computational algebra, which provides a convenient framework for finding
PDSs.
3.3. Connections to Computational Algebra. All terms in italics and
well-known results in this subsection can be found in most introductory commutative algebra, computational algebra or algebraic geometry textbooks. However, we
refer the reader to [CLO97] and [DF91] for the specific definitions and statements
of theorems used below. More definitions and results are provided in Appendix B.
Let k be a field. Any finite collection of points in k n is an affine variety and the
set of polynomials in R = k[x1 , . . . , xn ] that vanish on the points has the algebraic
structure of an ideal. We let V = {s1 , . . . , sm } be the set of input points1 and
I(si ) = {f ∈ R : f (si ) = 0}, the set of vanishing functions1 for si . In the literature,
I(V ) is often called the ideal of the points in V .
Now we state the following well-known theorem, which will be useful for solving
the interpolation problem (1).
Theorem 3.2 (Chinese Remainder Theorem). Let R be a ring and I1 , . . . , Im
be pairwise comaximal ideals of R. Let φ : R → R/I1 × · · · × R/Im be the homomorphism
f 7→ (f + I1 , . . . , f + Im ).
T
Then φ is surjective with kernel i Ii = I1 · · · Im .
1These terms are defined by the author.
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In essence, the Chinese Remainder Theorem provides the existence of a solution
to (1), which is unique up to the intersection of the ideals of the points in V ,
that is, the set of vanishing functions for V . It is known that the ideals I(si )
are generated by the binomials x1 − si1 , . . . , xn − sin and so are maximal. Since
T
i I(si ) = I(s1 ) · · · I(sm ), then the intersection ideal is generated by all pairwise
products of the binomials. However, for the purpose of reverse engineering, the
choice of representative is essential, as we will see in the next section. TSpecial
generating sets, called Gröbner bases, provide a natural representative of i I(si ).
Let R = k[x1 , . . . , xn ] and xa denote a monomial xa1 1 · · · xann ∈ R.
Definition 3.3. A term order on R is a relation > on the set of monomials
xa such that > is a total ordering and a well-ordering.
We call the initial ordering of the variables in the declaration of a term order
a variable order.
Given a term order >, we can uniquely identify the largest term of a polynomial
f according to >, called the leading term of f and denoted by LT (f ).
Definition 3.4. Let > be a term order and I ⊂ R an ideal. A finite subset
G = {g1 , . . . , gr } ⊂ I is a Gröbner basis for I if for any f ∈ I there is gi ∈ G such
that LT (gi ) divides LT (f ) under >. G is reduced if every g ∈ G is monic and no
term of gi is divisible by any LT (gj ) for 1 ≤ i 6= j ≤ r.
Theorem 3.5. Let > be a term order on R. Every nonzero ideal I ⊂ R has a
Gröbner basis G. Moreover G is a generating set for I. If G is reduced, then it is
unique.
Remark 3.6. In the remaining discussion, we will consider all Gröbner bases
to be reduced, unless otherwise stated.
While most elementary operations on polynomials can be performed independent of the term order, it is not the case with multivariate polynomial division.
Dividing a polynomial by a set of polynomials may lead to different remainders,
depending on the order in which division was executed. However, when dividing
by a Gröbner basis the remainder is always unique.
Definition 3.7. Let G be a Gröbner basis for an ideal I ⊂ R and let f ∈ R.
The normal form of f with respect to G, denoted by N F (f, G), is the remainder
of f on division by the elements of G. If f = N F (f, G), then f is reduced with
respect to G.
Theorem 3.8. Let G be a Gröbner basis for I ⊂ R and let f ∈ R. Then
N F (f, G) is unique.
Given an ideal I and the Gröbner basis G for I with respect to a term order >,
the set {xa ∈ R : xa ∈
/ hLT (G)i} forms a basis for R/I and is called the set of
standard monomials; let SM (G) denote this set. The normal form N F (f, G) for
any polynomial f ∈ R is well characterized in that it can be written in terms of the
standard monomials. Furthermore polynomials expressed as a linear combination
of standard monomials are reduced with respect to G. See Appendix B for other
properties of Gröbner bases.
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3.4. The REV-ENG Algorithm. The algorithm presented in [LS04] and
[Sti05a] constructs all PDSs for a given data set and then uses the techniques
described above to select a “minimal” PDS from the set. The set of PDSs is not
constructed via enumeration; instead this is accomplished by way of a Gröbner
basis. It is a discrete analog of the ODE method presented in [YTC02], in which
a particular solution p to the problem is obtained, the family H of homogeneous
solutions is constructed, and any solution to the problem is of the form p + h, for
some h ∈ H. We will see that each transition function of a given network may be
reverse engineered individually.
Consider a data set
D = {(s1 , t1 ), . . . , (sm , tm ) | si , ti ∈ k n , 1 ≤ i ≤ m}.
Let V be the set of input points of D, which we will view as an affine variety in k n .
Fix a term order > on R. We first construct the ideal I = I(V ) of polynomials that
vanish on V and its Gröbner basis G with respect to >. If we have an interpolator
fj for each node j, then the set
F + I := {(f1 + h1 , . . . , fn + hn ) : hi ∈ I}
represents all PDSs that fit D, where F = (f1 , . . . , fn ). The task is then to select a
minimal polynomial dynamical system from this set, which we discuss later in the
section.
Let Dj = {(s1 , t1 ), . . . , (sm , tm ) | si , ∈ k n , ti ∈ k, 1 ≤ i ≤ m} be the data set for
node j. Given t = (t1 + I(s1 ), . . . , tm + I(sm )), where si 7→ ti , Theorem 3.2 tells us
that there exists f ∈ R such that φ(f ) = t. In fact, the proof of the theorem (see
[CLO97]) constructs such a function
f (x1 , . . . , xn ) =

m
X

ti ri (x1 , . . . , xn )

i=1

with each polynomial ri (x1 , . . . , xn ) associated to a point si ; that is, ri (si ) = 1 and
ri (sj ) = 0 for all other points sj . The polynomials ri are called separators of the
points in V . Moreover the normal form N F (f, G) has the property that it contains
no terms which vanish on the input points. From the point of view of applications,
this is desirable since vanishing terms correspond to unobservable phenomena. If
we set fj = N F (f, G), then (f1 , . . . , fn ) is a minimal PDS which fits the given
data D, where by minimal we mean
T that each fj is reduced with respect to G. All
other PDSs differ by elements of i I(si ).
In general, computing Gröbner bases of ideals is doubly exponential in the
number of indeterminates. However, in our setting we aim to compute the Gröbner
basis of a zero-dimensional ideal (an ideal of points) for which a polynomial-time
algorithm exists, namely the Buchberger-Möller algorithm (BMA). Given a variety
V and a term order >, the BMA computes the reduced Gröbner basis G of the
ideal I(V ), the associated standard monomials, and the separators, reduced with
respect to G, of the points in V .
Let BM-SEP be the subroutine of the BMA which computes the reduced separators of the input data points. In Table 1 is pseudo-code for the REV-ENG
algorithm given a data set over a finite field. The algorithm was first described in
[LS04] and extensions have been proposed [AFD+ 06, JLSS06, Sti05a], some of
which we introduce below. All of the presented algorithms have been implemented
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Table 1. REV-ENG
Input: D = {(s1 , t1 ), . . . , (sm , tm )} data set, t-order = term order
Output: F minimal PDS for D
Algorithm:
DataPoints := {s1 , . . . , sm }
Sep := BM-SEP(DataPoints, t-order )
for each i = 1 . . . n
Values := {t1 , . . . , tm }
Pt−1
fi := j=1 Valuesj Sepj
endfor
return Minimal PDS F = (f1 , ..fn )
in the computational algebra software package Macaulay 2 [GS]; Polynome, a web
version, is available at [Sti05b].
Theorem 3.9. Given a data set D over a finite field, REV-ENG returns a
minimal PDS that fits D. Moreover its worst-time complexity is that of the BM
algorithm.
For a proof, see [Sti05a].
We illustrate the algorithm with a small artificial 3-gene network with states
in R. Consider the following time series of state transitions for the genes, labeled
x, y, and z.
Time
x
y
z
1
0.9 0.92 0.89
2
0.53 0.26 0.93
3
0.47 0.27 0.26
4
0.27 0.39 0.41
5
0.24 0.37 0.42
After discretization, we get states in F3 , where the elements of F3 can be interpreted
as the states above average gene expression (2), average expression (1), and below
average expression (0).
Time x y z
1
2 2 2
2
1 0 2
3
1 0 0
4
0 1 1
5
0 1 1
The data set consists of transition pairs
{((2, 2, 2), (1, 0, 2)),
((1, 0, 2), (1, 0, 0)),
((1, 0, 0), (0, 1, 1)),
((0, 1, 1), (0, 1, 1))}
with input data points
V = {(2, 2, 2), (1, 0, 2), (1, 0, 0), (0, 1, 1)}.
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Figure 4. The dependency graph and state space for the 3dimensional PDS F . Here x1 := x, x2 := y, and x3 := z.
Assume that all computations will be performed under the graded reverse lexicographic (grevlex) ordering with x > y > z; see Appendix B for a definition. The
algorithm computes the following separators of the points in V :
r1 (x, y, z)
r2 (x, y, z)

= 2z 2 + 2y + 2z
= y + 2z

r3 (x, y, z)

=

2z 2 + 1

r4 (x, y, z)

=

2z 2 + 2z.

One can verify that these polynomials are in fact separators of the points in V .1
Consider the set of output values {1, 1, 0, 0} for x. Then we write
f1 (x, y, z) =
=

1 · r1 (x, y, z) + 1 · r2 (x, y, z) + 0 · r3 (x, y, z) + 0 · r4 (x, y, z)
2z 2 + z.

Computing the other two polynomials in this way, the algorithm returns the PDS
F = (f1 , f2 , f3 ) where
f1 (x, y, z) =

2z 2 + z

f2 (x, y, z) =

z 2 + 2z + 1

f3 (x, y, z) =

2z 2 + y + 1.

While REV-ENG does not output the Gröbner basis of the ideal of the points in V ,
we include it here for the purpose of illustration.
G = G(I(V )) = {x + y + 2, yz + 2z 2 + y + 2z, y 2 + 2z 2 + y + 2z, z 3 + 2z}.
Notice that adding a polynomial multiple of any element of G to one of the fi
produces another interpolating function since every element of G evaluates to 0 on
the points in V .
We see that F satisfies (1) of Problem 3.1 and has the dependency graph and
state space as in Figure 4. If Condition (2) is not satisfied, for example if we believe
1For instance, one can check that r (1, 0, 2) = 1 and r (s) = 0 for all other points s in V .
2
2
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Figure 5. The dependency graph and state space for the PDS
F 0 = (f1 , f2 , f30 ).
that x is an input for z instead of y, then we can add 2(x + y + 2) to f3 to get
f30 (x, y, z) = 2z 2 + 2x + 2.
Now we get the dependency graph and state space for the new PDS F 0 as in Figure
5. Notice that the state spaces of F and F 0 coincide on the trajectory starting at
(2,2,2), that is on the given data, but differ on the most of the other states. If
Condition (3) is not satisfied, we can continue to modify the PDS until we get the
desired dynamics.
3.5. Extensions of REV-ENG. The algorithm REV-ENG is designed to
compute a minimal PDS given a set of state transitions, where the minimality
condition is subject to a term order. However, this dependence is unfavorable
because an artificial relationship is imposed on the nodes of a system by way of the
variable order. The normal form of a polynomial can be different for different choices
of a term order (see Appendix B for examples). More importantly, the dependency
graph of a PDS can change for different choices of a term order, thereby affecting
the process of inference. In this subsection we describe three extensions to the
general algorithm, two which address the term-order dependency and one which
incorporates multiple time series.
In applications, it may be the case that some information is known about the
wiring diagram of a biological system of interest. This information may simply be
the identification of interaction between nodes of the system, but may also include
detailed information about the strength and type of interaction. The existence of
interaction can be incorporated into the reverse-engineering process by specifying
a variable order. A variable order can be assigned for each node x in the following
way: the variables that are the tails of the edges incident to x are ordered least
and the rest of the variables are ordered greatest. Then a lexicographic or an
elimination ordering can be used (see Appendix B for definitions). Computations
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using a lexicographic (lex) order will result in normal forms that are in terms of
the variables ordered least and potentially of high degrees (see Example B.4).
The algorithm REV-ENG-D, presented in [Sti05a], makes use of this capability.
It takes as input one data set and a set of n variable orders, one for each node. It
computes the interpolators with respect to the given term order and i-th variable
order. For a description of the algorithm, see [Sti05a].
In the situation where no information about the connectivity structure of the
system is known, then a default variable order is used by the algorithm REVENG. However, it would be advantageous to be able to make inferences about the
structure and dynamics of a system for different choices of variable orders. In
[AFD+ 06], Allen et al. extended REV-ENG to include random variable orders for
reverse engineering the wiring diagram for a protein-signalling network from one
discrete time series. Their algorithm compiles a summary table for the support of
each interpolator computed from REV-ENG; the output is a consensus dependency
graph.
We have modified the Allen method to construct a PDS (dependency graph
and state space); see Algorithm REV-ENG-R in [Sti05a]. The input is a data set,
a term order, and positive integer r. This procedure generates r random variable
orders and then builds a PDS for each of them with the given term order. For
each c = 1, . . . , r and i = 1, . . . , n, it records the variables that are in the support
of an interpolator fi in an n × n-matrix M . Once c = r, then the i-th row of
the resulting matrix M can be viewed as a summary of the number of times each
variable appeared as a support element in the computation of the interpolator fi . A
set of variable orders can be constructed from M by ordering the variables according
to their entries in the matrix. The final step is to compute a PDS with this set of
variable orders, which is input into REV-ENG-D.
Up to this point, we have only discussed reverse engineering from one set of
state transitions. In general any single data set will vastly underdetermine a system.
Incorporating information from several experiments is vital for making inferences,
especially when those experiments correspond to perturbations of the system. The
algorithm described below accepts data sets from different types of experiments,
where the data may come from so-called wildtype or knockout experiments, whereas
the aforementioned algorithms require data sets from a single experiment, namely
a wildtype experiment.
If the data are measurements of a biochemical network in its natural state, we
call this a wildtype data set. If the data come from observations of a network in a
perturbed state, where the perturbation is one such that one node of the network
is completely inactivated, we call it a knockout data set.
For any s = (s1 , . . . , sn ) ∈ k n , define
si := (s1 , . . . , si−1 , 0, si+1 , . . . , sn )
Then a knockout data set for node i can be characterized as follows:
koi = {(si1 , ti1 ), . . . , (sim , tim )}.
An indexed knockout time series is a pair (i, koi ) for 1 ≤ i ≤ n where koi is a
knockout data set for node i.
Consider a set of wildtype data and a set of indexed knockout time series. The
data set used to compute an interpolator fi consists of the the wildtype data set,
together with the all knockout data sets koj with j 6= i. We give the algorithm
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below. In Section 4 we provide an application of the algorithms to a simulated
biochemical network.
REV-ENG-M: Algorithm for knockout data.
Input: D = W T ∪ KO data set where
W T = {(s1 , t1 ), . . . , (sm , tm )} set of wildtype data,
KO = {(j, koj ) : j ∈ A ⊂ N} set of indexed knockout data,
t-order = term order
Output: F minimal PDS for D
Algorithm:
for each i = 1 . . . n
S
DataPoints := {s1 , . . . , sm } ∪ j6=i {inputs from (j, koj )}
Sep := BM-SEP(DataPoints
S i , t-order )
Values := {t1 , . . . , tm } ∪ j6=i {outputs from (j, koj )}
P
fi := j∈V alues Valuesj Sepj
endfor
return Minimal PDS F = (f1 , ..fn )
The worst-time complexity of the algorithms is polynomial in the number of
data points and variables. For a complexity analysis of all the algorithms introduced
in this section, see [Sti05a].
3.6. Reverse Engineering Wiring Diagrams. In this subsection we provide conditions for determining if the Condition (2) of Problem 3.1 can be satisfied;
that is, when the dependency graph of a constructed PDS contains all known interactions (also available in [Sti05a]).
Suppose we are given a data set D = {(s1 , t1 ), . . . , (sm , tm )} and a dependency
graph (W, E). Consider the variety V = {si : 1 ≤ i ≤ m} of inputs from D. Let
Wi = {xj : (xj , xi ) ∈ E} be the set of edges adjacent to node i in the wiring
diagram. Under certain conditions, the elements of Wi will be standard monomials
(basis elements of R/I(V )) and thus will have a chance to be in the support of
some polynomial, in particular the interpolator for node i. If the variables in Wi
are ordered least, then either a lexicographic or elimination ordering may be used in
the reverse-engineering algorithms to increase the likelihood of the desired variables
appearing in the interpolator.
Proposition 3.10. Let X = {x1 , . . . , xn } and G be a Gröbner basis for an
ideal I ⊂ k[X] with respect to a fixed term order > and let W ⊂ X. Suppose that
for every x ∈ W there is a smallest m > 1 such that xm ∈ LT (G) and for every
y ∈ X\W , we have y ∈ LT (G). Then W ⊂ SM (G).
Proof. Take x and y as in the statement of the proposition. Recall that
LT (G) is the set of leading terms of the elements of G and SM (G) the set of
standard monomials for I with respect to G. If y ∈ LT (G), then y is not in the set
of standard monomials. If xm ∈ LT (G) for a minimal m > 1 but not for m = 1,
0
then xm is a standard monomial for every m0 < m; in particular x is a standard
monomial. Therefore W ⊂ SM (G).
¤
If the support of an interpolator fi is contained in the set Wi of variables
adjacent to a fixed node i, then all edges identified by the function are correct. It
may be the case, however, that not all known edges have been identified, given the
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data. If supp(fi ) ( Wi , then more data points are needed to infer the missing edges
(see [Kru02] for more details).
Proposition 3.11. Let V be a variety and G be a Gröbner basis for I(V ). If
W ⊂ SM (G) and |W | = |V | − 1, then supp(f ) ⊂ W for all nonconstant f ∈ R.
Proof. Since |V | = |SM (G)|, then if W has one less element than V , it must
be that W contains all standard monomials 6= id. Therefore, supp(f ) ⊂ W for any
nonconstant polynomial f ∈ R/I(V ).
¤
Data collected from a biochemical network can determine local properties of its
structure. If xi is constant on all inputs, then node i will have no outgoing edges
since xi will not appear in the normal form for any polynomial under any term
order. Similarly if the product of two variables xi , xj is constant on all points in
V , then xi xj is not a standard monomial for any term order.
Proposition 3.12. Let V ( k n be a variety and G be a Gröbner basis for I(V ).
Let πi be the projection map of a point in k n onto its i-th coordinate. Suppose there
is a coordinate i such that for every a ∈ V , πi (a) = c for some c ∈ k. Then for
every f ∈ R, N F (f, G) does not contain the variable xi .
Proof. Suppose there is i such that πi (a) = c some c ∈ k. This holds iff
xi − c ∈ I = I(V ). There is g ∈ G with LT (g)|LT (xi − c). It follows that
LT (xi − c) = xi is not a standard monomial.
Since the standard monomials form
T
a basis for R/I, then supp(N F (f, G)) {xi } = ∅ for any f ∈ R.
¤
Proposition 3.13. Let V ( k n be a variety and G be a Gröbner basis for
I(V ). Suppose there are coordinates i, j such that for every a ∈ V , πi (a)πj (a) = c
for some c ∈ k. Then for every f ∈ R, N F (f, G) does not contain xi xj .
Proof. Suppose that for i, j fixed, xi xj (a) = c for all a ∈ V . Let I = I(V ).
Then xi xj ∈ LT (I) iff xi xj 6∈ SM (G). As xi xj is not a standard monomial, then
xi xj ∈
/ supp(N F (f, G)).
¤
When a variable is constant, no information about which other variables it
affects can be extracted from a model. Especially if the constant variable is thought
to have a substantial impact on the regulation of the system, an experiment in which
this variable is changing should be proposed.
4. Applications and Results
We validated our method by applying it to a simulated dataset from a wellstudied embryonal network of segment polarity genes in the fruit fly Drosophila
melanogaster. In [AO03] a Boolean model, a PDS over F2 , was proposed for the
network of 5 genes and their associated proteins. Our goal was to reverse engineer
the dependency graph, as well as the certain features of the state space, including
fixed points. Note that it is irrelevant whether the Boolean model is biologically
correct. The following results can be found in detail in [LS04].
The genes represented in the Boolean model N are wingless (wg), engrailed
(en), hedgehog (hh), patched (ptc), and cubitus interruptus (ci ). Also included are
the proteins encoded by these 5 genes, as well as smoothened protein, denoted by
SMO, and sloppy-paired proteins denoted as one compound SLP, constituting 15
distinct molecular species. For more details about the network and the corresponding Boolean model, see [AO03].
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Figure 6. The dependency graph of N . Ovals := mRNAs, rectangles := proteins.

In the dependency graph (Figure 6) for N , nodes represent mRNAs and proteins. An edge between nodes indicates that the node at the tail is involved in
the regulation of the head node. For example, an edge A→B between proteins A
and B implies that A regulates the synthesis of B, whereas A→b from protein A
to mRNA b implies that A regulates the transcription of gene b. Edges denote
existence of regulation, not the type, whether activation or inhibition. To account
for intercellular connections, we included 6 extra variables. We focus on the 15
variables representing the genes and proteins that constitute the polarity network
in one embryonal cell. Table 4 lists the polynomial representations of the Boolean
functions that define N .
We used the wildtype Boolean initializations presented in [AO03] for the 5
genes and generated times series using the published Boolean functions. As reported by [AO03], all initializations terminate in fixed points when evaluated by
the Boolean functions. Using these data, we applied the REV-ENG algorithm with
the term order grevlex with x1 > · · · > x21 , resulting in the following PDS:
f1 = x1

f2 = x2

f3 = x2

f4 = x16

f5 = x 4

f6 = x5

f7 = x12 + 1
f8 = x9 + x11 + x16 + x17 + x18 + x19
f9 = x8 + x17
f10 = x20 + x21
f11 = x8 + x17 + x20 + x21 + 1
f12 = x5 + 1

f13 = x12

f14 = x13 + x17

f15 = x17
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Quick inspection reveals that our model from the general reverse-engineering
algorithm produces minimal results, with 16 of the 44 edges correctly identified and
10 false positives, a detection rate of 36%. We note here that the Boolean functions F1 , F3 , F5 , F7 , F12 , and F13 were completely identified (40% detection rate).
The remaining 9 functions were inferred to be linear, whereas the actual Boolean
functions are of higher degree, ranging from 2 to 6.
The size of the state space is 221 , involving multiple components. Any single
trajectory in that space vastly underdetermines the network. Therefore we include
knock-out time series for each gene in the network. Altogether we used 24 time
series: one for the wildtype for each cell and one for each gene knock-out for each
cell. As the length of each time series is at most 8 time steps, constituting a total of
127 time points, the data still comprises only a minuscule fraction of the state space,
less than (6.06 × 10−3 )% of 221 total states. To improve the method’s performance,
we incorporated knock-out data.
To simulate an experiment in which node xi representing a gene is knocked out,
we set its corresponding transition function fi in Table 4 to 0 and kept all other
functions the same. When applicable, we also set the corresponding functions in
F1
F2
F3
F4
F5
F6
F7
F8
F9
F10
F11
F12
F13
F14
F15

= x1
= (x15 + 1) [x1 x14 + x2 (x1 + x14 + x1 x14 ) + x1 x2 x14 (x1 + x14 + x1 x14 )]
= x2
= (x16 + x17 + x16 x17 ) (x1 + 1)
= x4
= x5 (x15 + 1)
= x6
= x13 [(x11 + x20 + x11 x20 ) + x21 + (x11 + x20 + x11 x20 ) x21 ] (x4 + 1)
[x13 (x11 + 1) (x20 + 1) (x21 + 1) + 1]
= x8 + x9 Y + x8 x9 Y
= (x8 + x9 Y + x8 x9 Y ) (x20 + x21 + x20 x21 )
= x8 + x9 Y + x8 x9 Y + 1 + x20 + [(x8 + x9 Y + x8 x9 Y + 1) x20 ] + x21
+ [x8 + x9 Y + x8 x9 Y + 1 + x20 + (x8 + x9 Y + x8 x9 Y + 1) x20 ] x21
= x5 + 1
= x12
= x13 [(x11 + x20 + x11 x20 ) + x21 + (x11 + x20 + x11 x20 ) x21 ]
= x13 (x11 + 1) (x20 + 1) (x21 + 1)

SLPi
x1
PTCi
x9
WGi−1
x16

wgi
x2
PHi
x10
WGi+1
x17

WGi
x3
SMOi
x11
HHi−1
x18

eni
x4
cii
x12
HHi+1
x19

ENi
x5
CIi
x13
hhi−1
x20

hhi
x6
CIAi
x14
hhi+1
x21

HHi
x7

ptci
x8
CIRi
x15
Y
(x18 + 1) (x19 + 1)

Table 2. Polynomial representations of the Boolean functions in
N , together with the legend of variable names. The subscript i
refers to the cell of interest, i − 1 the cell anterior to cell i, and
i + 1 the cell posterior to cell i.
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neighboring cells equal to 0. For example, to simulate the knock out of hedgehog
gene, we set f6 = 0, f20 = 0, and f21 = 0, where f20 and f21 are the functions
associated to the gene in neighboring cells. We also set the i-th entry, corresponding
to the initial mRNA concentration for xi , in the wildtype initialization to 0. For
each knock-out, we generated a new time series, which also ended in a fixed point,
by iteration of the functions given the modified initializations.
The effect of a variable ordering is that the “cheaper” variables, those that are
ordered least, are used preferentially in computing interpolators (see Appendix B).
Since we aim to reverse engineer the dependency graph of the Boolean model, it is
especially important not to impose an artificial ordering on the variables. In order
to counteract this dependency, we used the algorithms REV-ENG-M, together with
REV-ENG-D for fixed variable orders. We also applied REV-ENG-M/REV-ENGR to test the effectiveness of using random variable orders (results not shown here
can be found in [Sti05a]).
4.1. REV-ENG-M/REV-ENG-D. For the REV-ENG-M/REV-ENG-D experiment, we used the following four variable orders to define four grevlex term
orders:
x1 > · · · > x21 (default order)
x1 < · · · < x21 (reverse order)
and two other orders making the “interior” variables greatest and least. The dependency graph of the PDS that is output has 41 edges, where 33 are common
to the dependency graph of the Boolean model. If we allow for partial detection,
then the results improve slightly. In 3 of the 4 variable orders used, 46 edges are
in the dependency graph, where 37 are correctly identified (see Figure 7). For this
experiment, we provide a detailed account of some of the false positives and true
negatives.
In determining which biomolecules affect the transcription of the gene hh, represented by function 6, we found a polynomial function that involves fewer terms
than its counterpart in the Boolean model. Specifically, the function f6 = x5 is in
terms of the variable representing EN only, instead of both EN and CIR proteins.
It correctly interpolates all time points in the data generated by the corresponding
Boolean function F6 = x5 (x15 +1). The discrepancy lies in the fact that x15 +1 is an
element of the Gröbner basis G for the ideal of points. However, links whose effects
are not reflected in the given data are not detectable by any reverse-engineering
method unless prior information about the link is given. In this case, the variable
15, representing the protein CIR, always takes on the value 1 on all data sets, and
its effect on EN is not detectable; we saw a proof of this phenomenon in Section
3.6. Similarly, the Boolean function F4 for en also contains such terms that are in
G, which accounts for lack of regulation detection.
In f10 for the protein complex PH, we detected 5 of the 6 of the appropriate
molecules as regulators and failed to identify regulation by x9 = PTC. For every
variable order, terms of the form x9 xj + xj or x9 xj , for nearly half of the variables
xj , can be found in the Gröbner basis of the ideal of points for f10 . We also
identified x10 as its own regulator. Here we refer to the network to understand the
discrepancy. PH is a protein complex formed by the binding of HH from adjacent
cells to the receptor PTC. In [AO03] the authors assumed in their model that this
binding occurs instantaneously since it is known that the reaction occurs faster than
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Figure 7. The dependency graph of the PDS built using REVENG-M/REV-ENG-D with the wildtype and knockout time series.
Solid lines are links that appear for all 4 variable orders, whereas
dashed lines are links that appear for 3 of the 4 variable orders.

transcription or translation (which they also presuppose to require 1 time unit for
completion). Therefore, we attribute the misidentification to the binding rate not
being properly represented in the data and call this an indirect effect. Similarly for
the function F11 , we detected an indirect effect from extracellular hh, as well as the
correct direct effects from 3 other molecules.
Next we focus on reverse engineering the dynamics of the Boolean network. As
pointed out above, the functions in the Boolean model contain terms that evaluate
to 0 on all input data, and so we are unable to detect the corresponding relationships. To compare the dynamics predicted by our PDS with the dynamics of N ,
one approach is to compute the normal forms of the polynomials in Table 4 with
respect to the ideal of time points. As the reduction depends on a term order,
for each choice of term order, the normal forms of the Boolean functions and the
transition functions of the reverse-engineered PDS agree exactly. However, this
observation occurs for the following reason.
Let D = {(s1 , t1 ), . . . , (sm , tm )} be a collection of input-output pairs and suppose that f, g are two polynomials that interpolate D. For each 1 ≤ i ≤ m, 1 ≤
j ≤ n, we have that f (si ) = g(si ) = tij . Then the polynomial f − g vanishes on
all si and f − g ∈ I(s1 , . . . , st ). Since reduction with respect to a Gröbner basis is
unique, we have that f and g are equivalent after reduction by being equal on the
data.
The dependence of our method on a term order may result in the particular
form of the reverse-engineered functions to be not directly interpretable with respect
to regulatory relationships. We therefore proceed to extract information about
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Total single interactions in N
Total cooperative interactions in N
Single interactions
Total predicted
True positives
False positives
Cooperative interactions
Total predicted
True positives
False positives

4 TO
18
12
6
4 TO
3
3
0
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13
30
3 TO
21
12
9
3 TO
11
8
3

Table 3. Performance of dynamics detection for N . Single interactions = degree-one terms; cooperative interactions = degree-two
terms. “4 TO” denotes results for all 4 term orders used, whereas
“3 TO” denotes results for any 3 of the 4 term orders used.

network dynamics from terms common to the reverse-engineered functions for the
multiple term orderings used.
For each term ordering, the model constructed only from the wildtype is linear,
whereas using the 4 term orders mentioned above, we found 19 terms consisting
of a single variable, in which 10 are true positives. These terms, which we call
“single interactions,” account for 77% of the linear terms in the Boolean model.
However, the degrees of the polynomial functions in N range from 1 to 6. Incorporating knock-out data yields more comprehensive results, highlighted in the
following discussion.
In all models built from the knock-out time series, there are 18 linear terms. Of
these, 12 are in N , accounting for 92% of the linear terms present. Specifically, the
linear terms in the functions for hh and for all the proteins, excluding the complex
PH and the transcriptional forms CIA and CIR of the protein CI, were completely
identified. In three of the four models, we found 21 linear terms, of which 12 are
in the Boolean model.
As distinct from the models built from wildtype data only, there are nonlinear
terms in the models from the knock-out data. We call nonlinear terms “cooperative
interactions.” For the protein SMO, we found that its synthesis depends on the
cooperative interaction between the genes ptc and extracellular hh. Specifically,
the terms x8 x20 and x8 x21 appear in the polynomial function for SMO for all term
orders used, of which both appear in the corresponding Boolean function. In the
function describing transcription of wg, the term x1 x14 is common to all models
and x2 x15 appears in three of the four models. Both of these products are terms
in the Boolean function for wg. In fact we found 3 nonlinear terms common to all
models. In three of the four models, there are 11 nonlinear terms, of which 8 are
in N , accounting for 27% of the quadratic terms. While N contains polynomial
functions of degree as high as 6 involving 77 superquadratic terms, our method
did not find interactions of degree higher than 2. A summary of these results is
displayed in Table 3.
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5. Discussion
We presented a collection of novel methods for reverse engineering biochemical
networks given discrete data. The methods made use of algorithmic techniques in
computational algebra, particularly in Gröbner basis theory. A distinctive feature
of our approach is the ability to construct all polynomial dynamical systems that
interpolate the data. This is accomplished by way of a Gröbner basis and does not
require enumeration. A selection protocol based on minimality of the interpolating
polynomials has been employed, where the polynomials are minimal with respect to
the Gröbner basis of the ideal of the input data points. The use of PDSs allows for
each node of the system to be reverse engineered individually, making the method
appropriate for execution on distributed computer networks.
Because we use Gröbner bases to describe the set of all solutions, a term order
must be fixed a priori. This feature allows for certain types of biological information
to be built into the selection process. For example, information revealing the flow of
interaction between two nodes can be incorporated into an ordering of the variables,
which affects the reduction by the ideal of points. If there are further restrictions
on the interactions, this information may be encoded in an ordering on the terms,
such as an elimination ordering. In any case, a minimal PDS is chosen, in which
each transition function contains no terms that vanish on all input data points.
The use of Gröbner bases in polynomial interpolation has also been explored
in algebraic statistics. In fact, the REV-ENG algorithm is very similar to that in
[CR01]. In their article, the authors describe a theory in which algebraic geometry
is applied to a range of problems in Design of Experiments, a branch of statistics.
The novelty of our work is the application of computational algebra to systems
biology.
We demonstrated the effectiveness of inferring wiring diagrams for a simulated
biochemical network. Incorporating data from different experiments, in particular
wildtype and knockout experiments, dramatically improves ability of the algorithms
to detect correct edges. Using multiple variable orders minimizes the number of
false positives. We also provided some theoretical results for determining when the
dynamics criterion of the reverse-engineering problem could be solved.
One goal for the future is to identify properties of data sets that make them
suitable for algebraic reverse engineering. Some questions to be addressed are
the types of data that are appropriate for the methods, as well as the amount
of data that is required for the methods to be effective. In fact there have been
advancements in resolving the number of required data points. Dimitrova [Dim06]
proposed an algorithm to minimally augment a given data set so that there is a
unique PDS that fits the data. In the case of random data, Just [Jus06] provided
some theoretical bounds on the required number of points. We are also working
on improvements to the algorithms that decrease time complexity and increase
scalability; see [JLSS06, JS06].
Finally we leave the reader with a look to the future from [HP03].

A new generation of empiricists with stronger quantitative skills
and of theoreticians with an appreciation for the empirical structure of biological processes will facilitate a bright future for the
application of mathematics to solving biological problems.
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Appendix A. Resources
For certain sections of these notes, we have included a listing of resources.

Introduction: What is Systems Biology?
• For a description of the systems-biology paradigm and examples of projects,
see [IGH01, Kit02].
• Biological databases
– GenBank: DNA sequence database [fBI05a]
– Gene Expression Omnibus: repository for high-throughput gene expressions and hybridization arrays [fBI05b]
– Swiss-Prot: curated protein sequence database [oB05]
– For other databases, see the Molecular Biology Database Collection
[Gal04].
• Molecular biology: [Far01, aUoV, Med04, Bue05]
• Systems biology: [dJ02, DLS00, IGH01, HBS+ 04].

Finite Dynamical Systems
• For uses of PDSs in systems biology, see [AFD+ 06, LS04, Sti05a].
• For a classification of FDSs, see [CRLP05, CRJLS07, GJL01, JLVL06,
HT05, LP01, LP03].
• Modeling and visualization software: Polynome [Sti05b] and DVD [JLV].

Reverse Engineering using PDSs
• Discretization software: [DLM05]
• Connections to computational algebra
– Abstract algebra: [DF91]
– Gröbner-basis theory: [AL94, CLO97]
– Algebraic geometry: [CLO97]
• Reverse-engineering software: Polynome [Sti05b]
• Software packages for computing with Gröbner bases
– CoCoA [CoC]
– Macaulay 2 [GS]
– Maple [Map]
– Singular [GPS01]
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Appendix B. Gröbner Basis Theory
Many problems in ring theory and algebraic geometry require knowing whether
a ring element is contained in an ideal, the so-called ideal membership problem. For
example, let f = x4 − 1, g = x + 1, and I = hx2 + 1i. By factoring f , we can see
that f ∈ I, but g ∈
/ I since all elements of I are polynomial multiples of a quadratic
polynomial. Another way to see this is to divide f and g by x2 +1. If the remainder
is 0, the dividend is in I; otherwise, it is not. So the ideal membership problem is
reduced to polynomial division.
As division operates on the largest term of a polynomial, it is important to first
establish an ordering on the monomials. In the polynomial ring in one variable,
monomials have a natural ordering given by the ordering on the exponents in Z≥0 .
So comparing monomials is the same as comparing their exponents: x3 > x2 since
3 > 2. However, when we move to polynomial rings in n > 1 indeterminates, we
lose the natural ordering on the exponents in Zn≥0 . Intuitively it is no longer clear
how to order monomials, such as x2 y and xy 2 . What is needed is a total ordering
on all possible monomials in R = k[x1 , . . . , xn ], where k is any field.
Definition B.1. A monomial ordering (or term order ) on R is a relation >
on the set of monomials xa such that > is a total ordering,
xa > xb =⇒ xa xc > xb xc
for any monomial xc , and > is a well-ordering; i.e., every nonempty subset of
monomials has a smallest element under >.
While there are an infinite number of term orders, we will primarily focus on
three types, whose characterizations are given below.
Definition B.2.
(1) (Lexicographic) Let xa , xb ∈ R be two monomials. Then xa >lex xb if the
first nonzero entry of the vector difference a − b is positive.
(2) (Graded Reverse Lexicographic) Let xa , xb ∈ R be two monomials with
a = (a1 , . . . , an ), b = (b1 , . . . , bn ). Then xa >grevlex xb if
X
X
|a| =
ai > |b| =
bi ,
or if |a| = |b| and the last nonzero entry of the vector difference a − b is
negative.
(3) (i-th Elimination) Let 1 ≤ i ≤ n. Then a monomial order >i on R is of
i-elimination type if any monomial involving x1 , . . . , xi is greater than all
monomials in k[xi+1 , . . . , xn ].
The ordering of the variables plays a crucial role in determining a term order. For instance, for every permutation of the variables, there is a corresponding
grevlex ordering and there are n! grevlex orderings for a polynomial ring in n indeterminates. The same is true for lex, as well as for all other types of monomial
orders. We call the initial ordering of the variables a variable order.
Example B.3. Let k be a field and consider monomials x2 y 3 , x4 , x5 ∈ k[x, y].
Suppose x > y. In the lex ordering, x4 >lex x2 y 3 since the first nonzero entry of
(4, 0) − (2, 3) = (2, −3)
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is positive. In the grevlex ordering, x2 y 3 >grevlex x4 since
|(2, 3)| = 5 > |(4, 0)| = 4.
On the other hand x5 >grevlex x2 y 3 since |(5, 0)| = |(2, 3)| = 5 and the last nonzero
entry of
(5, 0) − (2, 3) = (3, −3)
is negative.
Now suppose that y > x. Then y 3 x2 >grevlex x5 since the last nonzero entry
of
(3, 2) − (0, 5) = (3, −3)
is negative.
Polynomial division is dependent on the choice of term order. Given a fixed
order, then the division of two polynomials proceeds as expected, producing unique
results as there is no ambiguity in the leading terms; that is, the largest term of a
polynomial under the term order. However, we will see in the following example
that changing term orders produces different remainders. To see how multivariate
polynomial division is defined, see Chapter 2.3 in [CLO97].
Example B.4. Consider the division of x5 + yz by x − yz. For illustration
purposes, assume that x > y > z. We will see that the division process is quite
different for lex and for grevlex. To begin, we will divide the polynomials using
grevlex.
−yz + x

−1
) x5 + yz
yz
- (yz − x)
x
0

−→

Remainder
x5

−→

x

Therefore the remainder of x5 +yz when divided by −yz +x in the given grevlex
ordering is x5 + x.
If we now use lex, we will get a very different quotient and remainder.

x − yz

x4 + x3 yz + x2 y 2 z 2 + xy 3 z 3 + y 4 z 4
) x5 + yz
- (x4 − x4 yz)
x4 yz + yz
- (x4 yz − x3 y 2 z 2 )
..
.
y 5 z z + yz
0

Remainder

−→

y 5 z z + yz

In this case, x5 + yz divided by x − yz yields a remainder of y 5 z z + yz.
One difference between the two term orders is that in lex, any term involving
x, the largest variable, will get divided out first, whereas in grevlex (or any graded
ordering, for that matter) terms of highest degree get divided out first.
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Another problem that is encountered is when a polynomial is divided successively by a set of polynomials. Say we want to divide the polynomial f = x5 + yz
by {g = x − yz, h = x4 + 1} using lex with x > y > z. If we divide f by g first, we
get a remainder that is a polynomial in y and z only. Since x is the largest variable,
division cannot proceed with h and so f divided by g then h gives a remainder of
y 5 z z + yz. However if we divide in the opposite order, that is by h first and then
by g, we get a remainder of 0. What this means is that the modulus operation %
is not associative: (f %g)%h 6= (f %h)%g.
In terms of the ideal membership problem, we see that f ∈ hg, hi; though if
we had not divided cleverly, it is possible that we would not have realized it. The
problem lies in that the elements of the generating set do not lend themselves for
division: their leading terms do not divide the leading terms of all elements in
hg, hi. What is needed is a “nice” generating set so that polynomial division can
be performed unambiguously.
Definition B.5. Let > be a monomial order on R and let I ⊂ R be an ideal.
A finite subset G = {g1 , . . . , gm } ⊂ I is a Gröbner basis for I if for any f ∈ I there
is gi ∈ G such that LT (gi )|LT (f ) under >, or equivalently, hLT (g) : g ∈ Gi =
hLT (f ) : f ∈ Ii.
Theorem B.6. Let > be a monomial order on R. Every nonzero ideal I ⊂ R
has a Gröbner basis G. Moreover G is a generating set for I.
Definition B.7. Let G be a Gröbner basis for an ideal I ⊂ R and let f ∈ R.
The normal form of f with respect to G, denoted by N F (f, G), is the remainder
of f on division by the elements of G.
By construction, Gröbner basis elements are chosen so that their leading terms
divide the leading terms of all other elements of a given ideal. This property makes
it so that polynomial division is well defined.
Theorem B.8. Let G be a Gröbner basis for an ideal I ⊂ R and let f ∈ R.
Then N F (f, G) is unique.
The following well-known result is used to solve the ideal membership problem.
Theorem B.9. Let G be a Gröbner basis for an ideal I ⊂ R and let f ∈ R.
Then f ∈ I iff N F (f, G) = 0.
Example B.10. Let > be the grevlex order with variable order x > y. Consider
the ideal I generated by the polynomials f = x2 +x+y and g = x+y. The question
is to decide whether h = y 3 is an element of I. As every element of I is of the form
af + bg for some a, b ∈ Q[x, y], then we must check whether h can be written in this
way; i.e. divide h by f and g and check for 0 remainder. Division is not possible
since the leading terms of f and g involve x. However, it is true that
y 3 = yf + (−xy + y 2 − y)g.
Therefore we cannot solve the ideal membership problem in this case, because {f, g}
is not a Gröbner basis for I.
Consider the set G = {x + y, y 2 + x + y}. Note that y 2 = f − g − (x − y)g. We
see that G is a subset of I and it can even be shown that the leading term of any
f ∈ I is divisible by x or y 2 . Therefore, G is a Gröbner basis for I and now it is
clear that h ∈ I since N F (h, G) = 0.
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Example B.11. Consider the ideal I = hx2 + x + y, x + yi ⊂ Q[x, y] from
Example B.10. Let > be the grevlex order with x > y. We saw above that
{y 2 + x + y, x + y} is a Gröbner basis for I. So is the set {y 2 , x + y} as it satisfies the
conditions for being a Gröbner basis. What this illustrates is that Gröbner bases
are not unique in general. However, if a Gröbner basis is reduced, then it is unique.

Definition B.12. A Gröbner basis G = {g1 , . . . , gm } is a reduced Gröbner
basis if every g ∈ G is monic (leading coefficient is 1) and no term of gi is divisible
by any LT (gj ) for 1 ≤ i 6= j ≤ m.

Theorem B.13. Every nonzero ideal in R has a unique reduced Gröbner basis
with respect to a fixed term order.

In Example B.11, the set {y 2 , x + y} is the reduced Gröbner basis for I. In the
rest of this discourse, a Gröbner basis will be taken to be reduced.
Recall that the transition functions of a PDS are polynomials in R. As functions
defined on a data set V , however, they are elements of the quotient ring k[V ] :=
R/I(V ), called the coordinate ring. Given a Gröbner basis G of an ideal I ⊂ R
with respect to a term order >, we can view the quotient ring as a vector space
over k. Then the set SM (G) := {xa : xa ∈
/ hLT (G)i} forms a basis for R/I; this
set is called the set of standard or basis monomials for I with respect to >. In fact,
for the same ideal, there may be a different set of associated standard monomials
for different term orders; however, the number of standard monomials is invariant.

Theorem B.14. Let V be a variety in k n and consider I = I(V ) ⊂ R. Let G
be a (reduced) Gröbner basis for I. Then SM (G) is a basis for R/I as a vector
space over k and |V | = |SM (G)|.

The former statement is true for any field k. The latter, however, is true only
for perfect fields, which include algebraically closed fields and finite fields. (See
[GRS03].)
The task of computing Gröbner bases requires the calculation of polynomials
that allow for cancellation of leading terms. Called S-polynomials, they are built
from all pairs of elements in the given generating set for an ideal and added to
the set if certain criteria are met. The original algorithm to compute Gröbner
bases was proposed by Bruno Buchberger and is known to be exponential in the
number of variables [Buc83]. However, there are a number of improvements with
better complexity (for example, see [Jus06]). The Buchberger-Möller algorithm is
quadratic in the number of variables and cubic in the number of points [Rob98]. It
has been implemented in various computer algebra systems, including CoCoA[CoC]
and Macaulay 2 [GS]. See Appendix C for the algorithm and an example.
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Appendix C. The Buchberger-Möller Algorithm
Given a variety V and a term order >, the Buchberger-Möller algorithm (BMA)
computes the reduced Gröbner basis G for the ideal I(V ) with respect to >, the
set SM (G) of standard monomials for G, and the set of reduced separators of the
points in V [BM82]. The BMA has worst-case complexity O(nm3 + n2 m2 ), where
n is the number of variables and m is the number of points in V ; for details see
[ABKR00, MMM93, MR93].
Input:
Output:

V = {p1 , . . . , pm } a variety, >= a term order
S = separators of V , G = Gröbner basis of I(V ),
SM = set of standard monomials
Algorithm:
S = ∅; G = ∅; SM = ∅;
r=0
L = [1]
–L=candidate std. mon.
while L 6= 0
t = min(L)
–smallest monomial in L
L = L \P
{t}
s
f = t − i=1 t(pπ(i) )si
–1st p : f(p)6=0; indx calc. in “else”
if f vanishes
on
V
–then
f is in the ideal
S
G=G f
L = L \ {multiples of t}
–remove multiples; want G red.
else
S
SM = SM
{t}
–t6 | any LT in the ideal
r = r+ 1
π(r) = min{i | f(pi ) 6= 0}
−1
sr = f(p
–a partial separator
Sπ(r) ) f
S=S
{sr }
for every i = 1..r-1
si = si − si (pπ(r) )sr
endfor S
L = L {xi t | i=1..n} \ LT(G)
endif
endwhile
return S, G, SM

Next we compute a small example to illustrate the various steps of the BMA.
Let V be the variety V = {(0, 1), (1, 0)} ⊂ (F2 )2 and consider the ideal I(V ) ⊂
F2 [x1 , x2 ] under any term order with x1 < x2 . We will execute each step of the
BMA and show the result of each pass through the algorithm. At termination, the
following sets are returned:
S

=

G =
SM

=

{s1 , s2 } = {x1 , −x1 + 1},
{x2 + x1 − 1, x21 − x1 },
{1, x1 }.
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First pass
enter while
t=1
L=∅
f =1

enter else
SM = {1}
r=1
π(1) = 1
s1 = 1
S = {1}

L = {x1 , x2 }
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S = 0; G = 0; SM = 0; r = 0; L = {1}
Second pass
Third pass
Fourth pass
enter while
enter while
enter while
t = x1
t = x2
t = x21
2
L = {x2 }
L = {x1 , x2 x1 }
L=∅
f = x1 − 1
f = x2 + x1 − 1
f = x21 − x1
enter if
enter if
G = {x2 + x1 − 1} G = {x2 +x1 −1, x21 −x1 }
L = {x21 }
L=∅
enter else
SM = {1, x1 }
r=2
π(2) = 2
s2 = −x1 + 1
S = {1, −x1 + 1}
enter for
s1 = x1
L = {x2 , x21 , x2 x1 }
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