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Abstract

This paper deals with the decompositions of a flow into paths. Given a weighted
directed acyclic graph and a compatible flow, we look for a decomposition of this
flow such that the longest path stemming from this decomposition is the shortest
possible. The complexity of this problem and some of its particular cases are first
addressed, then a pseudo-polynomial algorithm and a fully polynomial time approx-
imation scheme are proposed for the case where the value of the flow is bounded by
a constant.

1 Definition and some notations

Let G = ({s, t}, N, A) be a capacitated directed acyclic graph. We are given a cost (or
length) function λ : A → Z≥0. Let s, t ∈ N be respectively the source and the sink of G.
We are also given a compatible s-t flow, f : A → Z>0 and let F be the value of this flow.
We number the nodes using a topological sort and, except stated otherwise, we denote
by i → j an arc from node i to j , fi→j its flow and λi→j its cost. If there are more
than one arc from i to j, we add an indexation: (i → j)k represents the arc from i to
j with the knth largest cost. We denote by decomposition of the flow f into paths a set
of F paths (in principle, not all different) such that by pushing a unit of flow on each
of these paths, we obtain the flow f on G. Let Df be the set of all the decompositions

of the flow f into paths and let Df ∈ Df . We denote by µ
Df

P the value of the flow
along the s-t path P in the decomposition Df . If there is no ambiguity concerning the
decomposition, we shorten it to µP . Then, a decomposition Df comes down to a set
of pairs (P, µP ) such that

∑

µP = F . Let |Df | be the number of different paths (i.e.
paths that differ for at least one arc) in the decomposition Df . For each path P , we
denote by λ(P ) the cost of the path, that is the sum of costs of its arcs (

∑

i→j∈P λi→j).
Let Λ = maxP∈Df

λ(P ). In this paper, we search for a decomposition Df such that Λ is

minimum. We now denote this problem by SLPf (for shortest longest path) and when
there is no ambiguity concerning the flow function, SLP.

On figure 1, the first number and the second number on each arc represent re-
spectively its cost and its flow. On this example, F = 8. The following is a possible
decomposition:
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Figure 1: A compatible s-t flow

• P1 : 1 → 3 → 5, µP1 = 2, λP1 = 4

• P2 : 1 → 3 → (4 → 5)2, µP2 = 2, λP2 = 4

• P3 : (1 → 2)2 → 3 → (4 → 5)2, µP3 = 1, λP3 = 5

• P4 : (1 → 2)1 → (4 → 5)1, µP2 = 3, λP4 = 7

For this decomposition, Λ = 7.
To our knowledge, there are two major research directions dealing with the decom-

position of flow into paths: on the one hand, Itai et al. [9], Guruswami et al. [7] or
more recently Baier et al. [2] study the bounded length disjoint paths problem where
one wants to maximize the flow with the constraint that there are decompositions with
bounded length paths. On the other hand, the k-splittable problem was introduced by
Baier et al. [3], it asks for a maximum s-t-flow which can be decomposed on at most k
paths. Vatinlen et al. [13] address the problem where the flow is given and search for
a decomposition where the number of different paths is minimum. Recently, Martens
and Skutella [11] tackle both issues with a problem where both the lengths and the
number of paths are bounded. However, most of these paper focus on computing the
maximum flow with such constraints. One of the differences in this paper, is, as in
Vatinlen et al. [13], the flow function is given in the input and we search for a particular
decomposition as opposed to build a flow from paths. Also, we remark that most of
the results in the literature are done when the flow on the paths does not need to be
integral. This issue brings out some new complexity problems. SLP is also linked to
the flows over time (for an overview, see for instance the PhD thesis of Langkau [10]):
indeed, we can interpret the costs λ as lengths to cross the arcs. Therefore, we are given
the amount of flow which crosses each arc and we search for the routing for which the
crossing of the latest unit of flow occurs the earliest possible. Furthermore, we will show
in section 4, that SLPBFk can be seen as a generalization of the scheduling problem
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Pk||Cmax. Finally, in the Annex of this paper, SLP is showed as a generalization of the
even-odd partition problem introduced by Garey et al. [5].

In the remainder of this paper, we denote by Γ, a reasonable size for the encoding of
SLP. It is clear that Γ is in O(n2 log fmax log λmax+log F ) where n is |N |, fmax and λmax

are respectively the largest flow and the largest cost of arcs. We look at some particular
cases of SLP: if F is bounded by a constant k, the problem is denoted by SLPBFk, if the
costs on the arcs are bounded by a polynomial in Γ, the problem is denoted by SLPBc,
when both, SLPBc

BFk. Finally, when the flow has a value equal to one on each arc, the
problem is denoted by SLPuf.

In section 2, we look at the membership in NP of SLP and its particular cases: we
observe that unlike most of the classic optimization problems, this question is not trivial.
In section 3, we show that SLP is NP-hard in the strong sense except for SLPBFk. Finally,
in section 4, we provide a pseudo-polynomial algorithm and a FPTAS for SLPBFk.

2 NP membership

The corresponding decision problem for SLPf is: given a integer K, is there a decom-
position Df ∈ Df such that Λ ≤ K? We denote the decision problem by SLPf

d .

2.1 A first candidate for certification, χ1

We propose a first candidate for certification, χ1: it consists in guessing a set of pairs
(P, µP ). A checking algorithm must verify that the (P, µP ) induce the flow and that no
path has a cost that exceeds K. However, in principle, |Df | can be as high as F (with
all the paths of the decomposition carrying a flow with a value equal to one). Therefore,
the size of χ1 may not be in the order of a polynomial in Γ. Thus, a preliminary question
is: if the answer to SLPf

d is YES, is there always a decomposition Df ∈ Df such that
Λ ≤ K with |Df | being bounded by a polynomial in Γ?

The class of graph Ξ

Consider the set S = {1, 2, . . . , log2 F ′ − 1} with F ′ a power of 2 greater or equal to 4.
Clearly |{S′ ⊂ S}| = F ′/2 and moreover:

∀S′ ⊂ S,
∑

i∈S′

i ≤
log2 F ′(log2 F ′ − 1)

2

therefore, it exists a integer J such that,

|{S′ ⊂ S|
∑

i∈S′

i = J}| ≥

⌈

F ′

log2
2 F ′

⌉
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we call V = {S′ ⊂ S|
∑

i∈S′ i = J} or number partition of J . We now build graphs
which have the two following properties:

1. the value of the flow F is equal to
⌈

F ′

log2
2 F ′

⌉

,

2. there is a unique decomposition Df with
⌈

F ′

log2
2 F ′

⌉

different paths and such that

all these paths have a cost equal to J

A graph G in Ξ has log2 F ′ + 1 nodes. In addition to the nodes s and t, we number
the other nodes from 1 to log2 F ′ − 1. These nodes represent the elements of S. We
now unambiguously confuse these nodes with the numbers in S. There are three kinds
of arcs:

• s → i: its flow is equal to the number of elements of V where there is i but no
elements lower than i, its cost is i.

• i → j: its flow is equal to the number of elements of V where there are i and j
but no elements at the same time greater than i and lower than j, its cost is j.

• i → t: its flow is equal to the number of elements of V where there is i but no
elements greater than i, its cost is 0.

We look at SLPf
d with K = J . A lower bound for SLP is J =

P

i→j∈A λi→j

F
i.e. when

the costs are fairly distributed on all the paths of the decomposition. We now propose
a decomposition which meets the lower bound and satisfies the two properties stated
above: for each v ∈ V , we push a unit of flow through the path that consists in the node
s, then the nodes corresponding to the numbers of v in increasing order, then t. Clearly,
the cost of this path is J since an arc entering a node i has a cost equal to i. The flow
on the arcs has been chosen so that all the paths described above can carry a unit of

flow. There are F =
⌈

F ′

log2
2 F ′

⌉

different paths which means that |Df | is not in the order

of a polynomial in Γ (which is here in O(log2 F ′)). A decomposition with equal cost
for each path is unique since the graph and V are isomorphic. Therefore, recognizing a
graph of Ξ comes down to determining the number partition of J which cannot be done
in a polynomial of Γ.

To illustrate a graph of the class Ξ, we provide an example:

• F ′ = 1024,

• S = {1, 2, . . . , 9},

•
⌈

F ′

log2
2 F ′

⌉

= 11.
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Figure 2: A pathologic example

Let J = 18. Here are 11 number partition of 18 using elements of S, in increasing
order: (1, 2, 6, 9), (1, 2, 7, 8), (1, 3, 5, 9), (1, 8, 9), (2, 3, 5, 8), (2, 3, 4, 9), (2, 7, 9), (3, 6, 9),
(3, 7, 8), (4, 5, 9) and (4, 6, 8). Figure 2 is the graph corresponding to these number
decompositions of 18. The first number and the second number on each arc represent
respectively its cost and its flow.

Lemma 1. For a graph of the class Ξ, there is no optimal decomposition such that the
number of different paths is in the order of a polynomial in Γ.

Lemma 1 shows that it is impossible to provide an optimal decomposition in polyno-
mial time since the size of such a decomposition is exponential. However, in principle,
it remains possible to know the existence of such a decomposition in polynomial time
without building the decomposition.
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2.2 A second candidate for certification, χ2

We now propose another candidate for certification, χ2. Consider each arc i → j, χ2

consists in guessing {(Λ1, ν1), . . . , (Λk, νk)|
∑

i νi = fi→j} which is a set of pairs of the
different current costs of the paths that go through i → j (i.e., their cost from s to
i → j) and the multiplicity of these costs.

A polynomial checking algorithm for bounded cost

We first assume that the cost on each arc are in the order of a polynomial in Γ (the
case we denote by SLPBc). Therefore, at each node, the number of possible values is
bounded by a polynomial in Γ and hence, χ2 has a polynomial size (this condition is
also met for the class Ξ). We now give a polynomial checking algorithm:

For each node i (apart from s and t), let a1 → i, . . . , al → i the arcs entering i. Let
i → b1, . . . , i → bk, the arcs leaving i, their costs are respectively, λb1 , . . . , λbk

.

• for an arc aj → i, we guess {(Λ
aj

1 , ν
aj

1 ), . . . , (Λ
aj

π(aj)
, ν

aj

π(aj)
)},

• for an arc i → bj , we guess {(Λ
bj

1 , ν
bj

1 ), . . . , (Λ
bj

π(bj)
, ν

bj

π(bj)
)}.

We have to check the two following assertions:

1. For each arc entering the sink t, no Λi exceeds K.

2. Cost compatibility conditions: for each node i, and for each integer u,

∑

{j,v|Λ
bj
v −λbj

=u}

ν
bj
v =

∑

{j,v|Λ
aj
v =u}

ν
aj
v

Since, u is polynomially bounded in Γ, these two assertions can be checked in polyno-
mial time and if there are both true, then the answer to the decision problem is positive.
Actually, χ2 comes down to guessing how the different costs of the current paths are
routed through each arc. Indeed, the current paths with the same cost are considered
and processed together. It ensures to limit the combinatorial explosion of the different
number of paths at each node.

Theorem 1. SLPBc is in NP

However, the cost of χ2 may not be in the order of a polynomial in Γ. A new question
is: is there always an optimal decomposition such that the number of different current
costs is bounded by a polynomial in Γ for each arc?
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The class of graph Ψ

We now define another class of graph, Ψ derived from Ξ. The graphs of Ψ have the
same structure and flow than their counterparts in Ξ, the only difference lies in the cost
of the arcs. Let m be the number of arcs of the graph, we give a random order ̟ on
the arcs. Let M be a very large number (M >> 2m). For the arc i → j, we define the
new cost λi→j = Mj + 2l where i → j is the lnth arc in ̟. The optimal decomposition
is the same than the corresponding graph in Ξ (now, the cost of each path is roughly
MJ) and, because of the 2l, the number of different costs at each node for the optimal
decomposition is not bounded by a polynomial in Γ.

Lemma 2. For a graph of the class Ψ, there is no optimal decomposition such that the
number of different paths is in the order of a polynomial in Γ and the number of different
current costs for each arc are in the order of a polynomial in Γ.

Lemma 2 shows that not only for some graphs, an optimal decomposition cannot be
built in polynomial time but also, its existence cannot easily be shown in polynomial
time.

Conjecture 1. SLPf is not in NP

It should be noted that some other problems are not easily proven in NP, espe-
cially high multiplicity problems (for instance, see Grigoriev [6] for an overview of high
multiplicity scheduling problems).

2.3 Summary

We sum up the positive results of membership in NP:

• if F is bounded by a polynomial in Γ, then χ1 is a valid certificate, since the
number of different paths in a decomposition is bounded by a polynomial in Γ.

• For SLPBc, we have previously seen that χ2 is a valid certificate.

3 NP-hardness

Theorem 2. SLPuf (given a integer K, is there a decomposition Df ∈ Df such that
Λ ≤ K?) is NP-hard in the strong sense?

Proof. We prove it by a reduction of 3-PARTITION (NP-hard in the strong sense, Garey
and Johnson [4]):
INSTANCE: let A be a set of 3m elements, a bound B ∈ Z

+, and a size s(a) ∈ Z
+ for

each a ∈ A such that B/4 < s(a) < B/2 and such that
∑

a∈A s(a) = mB
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Figure 3: Complexity

QUESTION: can A be partioned into m disjoint sets A1, . . . , Am such that ∀i ≤ m,
∑

ai∈Ai
ai = B?

Let consider the particular instance I of SLP (this graph is built in polynomial time)
showed at the figure 3 and let us set K = B: there are 3m + 1 nodes; the in degrees
and the out degrees of all the nodes are equal to m except for the source and the sink.
The capacity of each arc is unitary and between two nodes, only one arc has a non null
cost which is equal to one of the size of the elements of the 3-PARTITION problem. A
preliminary remark is that B is a lower bound for SLP since the total cost is mB and
must be split among the m paths.

Suppose we have a YES answer to the 3-PARTITION problem. Clearly, we can
obtain a decomposition of I in m paths such that each path takes 3 arcs corresponding
to the elements of a set Ai and m − 3 arcs with null costs. There is a decomposition
with each path having a cost B, and, hence, the answer to SLPd is YES.

Conversely, suppose that we have a YES answer to SLPd, i.e. there is a decomposition
of I such that the most expensive path is B, since B/4 < s(a) < B/2 for each a ∈ A, all
paths must take exactly 3 arcs that have non null costs. Moreover, the sum of all cost
is mB and there are m paths, therefore all the paths have a cost equal to B. We build
m different sets of three elements by taking the corresponding elements of the non null
cost of each path. Hence, we have a YES answer to the 3-PARTITION problem.

Corollary 1. SLP is NP-Hard in the strong sense even with unit cost.

Proof. We first ruled out the case where there are null cost on some arcs: we augment
the cost of each arc by a sufficiently big integer M so that the optimal decomposition
remains the same. Therefore, we now concentrate on graph G′ with no null costs. We
now prove the result by absurd reasoning: we suppose that SLP with unit cost is only
NP-Hard in the weak sense, then there is a pseudo-polynomial algorithm PPA which
solves it. We can transform a graph G′ in a graph with unit cost by replacing an arc
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Figure 4: Complexity2

with cost c by a chain of c arcs with unit cost. PPA would be used in this new graph
which has a pseudo-polynomial size. Hence, we have a pseudo-polynomial algorithm for
SLP which is impossible since it is NP-Hard in the strong sense.

We now look at the case where F is bounded by a constant:

Theorem 3. SLPBF2 is NP-Hard in the weak sense.

Proof. We prove it by a transformation of 2-PARTITION (Garey and Johnson [4]):
INSTANCE: let A be a set of m elements, an integer B ∈ Z

+, and a size s(a) ∈ Z
+ such

that
∑

a∈A s(a) = 2B
QUESTION: can A be partioned into 2 disjoint sets S1 and S2 such that

∑

ai∈S1
ai = B?

Let consider the particular instance I of SLP with F = 2 (this graph is built in
polynomial time) showed in figure 4 and we choose K = B: there are m + 1 nodes;
the in degrees and the out degrees of all the nodes are equal to 2 except for the source
and the sink. The capacity of each arc is unitary and between two nodes, only one arc
has a non null cost which is equal to one of the size of elements of the 2-PARTITION
problem. A preliminary remark is that B is a lower bound for SLP since the total cost
is 2B and must be split among the 2 paths.

Suppose we have a YES answer to the 2-PARTITION problem. Clearly, we can
obtain a decomposition of I in 2 paths such that one path takes m/2 arcs corresponding
to the elements of S1 and m/2 arcs with null costs; the other path takes the remaining
arcs. There is a decomposition with each path having a cost B, and, hence, the answer
to SLPd is YES.

Conversely, suppose that we have a YES answer to SLPd, i.e. there is a decomposition
of I such that the most expensive path is B, since the sum of all the costs is 2B and
there are 2 paths, therefore all the paths have a cost equal to B. We build 2 different
sets of m/2 elements by taking the corresponding elements of the non null cost of each
path. Hence, we have a YES answer to the 2-PARTITION problem.
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4 Flow bounded by a constant

Since, SLPBF2 is NP-hard in the weak sense, we search for a pseudo-polynomial algo-
rithm. We first show that SLPBF2 can be reduced to P2||Cmax. Then we provide a
dynamic programming algorithm and a FPTAS for SLPBFk.

4.1 SLPBF2

An instance of SLPBF2 is considered: since F = 2, the flow on an arc is bounded
by 2. We replace each arc i → j with a flow equal to 2 by two arcs, (i → j)1 and
(i → j)2 with a flow equal to one and costs equal to λi→j . We now consider the
maximal paths i1 → i2 →, . . . ,→ ij where the in degree and out degree of all the ik are
equal to one except for i1 and ij . We replace such paths by unique arcs i1 → ij with

λi1→ij =
∑j−1

k=1 λik→ik+1
. The number of arcs of the graph is now 2(n− 1) and this new

graph is now denoted chain graph, i.e. with a new topological order for the nodes, the
arcs are of the form i → i + 1 and have a flow equal to one. The costs between i and
i + 1 are λ(i→i+1)1 and λ(i→i+1)2 . Again, we replace the values of the arcs respectively
by λ(i→i+1)1 −λ(i→i+1)2 and 0. Clearly, this graph is equivalent to the original one with
respect to SLPBF2.

We now can interpret this instance as an instance of P2||Cmax: each link of the chain
between nodes i and i + 1 represents a job with a processing time equal to λ(i→i+1)1 −
λ(i→i+1)2 . A path in SLPBF2 represents a machine and must choose either it processes
the job (and takes the arc (i → i + 1)1 or not (and then takes the arc (i → i + 1)2).
P2||Cmax is well known in the literature: it can be solved in pseudo-polynomial time
and has an FPTAS.

4.2 A dynamic programming algorithm SLPBFk

We first observe that SLPBFk is a generalization of Pk||Cmax. Indeed, instances of
SLPBFk which are chain graphs with k arcs for each link and such that the values of
the arcs are all equal to 0 except for the upper arcs. Again, we can interpret the costs
on each upper arc as the processing time of the jobs that have to be processed on k
machines. A solution of SLPBFk comes down to choose which cost is assigned to which
paths and we minimize that cost

We now provide a pseudo-polynomial algorithm for SLPBFk. For the sake of sim-
plicity, we concentrate on graph with unit flow on each arc, we later generalize it for
non unitary flow. The decompositions are therefore path-disjoints. This feature ensures
that the in degree is equal to the out degree on each nodes, apart from the source and
the sink. We propose to solve this problem using a dynamic programming algorithm.

For each node l, let Al = {i → j |i ≤ l ≤ j}, Bl = {i → j |i < l < j}, Cl = {i →
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j|j = l} and Dl = {i → j|i = l}. It is clear that Al = Bl ∪ Cl ∪ Dl. In this particular
set of graph, δ−l = |Cl| = |Dl| = δ+

l and |Bl| = k − δ+
l .

In order to design a dynamic programming algorithm, we need an order among the
arcs of Bl ∪ Cl. We denote by σ the following one:

• first, the arcs of Cl in the decreasing order of their tails i. If more than one arc
starts at node i, then they are given in the decreasing order of their costs.

• second, the arcs of Bl in the decreasing order of their heads j, if more than one
arc end at node j, then they are given in the decreasing order of their tails, i. If
more than one arc have the same end nodes, then they are given in the decreasing
order of their costs.

A state of the dynamic programming is a (k+1)-tuple: the first argument is the
current node, l. The next k arguments are a list of the current costs of the paths which
go through the arcs of Cl ∪ Bl in the σ order.

The transitions of the dynamic programming go from a state whose first argument
is l (we now call this state Sl = (l, c1, . . . , cδ−

l
, cδ−

l
+1, . . . , ck)) to a state whose first

argument is l + 1 (we now call this state Sl+1). A transition consists of assigning arcs
of Dl to the paths that goes through the first δ−l arcs in the σ order. Let λ1, . . . , λδ+

l

be the cost of the arcs of Dl and let π the permutation function that assigns an arc of
Dl to a path. Their cost in the new state are c1 + λπ(1), . . . , cδ−

l
+ λπ(δ−

l
). The costs

cδ−
l

+1, . . . , ck are left unchanged. All these costs must be ordered according to σ in Sl+1.

We start by computing the most expensive path ∆ of the graph in polynomial time.
Clearly, the current value of a path can not exceed ∆ (since the costs of the arcs are
non-negatives and the graph acyclic). We are now ready to give the algorithm DP:

1. Start at node 1 with the initial state (1, 0, . . . , 0)

2. For all l from 1 to n do

Make transitions from each stored state of the form (l, c1, . . . , cδ−
l
, cδ−

l
+1, . . . , ck)

into state of the form Sl+1 by assigning the arcs of Dl for every permutation
function π.

Since, the cost of a path is bounded by ∆, the overall number of states is n∆k.

The essence of this algorithm is to scan the nodes in order to build the paths. The
algorithm ensures the connectivity of the paths: each transition from a node l add arcs
(with tail l) to paths which end at node l. Moreover, at every nodes each path is taken
into account by the transitions. A topological order (which induces the order σ) provides
a valid order to examine the nodes.
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Theorem 4. DP solves SLPUC in O(n∆k).

Remark 1. The algorithm becomes polynomial (with complexity O(nmk)) if the cost on
each arc is unitary. It remains polynomial for SLPBc

BFk.

Remark 2. When the flow on the arcs is not unitary, the graph can be transformed by
replacing each arc i → j with a flow f by f arcs i → j with unitary flow. DP is executed
on this new graph with an unchanged complexity in O(n∆k).

Figure 5 shows an example of an execution of the dynamic programming algorithm.
It is assumed that the flows are unitary. The numbers on the arcs are their cost. We
now provide the order σ for this graph:

• (2, (1 → 2)1, (1 → 2)2, (1 → 3)1, (1 → 3)2)

• (3, 2 → 3, (1 → 3)1, (1 → 3)2, 2 → 4)

• (4, 3 → 4, 2 → 4, (3 → 5)1, (3 → 5)2)

• (5, (4 → 5)1, (4 → 5)2, (3 → 5)1, (3 → 5)2)

The optimal is given by the rightmost leaf of the execution tree: Λ = 6. The optimal
path decomposition is built by backtracking from this leaf to the root of the execution
tree:

• P1 : (1 → 2)1 → (4 → 5)2, λP1 = 5

• P2 : (1 → 2)2 → 3 → 5, λP2 = 5

• P3 : (1 → 3)1 → 5, λP3 = 4

• P4 : (1 → 3)2 → (4 → 5)1, λP4 = 6

4.3 A FPTAS for SLPBFk

In this subsection, we still assume that the flow is unitary. We have already remarked

that a simple lower bound is LB =
P

i→j∈A λi→j

k
, i.e. when the costs are fairly dis-

tributed on every path. In the following, we also use a quite large upper bound,
UB =

∑

i→j∈A λi→j .
In order to get a FPTAS, we derive an Algorithm AA from DP. We use the trimming-

the-state-space technique (see for instance [14] or [8]) which consists in thinning out the
state space of the dynamic programming algorithm. The last k variables of a state of
DP range from 0 to ∆. For each of these variables, we decrease their possible values by
dividing ∆ by N where N = ǫLB

n
for ǫ > 0. Henceforth, the possible value of each of
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Figure 5: Execution of the dynamic programming algorithm

these variable range in the list (0, ǫLB
n

, 2ǫLB
n

, . . . ,∆ − ǫLB
n

, ∆). We round the values of
the variable of each state we get by the dynamic programming algorithm to the nearest
value on this list. The number of different values for each variable is then ∆

N
= ∆n

ǫLB ≤ kn
ǫ

and the complexity of AA is therefore in O(kknk+1

ǫk ).
Each transition from a state to another in AA provoke a loss of precision for each of

the k current paths. This loss is at most ǫLB
n

. The overall loss of precision, after the nnth

step, is at most ǫLB for the most expensive path. Let DP∗ and AA∗ be respectively the
values obtained by running the exact algorithm DP and the approximation algorithm
AA. We have therefore:

DP∗ − AA∗ ≤ ǫLB

and hence:
DP∗ − AA∗

DP∗ ≤
DP∗ − AA∗

LB
≤ ǫ

Theorem 5. AA is a FPTAS for SLPUC and its complexity is in O(kknk+1

ǫk ).

Remark 3. As in the previous subsection, the non unitary flow case can be handled by
transforming the graph: each arc i → j with a flow f is replaced by f arcs i → j with
unitary flow. AA is therefore a FPTAS for SLPBFk.
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- NP NP-Hard Polynomial pseudo-polynomial FPTAS

SLPuf ? Strong No No No

SLPBc Yes Strong No No No

SLPBFk Yes Weak No Yes Yes

SLPBc
BFk P - Yes - -

Table 1: Summary

5 Conclusion and perspectives

Table 1 summarizes the main results established in this paper. We have obtained a
FPTAS for SLPBFk, but this algorithm is not efficient for large value of k. Therefore, it
would be interesting to get an approximation algorithm for SLPuf even with a constant
performance ratio. It also of interest to extend the results for non acyclic graph: the
dynamic programming algorithm presented in this paper, is based on a topological order
and may not be generalized for non acyclic graph.
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[2] G. Baier, T. Erlebach, A. Hall, E. Köhler, H. Schilling and M. Skutella (2006).
Length-Bounded Cuts and Flows. Lecture Notes in Computer Science, Springer
4051, 679-690
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