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Abstract
Linear relation is valuable in rule discovery of stocks, such
as ”if stock X goes up 1, stock Y will go down 3”, etc.
The traditional linear regression models the linear relation
of two sequences perfectly. However, if user asks ”please
cluster the stocks in the NASDAQ market into groups
where sequences have strong linear relationship with each
other”, it is prohibitively expensive to compare sequences
one by one. In this paper, we propose a new model named
GRM (Generalized Regression Model) to gracefully handle
the problem of linear sequences clustering. GRM gives a
measure, GR2 , to tell the degree of linearity of multiple
sequences without having to compare each pair of them. Our
experiments on the stocks in the NASDAQ market mined
out many interesting clusters of linear stocks accurately and
eﬃciently using the GRM clustering algorithm.
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is scaling. For example, let X2 = βX1 , where β is a
scaling factor. In some applications, we also need to
consider X2 to be similar to X1 . Obviously, Lp norms
cannot capture these types of similarity. Furthermore,
Lp distance only has relative meaning when used to
measure (dis)similarity. By ”relative”, we mean that
a distance alone between two sequences X1 and X2 ,
e.g., Distance(X1 , X2 ) = 95.5, cannot give us any
information about how (dis)similar X1 and X2 are.
Only when we have another distance to compare, e.g.,
Distance(X1 , X3 ) = 100.5 > 95.5, we can tell that X1 is
more similar to X2 than to X3 . In conclusion, Lp norms
as measure of (dis)similarity have two disadvantages:
• Cannot capture similarity in the case of shifting
and scaling.
• Distance only
(dis)similarity.

has

relative

meaning

of

It is well known that the mean-deviation normalization
can discard the shifting and scaling factors. The meandeviation normalization is deﬁned as N ormal(X) =
(X − mean(X))/std(X) . However, it can not tell what
the shifting and scaling factors are. Those factors are
exactly what we need to mine the linearity of sequences.
A typical application of linearity is the rule discovery of
stocks: cluster the stocks in the NASDAQ market into
groups where sequences have strong linear relationship
1.1 Lp norms [1, 2]. Given two sequences X = with each other.
[x1 , x2 , · · · , xN ] and Y = [y1 , y2 , · · · , yN ], Lp norm is
N
1
deﬁned as Lp(X, Y ) = ( i=1 |xi − yi | p ). When p=2, 1.2 Transforms [3, 21, 22]. Popularly used transit is the most commonly used Euclidean distance. Lp forms in sequences are the Fourier Transform and
norms are straightforward and easy to calculate. But Wavelet Transform. Both transforms can concentrate
in many cases, the distance of two sequences cannot most of the energy to a small region in the frequency
reﬂect the real (dis)similarity between them. A typical domain. With energy concentrated to some a small recase is shifting. For example, suppose sequence X1 = gion, processes can be carried out in this small region in[1, 2, · · · , 10] and X2 = [101, 102, · · · , 110]. X2 is the volving only few coeﬃcients, thus dimension is reduced
result of shifting X1 by 100, i.e., adding 100 to each and time is saved. From this point of view, the transelement of X1 . The Lp distance between X1 and X2 forms are used actually for feature extraction. However,
is large, but actually they should be considered to be after features are extracted, some type of measure is unsimilar in many applications [10, 16, 17]. Another case avoidable. If Lp norm distance is used, it inherits the
disadvantages stated above.
Sequence analysis has attracted a lot of research interests with a wide range of applications. While matching,
sub-matching, indexing, clustering, rule discovery, etc.
are the basic research problems in this ﬁeld [1] - [8],
[23, 24], the core problem is how to deﬁne and measure
similarity. Currently, there are several popular models
used to deﬁne and measure (dis)similarity of two sequences. Let’s classify them into 4 main categories:
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1.3 Time Warping [18, 19, 20]. It deﬁnes the
distance between sequences Xi = [x1 , x2 , · · · , xi ] and
Y j = [y1 , y2 , · · · , yj ] as D(i, j) = |xi − yi | + min{D(i −

1, j), D(i, j − 1), D(i − 1, j − 1)}. This distance can
be solved using dynamic programming. It has a great
advantage that it can tolerate some local non-alignment
of time phrase so that the two sequences do not have to
be of the same length. It is more robust and ﬂexible than
Lp norms. But it is also sensitive to shifting and scaling.
And the warping distance only has relative meaning,
just like the Lp norms.
1.4 Linear relation [10, 16, 17]. Linear transform
is Y = β0 + β1 X. Sequence X is deﬁned to be similar
to Y if we can determine such β0 and β1 so that
Distance(Y, β0 + β1 X) is minimized and this distance
is below a given threshold. Paper [16] solved scaling
factor β1 and shifting oﬀset β0 from a geometrical point
of view. Although Distance(Y, β0 +β1 X) is invariant to
shifting and scaling, the distance still only has relative
meaning.
In this paper, we propose a new model, named
GRM (Generalized Regression Model) to measure the
degree of the linear relation of multiple sequences at
one time. In addition, based on GRM, we develop techniques to cluster massive linear sequences accurately
and eﬃciently.
The organization of this paper is as follows: Section §1 is introduction, section §2 provides a basic background of the traditional regression model. After that,
section §3 describes GRM in detail and §4 shows examples of how to apply GRM to linearity measure and
clustering of multiple sequences. Section §5 evaluates
GRM using real stock prices in the NASDAQ market
and discusses the experimental results. Finally, section
§6 will draw conclusions.
2

Regression Model Background.

Linear regression analysis originated from statistics and
has been widely used in econometrics [27, 28]. Let’s
use an example to introduce the basic idea of linear
regression analysis. For an instance, to test the linear
relation between consumption Y and incoming X, we
can establish the linear model as:
(2.1)

Y = β0 + β1 X + u

The variable u is called the error term. The regression
as (2.1) is termed as ”the regression of Y on X ”.
Given a set of sample data, X = [x1 , x2 , · · · , xN ] and
Y = [y1 , y2 , · · · , yN ], β0 and β1 can be estimated in the
sense of minimum-sum-of-squared-error. That is, we
seek to ﬁnd a line, called regression line, in the Y -X
space, to ﬁt the points (x1 , y1 ), (x2 , y2 ), · · · , (xN , yN ) as
well as
possible. 
We need to determine β0 and β1 such
N
N
that i=1 u2i = i=1 (yi − β0 − β1 xi ) is minimized, as
shown in ﬁg. 1 a). Using ﬁrst order conditions[27, 28],

we can solve β0 and β1 as follows :
β0 = y − β1 x

(2.2)

N
(2.3)

β1 =

i=1 (xi − x)(yi −
N
2
i=1 (xi − x)

y)

N
N
where x = N1 i=1 xi and y = N1 i=1 yi , the average
of sequence Y and X respectively.
After obtaining β0 and β0 , there will be a question:
how do we measure how well the regression line ﬁts these
data? To answer this, the R-squared is deﬁned as:
N 2
u
2
(2.4)
R = 1 − N i=1 i
2
i=1 (yi − y)
From (2.4) we can further derive:
(2.5)

N
[ i=1 (xi − x)(yi − y)]2
R = N
N
2
2
i=1 (xi − x)
i=1 (yi − y)
2

The value of R2 is always between 0 and 1. The closer
the value is to 1, the better the regression line ﬁts the
data points. R2 is the measure for the Goodness-of-Fit
in the traditional regression.
The regression model as (2.1) is called Simple
Regression Model, since it involves only one independent
variable X and one dependent variable Y . We can add
more independent variables to the model as follows:
(2.6) Y = β0 + β1 X1 + β2 X2 + · · · + βK XK + u
This is called Multiple Regression Model. β0 , β1 , · · · , βK
can be estimated similarly using ﬁrst order conditions.
3

Generalized Regression Model.

3.1 Why not the traditional Regression Model.
We observed that the Simple Regression Model is excellent in testing the linear relation of two sequences. R2
is a good measure for linear relation. For an instance,
R2 (X1 , X2 ) = 0.95 is statistically strong evidence that
the two sequences are highly linear related to each other,
thus they are very similar (if we think similarity should
be invariant to shifting and scaling). We do not have to
compare R2 (X1 , X2 ) > R2 (X1 , X3 ) and say X1 is similar to X2 rather than X3 . Therefore, the meaning of
R2 for similarity is not relative, unlike distance-based
measures. Furthermore, according to equation (2.5), we
know that no matter sequence X2 regresses on X1 or
vice versa, the R2 is the same, i.e., R2 is invariant to
the regression order of sequences. This makes it feasible
for R2 to be a measure of similarity.
Fig. 2 shows two pairs of sequences and corresponding R2 values. Sequence X1 and X2 are similar with
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Figure 1: a) In the traditional Simple Regression Model, -500
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sequences Y and X compose a 2-dimensional space.
(x1 , y1 ), (x2 , y2 ), · · · , (xN , yN ) are points in the space.
d) Sequence X3
f) X4 regresses on X3
e) Sequence X4
The regression line is the line that ﬁts these points in the
sense of minimum-sum-of-squared-error. b) In GRM,
Figure 2: Two pairs of sequences. R2 (X1 , X2 ) = 0.91
two sequences also compose a 2-dimensional space. The
and R2 (X3 , X4 ) = 0.31. The values of R2 ﬁt our
error term ui is deﬁned as the vertical distance from the
observation that X1 and X2 are similar, while X3 and
point to the regression line.
X4 are not similar.

R2 (X1 , X2 ) = 0.91, while X3 and X4 are not similar
since R2 (X3 , X4 ) = 0.31. Points in ﬁg. 2 c) are distributed along the regression line, while points in ﬁg. 2
f) are scattered everywhere. When we need to test only
two sequences, the Simple Regression Model is suitable.
However, when more than two sequences are involved
in some applications such as clustering, the Simple Regression Model has to run regression between each pair
of sequences. The performance cannot be eﬃcient. One
might be tempted to think that we can use the Multiple Regression Model. Unfortunately, there exists a
critical problem in the Multiple Regression Model, the
measure. We cannot use R2 in the multiple regression
model to test whether multiple sequences are similar
to each other or not, because it only means the linear
relation between Y and the linear combination of X1 ,
X2 , · · ·, XK . Moreover, R2 in the multiple regression
is sensitive to the order of sequences. If we randomly
choose Xi to substitute Y as dependent variable and let
Y be independent variable, then the regression becomes
Xi = β0 + β1 X1 + · · · + βi Y + · · · + βK XK + u. The R2
here will be diﬀerent from that of (2.6), because they
have diﬀerent meanings.
From a geometrical point of view, equation (2.6)
describes a hyper-plane instead of a line in (K +
1)-dimensional space. To test the similarity among
multiple sequences, we need a line in the space instead
of a hyper-plane.
Generalizing the idea of Simple Regression Model to
multiple sequences, we propose the GRM (Generalized
Regression Model).

3.2 GRM: Generalized Regression Model.
Given K(K ≥ 2) sequences X1 , X2 , · · · , XK and
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Then, we seek to ﬁnd a line in the K-dimensional
space that ﬁts the N points in the sense of minimumsum-of-squared-error.
In the traditional regression, the error term is
deﬁned as:
(3.7)

ui = yi − (β0 + β1 x1i + · · · + βK xKi )

It is the distance between yi and the regression hyperplane in direction of axis Y . This makes sequence
Y unique from any Xi (i = 1, 2, · · · , K). Fig. 1 a)
shows the ui of the traditional regression in the 2dimensional space. In GRM, we deﬁne the error term
ui as the vertical distance from point (x1i , x2i , · · · , xKi )
to the regression line. Please note that there is no Y
here anymore, because no sequence is special among its
community. Fig. 1 b) shows the new deﬁned ui in the
case of two-dimensional space.

§7 Appendix gives the details of how to determine Proof. Two sequences X1 and X2 are linear to each
the regression line in K-dimensional space. Here, we other means:
assume we have found the regression line as follows:
(3.10)
x2i = β0 + β1 x1i (i = 1, 2, · · · , N )
(3.8)

p(1) − x1
p(2) − x2
p(K) − xK
=
= ··· =
e1
e2
eK

where p(i) is the i -th element of point p, [e1 , e2 , · · · , eK ]t
is the eigenvector corresponding to the maximum eigenvalue of the scatter matrix(see §7 Appendix). xj (j =
1, 2, · · · , K) is the average of sequence Xj (through out
the rest of the paper, xj always means the average of
sequence Xj ).
Expression (3.8) means that if any point p in Kdimensional space satisﬁes equation (3.8), it must lie on
the line. All the points that satisfy (3.8) compose a line
in K-dimensional space. This line is the regression line.
For the N points p1 , p2 , · · · , pN , some may lie on the
regression line, some may not. But the sum of squareddistance from pj (j = 1, 2, · · · , N ) to the regression line
is minimized. To guarantee the regression line exists
uniquely, we need following two assumptions:
N
• Assumption 1.
This
i=1 (xji − xj ) = 0.
assumption means no sequence is constant. It
guarantees the scatter matrix has eigenvector.

So, we have:
(3.11)

N

i=1

That is:
(3.12)

x2i = N β0 +

N


x1i

i=1

x2 = β0 + β1 x1

Subtract (3.10) by (3.12), we get:
(3.13)

x2i − x2 = β1 (x1i − x1 )

On the other side, from (3.10) we know σ(X2 ) = σ(β0 +
β1 X1 ) = β1 σ(X1 ), i.e., β1 = σ(X2 )/σ(X1 ). Thus,
1i −x1
2i −x2
= xσ(X
.
∆
(3.13) can be rewritten as xσ(X
1)
2)
Lemma 3.2. K sequences X1 , X2 , · · · , XK are linear to
each other ⇔ K sequences X1 , X2 , · · · , XK have a linear
Ki −xK
1i −x1
2i −x2
= xσ(X
= · · · = xσ(X
(i =
relation as xσ(X
1)
2)
K)
1, 2, · · · , N ), where σ(X) denotes the standard deviation
of sequence X.
Proof. From lemma 3.1, this is obvious.

∆

Applying lemma 3.1 and 3.2, we can obtain the
following theorem:

• Assumption 2. There exists at least two points
pi , pj among the N points such that pi = pj . This Theorem 3.1. K sequences X1 , X2 , · · · , XK are linear
assumption guarantees the N points determine a to each other ⇔ Points p1 , p2 , · · · , pN are all distributed
on a line in K-dimensional space and this line is the
line uniquely.
regression line.
In real applications, it is highly unlikely that a random Proof. From right to left is obvious. Let’s prove from
sequence is constant or all K sequences are exactly the left to right.
same. Therefore, the assumptions will not limit the
According to lemma 3.2, if X1 , X2 , · · · , XK are
applications of GRM.
linear to each other, then this relation can be expressed
Similar to the traditional regression, after determin- as:
x2i − x2
xKi − xK
x1i − x1
ing the regression line, we need a measure for Goodness(3.14)
=
= ··· =
of-Fit. We deﬁne:
σ(X1 )
σ(X2 )
σ(XK )
N 2
Recall that point pi = [x1i , x2i , · · · , xKi ]t . Let pi (k) =
2
i=1 ui
xki , (3.14) can be rewritten as:
(3.9)
GR = 1 − K N
2
j=1
i=1 (xji − xj )
pi (2) − x2
pi (K) − xK
pi (1) − x1
(3.15)
=
= ··· =
σ(X1 )
σ(X2 )
σ(XK )
If GR2 is close to 1, then we know the regression line
Equation(3.15) means point pi (i = 1, · · · , N ) is on the
line. Therefore, we conclude that p1 , p2 , · · · , pN are
distributed on a line in K-dimensional space.
Now we need to show the line must be the regression
line. The N points p1 , p2 , · · · , pN determine the line as
(3.14) and it is unique according to assumption 2. On
Lemma 3.1. Two sequences X1 and X2 are linear to the other hand, our regression line guarantees that the
each other ⇔ Two sequences X1 and X2 have a linear sum of squared-error is minimized. If and only if the
1i −x1
2i −x2
= xσ(X
(i = 1, 2, · · · , N ), where regression line is same as (3.14), the sum of squaredrelation as xσ(X
1)
2)
σ(X) denotes the standard deviation of sequence X.
error is 0 (minimized).
∆

ﬁts the N points very well, which further means the K
sequences have a high degree of linear relationship with
each other.
We need the following two lemmas before we prove
an important theorem of GRM.

Now, let’s derive some properties of GR2 :
1. GR2 = N
i=1

λ
pi −m2

45
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14

and 1 ≥ GR2 ≥ 0.
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2. GR = 1 means the K sequences have exact linear
relationship to each other.
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3. GR2 is invariant to the order of X1 , X2 , · · · , XK ,
i.e., we can arbitrarily change the order of the K
sequences and the value of GR2 does not change.
Figure 3: An example of applying GRM.1 to two
sequences.
Proof. 1. According to §7 Appendix, we have:
(3.16)

N


u2i = −et Se +

i=1

N

i=1

Thus,

pi − m

2

• Organize the given K sequences with length N into
N points p1 , p2 , · · · , pK in K-dimensional space as
shown in §3.2.

N

• Determine the regression
u2
N line. First, calculate
1
1 − K Ni=1 i
the
average
m
=
i=1 pi . Second, calculate
N
2
N
j=1
i=1 (xji − xj )
t
the scatter matrix S =
i=1 (pi − m)(pi − m) .
N 2
u
Then, determine the maximum eigenvalue λ and
= 1 − N i=1 i
2
corresponding eigenvector e of S.
pi − m
i=1
t
e Se
• Calculate GR2 according to property 1 of GR2 .
= N
(recall (3.16))
2
p
−
m
i
i=1
• Draw conclusion. Suppose we only accept linearity
et λe
= N
with conﬁdence no less than C (say, C = 85%). If
pi − m 2
i=1
GR2 ≥ C, we can conclude that the K sequences
λ
are linear to each other with conﬁdence GR2 and
= N
(recall that e 2 = 1)
2
the linear relation is as (3.8).
pi − m
i=1

N 2
N
From (3.16), we know i=1 ui = −et Se + i=1
4.1 Apply GRM.1 to two sequences: an exam2
pi − m ≥ 0, therefore:
ple.
Suppose we want to test two sequences X1 and X2
N

2
t
and
(3.17)
pi − m ≥ e Se = λ ≥ 0
GR

2

=

i=1

X1 = [ 0, 3, 7, 10, 6, 5, 10, 14, 13, 17];
so we conclude 1 ≥ GR2 ≥ 0.
N
X2 = [11, 17, 25, 30, 24, 22, 25, 34, 39, 45],
2. If GR2 = 1, then i=1 u2i = 0, which means the
regression line ﬁts the N points perfectly. Thereas shown in ﬁg. 3 a) and b) respectively. Let’s apply
fore, according to theorem 3.1, the K sequences
GRM.1 step by step.
have exact linear relationship to each other.
First, organize the two sequences into 10 points: (0,
3. This is obvious.
∆ 11), (3, 17), (7, 25), (10, 30), (6, 24), (5, 22), (10, 25),
(14, 34), (13, 39), (17, 45). If we draw the 10 points in
Because GR2 has above important properties, we deﬁne the X1 -X2 space, their distribution is as shown in ﬁg. 3
GR2 as the degree of linear relation and the similarity c).
measure in the sense of linear relation.
Second,
Ndetermine the regression line. Average
m = N1 i=1 pi = [8.5, 27.2]t . Maximum eigen4 Applications of GRM.
value λ = 1161.9 and corresponding eigenvector e =
The procedure of applying GRM to measure the linear [0.4553, 0.8904]t .
Third, calculate GR2 = 0.9896. Since GR2 is as
relation of multiple sequences is described by algorithm
high as 98.96%, we can conclude that X1 is highly linear
GRM.1.
GRM.1: Testing linearity of multiple se- related to X 2 . In addition, we ﬁnd their linear relation
1 −8.5
1 −27.2
= X0.8904
.
is X0.4553
quences
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σ(X1 )
2)
K)
= σ(X
= · · · = σ(X
e1
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eK .
σ(X
)
i)
≈ ej j is a strong hint that
To infer reversely, σ(X
ei
σ(X )
i)
diﬀers greatly from ej j
they may be linear; if σ(X
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standard deviations, i.e.,
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Figure 4: Three sequences with low similarity.
If we observe ﬁg. 3 a) and b), we can see they are
really similar (linear) to each other. So the conclusion
based on GR2 makes sense.
4.2 Apply GRM.1 to multiple sequences: an
example.
GRM is intended to test whether multiple sequences
are linear to each other or not. Let’s give an example
for testing 3 sequences at a time.
Suppose we have three sequences:
X1 = [6, 9, 13, 16, 12, 11, 16, 20, 19, 23];
X2 = [8, 13, 13, 17, 13, 18, 16, 13, 17, 19];
X3 = [5, 9, 12, 14, 17, 18, 17, 15, 13, 13].

, they can not be linear. This is very valuable for
i)
the feature value of sequence
clustering. We call σ(X
ei
Xi .
Based on this, we derive an algorithm for clustering
massive sequences. Given a set of sequences S = {Xi |
i = 1, 2, · · · , K}, algorithm GRM.2 works as follows.
Algorithm GRM.2: Clustering of massive
sequences
• Apply Algorithm GRM.1 to test whether the given
sequences are linear to each other or not. If yes, all
the sequences can go into one cluster and we can
stop, otherwise, go to next step.
• After GRM.1, we have eigenvector [e1 , e2 , · · · , eK ]t .
Create a feature value sequence F
=
σ(XK )
1 ) σ(X2 )
,
,
·
·
·
,
)
and
sort
it
in
increasing
( σ(X
e1
e2
eK
order. After sorting, suppose F = (f1 , f2 , · · · , fK ).
• Start from the ﬁrst feature value f1 in F . Suppose
the corresponding sequence is Xi . We only check
the linearity of Xi with the sequences whose feature
values in F are close to f1 . Here ”close” means
fj /f1 ≤ ξ (According to our experience, ξ = is
enough). We collect those sequences which have
linearity with Xi with conﬁdence ≥ C into cluster
CM1 . Delete all the sequences in this cluster from
set S, then repeat the similar procedure to obtain
next cluster until S becomes empty.

They are shown in ﬁg. 4 a), b) and c) respectively.
Following the same procedure, we can calculate GR2 =
0.7301. This conﬁdence is not much high, thus we can
conclude that some sequences are not very linear to
others. If we observe the three sequences in ﬁg. 4,
The most time-consuming part in GRM.1 and
we can see that none of the three sequences are linear
2
GRM.2
is to calculate the maximum eigenvalue and corto one other. This example demonstrates that GR is
responding
eigenvector of scatter matrix S. Fast algoa good measure again. Actually, we have tested many
2
rithm
[25]
can
do so with high eﬃciency.
sequences and found GR as linearity measure agrees
with our subjective observation.
5 Experiments.
4.3 Apply GRM to clustering of massive se- Our experiments focus on two aspects: 1) Is the GR2
really a good measure for linearity? If two or multiple
quences.
When hundreds or thousands of random sequences sequences have high degree of linearity with each other,
are tested by algorithm GRM.1, one can foresee that will GR2 really be close to 1 or vice versa? 2) Can
GR2 cannot be close to 1 before really calculating it, GRM.2 be used to mine linear stocks in the NASDAQ
because hundreds or thousands of random sequences are market? What is the accuracy and performance of
highly unlikely to be linear to each other. If we know GRM.2 in clustering sequences?
the result before carrying out the test, what is the use of
For the ﬁrst concern, we need to test algorithm
GRM.1 in testing massive sequences? Fortunately, we GRM.1. We generated 5000 random sequences of
can make use of algorithm GRM.1 to obtain heuristic real number for experiments. Each sequence X =
information for clustering sequences.
[x1 , x2 , · · · , xN ] is a random walk: xt+1 = xt + zt , t =
From theorem 3.1, lemma 3.2 and the formula 1, 2, · · · , where zt is an independent, identically disof the regression line as (3.8), we know that if the tributed (IID) random variable. Our experiments conmultiple sequences have linear relationship to each ducted on these sequences show that GR2 is a good meaother, then the eigenvector is directly related to the sure for linearity. Generally speaking, if GR2 ≥ 0.90,
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Accuracy

the sequences are very linear to each other; if 0.80 ≤
GR2 ≤ 9.0, the sequences have high degree of linearity,
while GR2 < 0.80 means the linearity is low.
For the second concern, we need to test GRM.2.
Experiments were conducted on the real stocks in the
NASDAQ market. We will discuss our results in more
detail here.
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Experiments setup.
We downloaded all the NASDAQ stock prices from
yahoo website ( http://table.ﬁnance.yahoo.com/) starting from 05-08-2001 and ending at 05-08-2003. It has
over 4000 stocks. We used the daily closing prices of
each stock as sequences. These sequences are not of
the same length for various reasons, such as cash dividend, stock split, etc. We made each sequence length
365 by truncating long sequences and removing short
sequences. Finally, we have 3140 sequences all with the
same length 365. The 365 daily closing prices start from
05-08-2001, ending at some date (not necessarily at 0508-2003, since there are no prices in weekends).
Our task is to mine out clusters of stocks with
similar trends. To solve this problem, there are two
choices basically. The ﬁrst is GRM.2 and the second is
to use the Simple Regression Model and brute-forcedly
calculate linearity of each pair. For convenience, we
name this method BFR (Brute-Force R2 ). As we
discussed in §2, the Simple Regression Model can also
compare two sequences without worrying about scaling
and shifting, because R2 is invariable to both scaling
and shifting. Intuitively, BFR is more accurate but
slower, while GRM.2 is faster at the compensation of
some loss of accuracy. Our experiments will compare
the accuracy and performance of BFR and GRM.2. We
do not have to compare GRM.2 with other methods in
the ﬁeld of sequence analysis, such as [16] - [20], because
no method so far can test multiple sequences at a time
and most of them are sensitive to scaling and shifting,
to the best of our knowledge.
In experiments, we require the conﬁdence of linearity of sequences in the same cluster to be no less than
85%. Recall that the linearity of is deﬁned by GR2 in
GRM and R2 in the Simple Regression Model.
Given a set of sequences S = {Xi | i = 1, 2, · · · , K},
BFR works as follows:
1) Take an arbitrary sequence out from S, say Xi .
Find all sequences from S which has R2 ≥ 85% with Xi .
Collect them into a temporary set. Do post-selection
to make sure all sequences have conﬁdence of linearity
≥ 85% with each other by deleting some sequences from
the set if necessary.
2) Save this temporary set as a cluster and delete
all sequences in this set from S.
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5.1

Figure 5: a) Relative accuracy of GRM.2 when the
number of sequences varies. b) Relative accuracy of
GRM.2 when the length of sequences varies.
3) Repeat 1) until S become empty.
After we ﬁnd clusters CM1 , CM2 , · · · , CMl using
GRM.2 and clusters CR1 , CR2 , · · · , CRh using BFR, we
can calculate the accuracy of GRM.2. The accuracy of
the BFR is considered as 1 since it is brute-force. We
calculate the relative accuracy of GRM.2 as follows.

maxj (Sim(CMi , CRj ))]/l,
Accuracy(CM, CR) = [
i
|CM ∩CR |

where Sim(CMi , CRj ) = 2 |CMii|+|CRjj | .
Our programs were written using MATLAB 6.0.
Experiments were carried out in a PC with 800MHz
CPU and 384MB of RAM.
5.2

Experimental results.
Fig. 5 a) shows the accuracy of GRM.2 relative
to BFR while the number of sequences varies when the
length of sequence is ﬁxed at 365. The accuracy remains
at above 0.99 (99%) when the number of sequences
increases to over 3000. Fig. 5 b) shows that the relative
accuracy of GRM.2 stays above 0.99 when the length of
sequences varies with the number of sequences ﬁxed at
2000.
Fig. 6 a) and b) show the running time of GRM.2
and BFR. We can see that GRM.2 is much faster than
BFR, no matter when the number of sequences varies
while holding the length ﬁxed or vice versa. The faster
speed is at the compensation of less than 1% accuracy
of clustering. Note that any clustering algorithm cannot
be 100% correct because the classiﬁcation of some
points are ambiguous. From this point of view, we can
conclude that GRM.2 is better than BFR.
Fig. 7 shows a cluster of stocks we found out using GRM.2. The stocks of four companies, A (Agile Software Corporation), M (Microsoft Corporation),
P (Parametric Technology Corporation) and T (TMP
Worldwide Inc.), are of very similar trends. In addition
to the clustering, we found they have following approxM −29.36
−6.37
= P0.0115
=
imate linear relation: A−10.96
0.0138 =
0.0140
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Figure 6: Performance comparison between GRM.2 and
BFR. a) Running time comparison when the number of
sequences varies. b) Running time comparison when the
length of sequences varies.
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a new measure for linearity of multiple sequences. The
meaning of GR2 for linearity is not relative. Based on
GR2 , algorithm GRM.1 can test the linearity of multiple
sequences at a time and GRM.2 can cluster massive
sequences with high accuracy as well as high eﬃciency.
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Figure 7: A cluster of stocks mined out by GRM.2.
7

Appendix

Determine the Regression Line in K-dimensional
space
From the stocks shown in ﬁg. 7, we can see that A,
Suppose p1 , p2 , · · · , pN are the N points in KM and P ﬁt each other very well with some shifting.
dimensional space. First we can assume the regression
T ﬁts others with both scaling and shifting. Above
line is l, which can be expressed as:
relation is consistent with this our observation, since
0.0138, 0.014, 0.0115 is close to each other, which means (7.18)
l = m + ae,
the scaling factor between each pair of M, P and T is
close to 1, while 0.0563 is about 4 times of 0.014, which where m is a point in the K-dimensiona space, a is an
means the scaling factor between T and M is about 4. arbitrary scalar, and e is a unit vector in the direction
Fig. 8 shows the regression of Microsoft stock on Agile of l.
When we project points p1 , p2 , · · · , pN to line l, we
Software stock. The distribution of the points in the
2-dimensional space conﬁrms that the two stocks have have point m+ai e corresponds to pi (i = 1, · · · , N ). The
squared error for point pi is:
strong linear relation.
Actually, we found many interesting clusters of
u2i = (m + ai e) − pi 2
(7.19)
stocks. In each cluster, every stock has similar trend to
one another. Due to space limitation, we cannot show Thus, the sum of all the squared-error is to be:
all of them here. The results of clustering are valuable
N
N


for stocks buyers and sellers.
u2i =
(m + ai e) − pi 2
T −33.62
0.0563

6

Conclusion.

We propose GRM by generalizing the traditional Simple
Regression Model. GRM gives a measure GR2 , which is

i=1

i=1

=

N

i=1

ai e − (pi − m)

2

N


N


N


Since S generally has more than one eigenvectors, we
should select the eigenvector e which corresponds to the
i=1
i=1
i=1
largest eigenvalue λ.
N
N
N



N Finally, we2 need m to complete the solution.
=
a2i − 2
ai et (pi − m) +
pi − m 2
pi − m
should be minimized since it is always
i=1
i=1
i=1
i=1
non-negative. To minimize it, m must be the average of
p1 , p2 , · · · , pN . It is not diﬃcult to prove this. Readers
Since e is unit vector, e 2 = 1.
are
referred to [26] for proof.
In GRM, the 
sum of squared error must be miniN
With m as the average of the N points and e from
2
mized. Note that i=1 ui is a function of m, ai and e.
(7.23),
the regression line l is determined. The line in
Partially diﬀerentiating it with respect to ai and setting
form
of
(7.18) is not easy to understand. Let’s write
the derivative to be zero, we can obtain:
it in an easier way. Suppose e = [e1 , e2 , · · · , eK ]t and
1
=
m = [x1 , x2 , · · · , xK ]t , l can be expressed as: p(1)−x
ai = et (pi − m)
(7.20)
e1
=

a2i

e

2

−2

ai et (pi − m) +

pi − m

2

Now,
should determine vector e to minimize
N we
2
u
.
Substituting
(7.20) to it, we have:
i=1 i
N


u2i

i=1

=

N


a2i

−2

N


i=1

= −

N


a2i +

i=1

= −

ai ai +

i=1

N


N


= −

pi − m

2

pi − m

2

2

pi − m

i=1

i=1
N


N

i=1

t

t

[e (pi − m)(pi − m) e] +

i=1

N


pi − m

i=1

= −et Se +

N


pi − m

2

,

i=1

N
t
where S =
i=1 (pi − m)(pi − m) , called scatter
matrix [26].
Obviously, the vector e that minimizes above equation also maximizes et Se. We can use Lagrange multipliers to maximize et Se subject to the constraint
e 2 = 1. Let:
(7.21)

µ = et Se − λ(et e − 1)

Diﬀerentiating µ with respect to e, we have:
(7.22)

∂µ
= 2Se − 2λe
∂e

Therefore, to maximize et Se, e must be the eigenvector
of the scatter matrix S:
(7.23)

Se = λe

Furthermore, note that:
(7.24)

et Se = λet e = λ

= ··· =
of point p.

p(K)−xK
,
eK

where p(i) is the i -th element
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