
Light diffusion in a turbid cylinder. II.
Layered case
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Abstract: This paper is the second of two dealing with light diffusion
in a turbid cylinder. The diffusion equation was solved for an N-layered
finite cylinder. Solutions are given in the steady-state, frequency, and time
domains for a point beam incident at an arbitrary position of the first layer
and for a circular flat beam incident at the middle of the cylinder top. For
special cases the solutions were compared to other solutions of the diffusion
equation showing excellent agreement. In addition, the derived solutions
were validated by comparison with Monte Carlo simulations. In the time
domain we also derived a fast solution (≈ 10ms) for the case of equal
reduced scattering coefficients and refractive indices in all layers.
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1. Introduction

In the accompanying paper we described the light diffusion in a homogeneous cylindrical turbid
medium [1]. In this study we present solutions of the diffusion equation for cylindrical turbid
media having an arbitrary number of layers.

The light propagation in layered turbid media has been investigated for therapeutical or di-
agnostic applications because many parts of the body exhibit a layered structure, e.g. the arm,
the leg, or the head. The transport theory and an approximation of it, the diffusion theory, have
been normally applied to obtain quantitative data [2]. The advantage of the diffusion equation
is that it can be solved analytically for layered geometries yielding fast and accurate solutions
compared to the normally applied numerical solutions.

For laterally infinitely extended turbid media Dayan et al. presented approximative solutions
of the two-layered diffusion equation [3]. We derived exact solutions of the two-layered dif-
fusion equation in the steady-state, frequency, and time domains using the Fourier transform
formalism [4, 5, 6]. This approach was, recently, extended by us and others for an infinite num-
ber of layers [8, 7, 9, 10], whereas the diffusion equation for a finite number of layers was
investigated also by several other groups [11, 12, 13, 14, 15, 16].

A solution of the layered diffusion equation for a cylindrical geometry has been presented
by Martelli et al. for the case of two and three layers [17, 18, 19]. They used the eigenfunction
method together with the separation of variables to derive solutions in the time domain.

In this study we present solutions of the diffusion equation for an N-layered cylinder. The
solutions are given in the steady-state, frequency, and time domains. For equal reduced scatte-
ring coefficients and refractive indices in all layers we also derived a simplified solution in the
time domain. For special cases, for which solutions of the diffusion equation are described in
literature, we compared these solutions to those derived in this study. In addition, we validated
the derived solutions with Monte Carlo simulations.

Besides in vivo applications the derived solutions can be used especially for experiments
on layered phantoms, because they often have a cylindrical geometry. Thus, the phantoms’
volume does not have to be so large that the assumption of a semi-infinite geometry is valid.
In addition, the obtained solutions can be easily transferred to solutions of the heat conduction
equation, where multi-layered cylindrical geometries are often encountered.

2. Theory

2.1. Diffusion Theory

Solutions of the diffusion theory for an N-layered cylinder are, first, derived in the frequency
domain, which include for the special case of zero modulation frequency the solutions in the
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steady-state domain. Then, solutions in the time domain are presented. The solutions are derived
for a point beam incident onto an arbitrary location of the first layer. Thus, the beam can be
directed onto the cylinder top as well as onto the cylinder barrel of the first layer. Additionally,
we give the solutions for a circular flat beam incident onto the middle of the cylinder top.

Fig. 1 shows a scheme of the considered N-layered cylinder. The thickness, the refractive
index, the reduced scattering and absorption coefficients of layer k are denoted by lk, nk, μ ′

sk,
and μak, respectively. The radius of the cylinder is indicated with a. As usual, it is assumed that
the incident beam can be represented by an isotropic source at a distance of 1/(μ ′

s1 + μa1) from
the location of incidence at the boundary of the cylinder. The point source is located in the first
layer of the cylinder.

x

y

z

a

1l

2l

Nl

),,( 0000 zr

µa1, µ's1, n1

µa2, µ's2, n2

µaN, µ'sN, nN

Fig. 1. Scheme of the N-layered cylinder used in the calculations. In the figure the beam is
incident onto the cylinder top, but it can also be incident onto the cylinder barrel of the first
layer.

As in the accompanying paper the extrapolated boundary condition is used for the top, bot-
tom, and barrel boundaries [1]. The extrapolation length is calculated with

zbk =
1+Reff ,k

1−Reff ,k
2Dk , (1)

where Reff ,k is the angle-averaged probability for reflection at the boundary between layer k
and the surrounding medium and Dk = 1/(3μ ′

sk) is the diffusion coefficient of layer k. For the
boundary at the top and the bottom of the cylinder k equals 1 and N, respectively. For the
boundary at the cylinder barrel k is assumed to be the layer at which the remitted or transmitted
light is calculated, because it is more involved to solve the diffusion equation for N layers using
a different boundary lengths at the cylinder barrel for each layer.

2.1.1. Solution in the frequency domain

The diffusion equation in the frequency domain is given by

ΔΦ(�r,ω)−
(μa

D
+ i

ω
Dc

)
Φ(�r,ω) = − 1

D
S(�r,ω) , (2)

where Φ, c, and ω denote the fluence rate, the speed of light, and the angular frequency of
the intensity modulated light, respectively. The source function for a point source in cylindri-
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cal coordinates is S(�r,ω) = 1
ρ δ (ρ − ρ0)δ (φ − φ0)δ (z− z0). Eq. 2 can be rewritten by using

cylindrical coordinates as follows:

∂ 2

∂ρ2 Φ+
1
ρ

∂
∂ρ

Φ+
1

ρ2

∂ 2

∂φ 2 Φ+
∂ 2

∂ z2 Φ−
(μa

D
+ i

ω
Dc

)
Φ =− 1

Dρ
δ (ρ −ρ0)δ (φ −φ0)δ (z−z0) .

(3)
In the accompanying paper [1] we presented an integral transform, which can be used to sim-
plify Eq. 3 to an ordinary differential equation. Due to the extrapolated boundary condition this
transform is used in the following form

Φ(sn,φ ,m) =
2π∫

0

a′∫

0

ρ Φ(ρ,φ ′)Jm(snρ)cos(m(φ −φ ′))dρdφ ′ , (4)

where sn are determined from the following equation

Jm(a′sn) = 0, n = 1,2, ... , (5)

a′ = a+ zbk, and Jm is the first kind Bessel function of order m. By applying Eq. 4 to Eq. 3 the
resulting ordinary differential equation for Φ = Φ(sn,φ ,m,z,ω) is

∂ 2

∂ z2 Φ−
(μa

D
+ s2

n + i
ω
Dc

)
Φ = − 1

D
Jm(snρ0)cos(m(φ −φ0))δ (z− z0) . (6)

The solution of Eq. 6 is obtained by solving

∂ 2

∂ z2 G(sn,z,ω)−α2
k G(sn,z,ω) = − 1

D
δ (z− z0) , (7)

where α =
√

μa/D+ s2
n + iω/Dc, and by using

Φ(sn,φ ,m,z,ω) = G(sn,z,ω)Jm(snρ0)cos(m(φ −φ0)) . (8)

For the first layer the solution of Eq. 7 is composed of the homogeneous and particular part, for
the other layers only by the homogeneous part. For deriving the particular solution of the first

layer G(p)
1 (sn,z,ω) we use the Fourier transform to find the one-dimensional Green’s function

for an unbounded region in z-direction. By applying

G(p)
1 (sn,k,ω) =

∞∫

−∞

G(p)
1 (sn,z,ω)e−ikzdz (9)

to Eq. 7 we get the Green’s function in the Fourier-space as

G(p)
1 (sn,k,ω) =

1
D1

1

k2 +α2
1

e−ikz0 . (10)

The inverse Fourier transform

G(p)
1 (sn,z,ω) =

1
2π

∞∫

−∞

G(p)
1 (sn,k,ω)eikzdk (11)

is used to obtain the particular solution of Eq. 7 for k = 1

G(p)
1 (sn,z,ω) =

e−α1|z−z0|

2D1α1
. (12)
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Thus, the complete solution of Eq. 7 is

G1(sn,z,ω) = A1eα1z +B1e−α1z +
e−α1|z−z0|

2D1α1
, k = 1

Gk(sn,z,ω) = Ake
αkz +Bke

−αkz, k = 2, ...,N . (13)

The constant coefficients Ak und Bk are determined by using the following boundary conditions
in z-direction

G1(sn,z = −zb1,ω) = 0

n2
k+1Gk(sn,z = Lk,ω) = n2

kGk+1(sn,z = Lk,ω)
Dk∂Gk(sn,z = Lk,ω)/∂ z = Dk+1∂Gk+1(sn,z = Lk,ω)/∂ z

GN(snN ,z = LN + zbN ,ω) = 0 , (14)

where Lk =
k
∑

i=1
li, k = 1, ..,N . The solution for the fluence rate in the first layer (0 ≤ z < l1) is

given by

G1(sn,z,ω) =
e−α1|z−z0| − e−α1(z+z0+2zb1)

2D1α1
+

sinh [α1(z0 + zb1)]sinh [α1(z+ zb1)]
D1α1eα1(l1+zb1)

× D1α1n2
1β3 −D2α2n2

2γ3

D1α1n2
1β3 cosh[α1(l1 + zb1)]+D2α2n2

2γ3 sinh[α1(l1 + zb1)]
(15)

and for the fluence rate in the Nth layer (LN−1 ≤ z < LN) by

GN(sn,z,ω) =
n2

N

N−1
∏
i=2

(Diαin2
i )sinh[α1(z0 + zb1)]sinh[αN(LN + zbN − z)]

D1α1n2
1β3 cosh[α1(l1 + zb1)]+D2α2n2

2γ3 sinh[α1(l1 + zb1)]
. (16)

In general, the quantities β3 and γ3 are obtained by recurrence relations. The start values are

βN = DN−1αN−1n2
N−1 cosh(αN−1lN−1)sinh[αN(lN + zb2)]

+DNαNn2
N sinh(αN−1lN−1)cosh[αN(lN + zb2)]

γN = DN−1αN−1n2
N−1 sinh(αN−1lN−1)sinh[αN(lN + zb2)]

+DNαNn2
N cosh(αN−1lN−1)cosh[αN(lN + zb2)] (17)

and the recurrence relations are given by

βk−1 = Dk−2αk−2n2
k−2 cosh(αk−2lk−2)βk +Dk−1αk−1n2

k−1 sinh(αk−2lk−2)γk

γk−1 = Dk−2αk−2n2
k−2 sinh(αk−2lk−2)βk +Dk−1αk−1n2

k−1 cosh(αk−2lk−2)γk . (18)

For a two-layered cylinder (N=2) Eqs. 17 and 18 are not needed, instead β3 = sinh[α2(l2 +zb2)]
und γ3 = cosh[α2(l2 + zb2)] have to be applied. For a three-layered cylinder (N = 3) only Eq. 17
is required. We note that we derived the above presented solutions already for the case of a
laterally infinitely extended medium [9], but now they are presented in a different way, so that
no approximations are needed anymore for avoiding numerical errors as was necessary for
the previous solutions. Thus, we recommend to use Eqs. 15-18 also for the laterally infinitely
extended medium. The inverse relation of Eq. 4 is given by [1]

Φ(ρ,φ) =
1

πa′2
∞

∑
m=−∞

(2−δm,0)
∞

∑
n=1

Φ(sn,φ ,m)Jm(snρ)J−2
m+1(a

′sn) . (19)
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Finally, the solution of Eq. 3 in the frequency domain for layer k is obtained using Eq. 8 and
the following recurrence relation

Jm+1(a′sn) =
2m
a′sn

Jm(a′sn)− Jm−1(a′sn) = −Jm−1(a′sn) (20)

as

Φk(�r,ω) =
1

πa′2
∞

∑
m=−∞

cos(mϕ)
∞

∑
n=1

Gk(sn,z,ω)Jm(snρ0)Jm(snρ)J−2
m+1(a

′sn) k = 1,2...N .

(21)
For a point source that is incident onto the center of the cylinder top Eq. 21 is simplified to

Φk(�r,ω) =
1

πa′2
∞

∑
n=1

Gk(sn,z,ω)J0(snρ)J−2
1 (a′sn) . (22)

For the derivation of the solutions of the N-layered diffusion equation for a circular flat beam
with radius ρw incident onto the middle of the cylinder top we refer to the accompanying paper
[1] where we gave the corresponding solution for a homogeneous cylinder. Accordingly, the
solution of an N-layered cylinder is

Φk(�r,ω) =
2

πa′2ρw

∞

∑
n=1

Gk(sn,z,ω)
J0(snρ)J1(snρw)

snJ2
1 (sna′)

. (23)

We note that the solutions in the steady-state domain can be easily obtained from the above
presented solutions in the frequency domain by setting ω = 0.

2.1.2. Solution in the time domain

In order to obtain the solutions of the diffusion equation in the time domain
(

1
c

∂
∂ t

+ μa −DΔ
)

Φ(�r, t) = S (�r, t) , (24)

we use the inverse Fourier transform

Φ(�r, t) =
1

2π

∞∫

−∞

Φ(�r,ω)eiωtdω . (25)

Thus, we can apply the solutions derived in the frequency domain to obtain the solutions in
the time domain. For example, for a point source incident at an arbitrary position onto the first
layer of the N-layered cylinder we obtain by inserting Eq. 21 into Eq. 25

Φk(�r, t) =
1

2π2a′2
∞

∑
m=−∞

cos(mϕ)
∞

∑
n=1

∞∫

−∞

Gk(sn,z,ω)eiωtdωJm(snρ0)Jm(snρ)J−2
m+1(a

′sn) . (26)

The inverse Fourier integral is calculated by using the inverse discrete Fourier transform. For
equal reduced scattering coefficients and refractive indices in all N layers faster solutions can
be derived in the time domain. For this case, the complex numbers αk in the frequency domain
have the form

αk =
√

s2
n +

μak

D
+ i

ω
Dc

=

√
μakc+Dcs2

n + iω√
Dc

. (27)
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The definition of the Laplace transform with the complex frequency s = σ + iω is

X(σ + iω) =
∞∫

−∞

x(t)e−(σ+iω)tdt, ROC: Re{s} > −σ , (28)

where ROC is the region of convergence. By choosing σ = μakc+Dcs2
n one obtains

X(μakc+Dcs2
n + iω) =

∞∫

−∞

x(t)e−(μakc+Dcs2
n+iω)tdt =

∞∫

−∞

x(t)e−Dcs2
nte−(μakc+iω)tdt . (29)

Now it can be seen that Eq. 29 describes the Laplace transform of the function x(t)e−Dcs2
nt . The

region of convergence for this case is Re{s} > −μakc. The imaginary axis is within the region
of convergence, so that we can calculate the inverse transform of X(μac+ iω) by means of the
Fourier transform, in particular the FFT algorithm. For this special case we obtain the solution
as

Φk(�r, t) =
1

2π2a′2

∞∫

−∞

Gk(z,ω)eiωtdω
∞

∑
m=−∞

cos(mϕ)
∞

∑
n=1

e−Dcs2
ntJm(snρ0)Jm(snρ)J−2

m+1(sna′) .

(30)
Finally, we give the results for a point source incident onto the center of the cylinder top

Φk(�r, t) =
1

2π2a′2

∞∫

−∞

Gk(z,ω)eiωtdω
∞

∑
n=1

e−Dcs2
ntJ0(snρ)J−2

1 (sna′) . (31)

We note that the solutions for equal reduced scattering coefficients and refractive indices in
each layer can be quickly evaluated (≈ 10ms) using the above equations.

The derived solutions of the diffusion equation give the fluence rate in the steady-state, fre-
quency, and time domains. In order to compare this to Monte Carlo simulations or experiments
the reflectance and the transmittance have to be calculated. For the reflectance in the steady-
state domain the fluence rate and its derivative in z-direction (flux-term) are used, whereas for
all other solutions only the flux term is applied [9, 10, 1].

2.2. Monte Carlo simulations

Monte Carlo simulations are used for the validation of the derived solutions. The basics of our
Monte Carlo program were described in the accompanying paper [1] for the calculation of the
light propagation in a homogeneous cylinder. For the simulations of the layered cylinder we,
additionally, consider the different optical properties of the involved layers using, e.g., Fresnel
equations at the boundaries. 107 photons were used in Monte Carlo simulations.

3. Results

The derived solutions of the diffusion equation for an N-layered cylinder are first compared
to other available solutions of the diffusion equation that are valid for special cases. Then, the
derived solutions are verified against results obtained by Monte Carlo simulations.

3.1. Comparison with other solutions of the diffusion theory

In literature so far a solution of the layered cylinder was derived for two and three layers
[17, 18]. In Fig. 2 this solution is compared to Eq. 26 for the time resolved reflectance from
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Fig. 2. Comparison of the reflectance from a two-layered cylinder with radius a = 22mm
calculated with Eq. 26 and by the eigenvalue method [17, 18] (solid curves). The parameters
are μ ′

s1 = 1.1mm−1, μa1 = 0.02mm−1, μ ′
s2 = 1.3mm−1, μa2 = 0.008mm−1, l1 = 7mm,

l2 = 8mm, n1 = 1.4, and n2 = 1.4. For the non-scattering surrounding the refractive index
is 1.0. The distance between the incident beam and detection is ρ = 17mm. The dashed
curve shows the reflectance for a laterally infinitely extended medium.

a finite two-layered cylinder (solid curve). A point source is incident perpendicular onto the
center of the cylinder top and the reflectance is calculated at a distance of ρ = 17mm.

The disagreement between the time resolved reflectance from the two-layered cylinder calcu-
lated with the two different methods is very small, so that we also plot the relative differences,
see Fig. 3. These differences are in the range of 10−5 and can normally be neglected for appli-
cations in the field of biophotonics. If necessary, they can be decreased by putting more effort
into the numerical evaluation.

For comparison, also the reflectance from a laterally infinitely extended two-layered turbid
medium having the same optical properties as the cylinder is shown in Fig. 2 (dashed curve).
As expected, for small times the relative difference is small, whereas for larger times the differ-
ences increase due to the fact that the photons remitted at larger times have experienced larger
volumes of the turbid media and, thus, have explored the differences of the two considered
geometries.

In order to validate the derived solutions for an arbitrary number of layers solutions for
different geometries have to be used, because no other solutions for an N-layered cylinder
are known so far. Thus, we used the derived solutions of the N-layered turbid cylinder for an
infinite large radius (a → ∞) and compared it to solutions derived for N-layered turbid media
that are laterally infinitely extended [9, 10]. Fig. 4 shows the time resolved transmittance from
a 7-layered turbid medium at three different detector distances from the middle of the cylinder
bottom (ρ = 50,60,70mm). The point source is incident at the center of the cylinder top. The
optical properties and thicknesses of the seven layers used for the calculations shown in Fig. 4
are listed in Table 1.

Tab. 1: Reduced scattering and absorption coefficients, refractive index, and thickness of the
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Fig. 3. Relative difference (|Martelli et al. - Eq. 26|/Martelli et al.) of the time resolved
reflectance calculated with the two methods for the cylinder shown in Fig. 2.
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Fig. 4. Comparison of the time resolved transmittance from a finite 7-layered turbid
medium. The distances between the center of the cylinder bottom and the detection po-
sitions are ρ = 50mm (black curve), ρ = 60mm (green curve) and ρ = 70mm (red curve).
The radius of the cylinder is a = 150mm.
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7-layered turbid medium.
layer μ ′

s [mm−1] μa [mm−1] n l1 [mm]
1 1.2 0.01 1.4 3
2 1.1 0.03 1.3 2
3 1.3 0.02 1.5 2
4 1.6 0.015 1.6 2
5 1.5 0.008 1.1 2
6 1.4 0.035 1.7 2
7 1.7 0.025 1.4 3

The agreement between the two solutions for all three distances is again excellent. Fig. 5
shows also the relative difference of the two solutions.
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Fig. 5. Relative difference of the two solutions (|cylinder - laterally infinite|/cylinder)
shown in Fig. 4.

For the most time values the relative differences are in the range of 10−10 and 10−8. Finally,
we compare the derived solutions of the two-layered diffusion equation using the same optical
properties in both layers to the solution of a homogeneous cylinder [1]. The point source is
incident at the center of the cylinder and time resolved transmittance from the cylinder barrel
at a depth of z = 7mm is calculated, see Fig. 6. The results are given for two radii of the
cylinder (a = 18mm (red curve), a = 40mm (green curve)). As in the other comparisons the
relative difference between the curves calculated with the two models depend on the absolute
reflectance data. In general, the larger the reflectance the smaller the relative differences.

The agreement is very good so that we also show the relative difference, see Fig. 7. The red
curve shows the differences for a = 18mm and the green curve those for a = 40mm.

For comparison purpose the transmittance data obtained by a homogeneous parallelepiped
model [21] having the same optical properties as the cylinder and a length of 36mm or a =
80mm in x- and y-direction and a length of 10mm in z-direction are also shown in Fig. 6
(dashed curves). Similar as for the cylinder the parallelepiped is illuminated at the center and
the transmittance is calculated at a depth of z = 7mm in the middle of a lateral side, so that the
distance between the source and the detector is the same as for the cylinder. For small times the
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Fig. 6. Comparison of the time resolved transmission from the cylinder barrel of a homoge-
neous cylinder. The parameters are μ ′

s = 1.5mm−1, μa = 0.02mm−1, l1 = 4mm, l2 = 6mm,
n = 1.4 and the two radii are a = 18mm (red curve) and a = 40mm (green curve). The
dashed lines show the transmittance calculated with the solution for a homogeneous paral-
lelepiped.
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Fig. 7. Relative difference between time resolved transmittance from a two-layered and a
homogeneous cylinder for a = 18mm (red curve) and a = 40mm (green curve) shown in
Fig. 6.
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solutions are close, for larger times they again diverge due to the different geometries.

3.2. Comparison with Monte Carlo simulations

In order to test the applicability of the derived solutions for evaluating experimental data we
compare them to Monte Carlo simulations. First, the spatially resolved transmittance from a
7-layered cylinder which is illuminated at the center of the cylinder top is investigated. The
optical and geometrical properties are those given in Tab. 1, but the refractive index is now
n = 1.0 for all layers and the surrounding. The transmittance from the center of the cylinder
bottom is calculated for three different radii a = 4mm (red curve), a = 5mm (green curve) and
a = 10mm (blue curve). Fig. 8 shows the results obtained from the solution of the diffusion
equation (solid curves) and those obtained from the Monte Carlo simulations (points).
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Fig. 8. Comparison of the solution of the 7-layered diffusion equation (solid curves) with
Monte Carlo simulations (circles) in the steady-state domain. The three radii are a = 4mm
(red curve), a = 5mm (green curve), and a = 10mm (blue curve).

Good agreement is found for all three radii. This is expected because the distances between
the incident source and the detector positions are large so that the diffusion approximation is
valid.

Finally, the solution of the diffusion equation is compared to Monte Carlo sim-
ulations for a point beam which is non-centric incident onto the cylinder top at
�r0 = (x,y,z) = (4

√
2mm,4

√
2mm,1/(μa1 + μ ′

s1)mm). Fig. 9 shows the spatially resolved
reflectance along the x-axis (blue curve), along the negative y-axis (green curve), and along the
bisecting line between the x-axis and y-axis (red line), see inset. The optical and geometrical
properties are those used for the calculations shown in Fig. 8 besides the radius of the cylinder,
which is changed to a = 12mm.

The spatially resolved reflectance along the bisecting line has a maximum at a distance of
8mm which corresponds to the location of the incident point source, where the diffusion equa-
tion fails to describe correctly the reflectance. At large distances, close to 12mm the reflectance
from all cylinders rapidly decreases due to the influence of the cylinder border. In general, the
agreement between diffusion theory and Monte Carlo simulations is in the expected range.
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Fig. 9. Comparison of the reflectance from a 7-layered turbid medium calculated with the
solution of the diffusion equation (solid curves) and with the Monte Carlo method (points).

4. Discussion

In this study the solutions of the diffusion equation for an N-layered cylinder were derived
in the steady-state, frequency, and time domains applying formulae that we presented in the
accompanying paper [1]. Solutions were obtained for a point source incident onto an arbitrary
location of the first layer and a circular flat beam incident onto the middle of the cylinder top.
In the time domain we derived fast solutions (≈ 10ms) for the special case of equal reduced
scattering coefficient and refractive index in each layer. For the general case in the time domain
the calculation time is about 1s when using a state-of-the-art computer and the Pascal (Delphi)
programming language, whereas in the steady-state domain the calculation times are orders of
magnitude faster.

A solution up to three layers was reported in the literature using a different approach [18].
We compared this solution to the one derived in this paper for two-layers (and also three-layers,
data not shown) and found excellent agreement. We also compared the derived solutions for
the special cases of infinitely large radii of a 7-layered turbid medium and of homogeneous
cylinders and observed very good accordance.

For the validation against transport theory we compared the derived solutions with Monte
Carlo simulations. Calculations in transmission and remission were performed showing the
expected small relative differences in the range of a few percent.

In general, although the derivation of the above presented solutions of the diffusion equation
might be somewhat cumbersome, the obtained final results can be easily implemented. In ad-
dition, we provide executable files of the solutions in the steady-state and time domains on the
internet [22].

In the future, the solutions will be used to examine the inverse problem, the determination of
the optical properties (and layer thickness) of (some of) the layers from measurements in the
different domains.
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