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Abstract: Based on phase space reconstruction and fractal dynamics in nonlinear dynamics,
a method is proposed to extract and analyze the dynamics of the rotating stall in the impeller
of centrifugal compressor, and some numerical examples are given to verify the results as well.
First, the rotating stall of an existing low speed centrifugal compressor (LSCC) is numerically
simulated, and the time series of pressure in the rotating stall is obtained at various locations
near the impeller outlet. Then, the phase space reconstruction is applied to these pressure time
series, and a low-dimensional dynamical system, which the dynamics properties are included in,
is reconstructed. In phase space reconstruction, C–C method is used to obtain the key parameters,
such as time delay and the embedding dimension of the reconstructed phase space. Further, the
fractal characteristics of the rotating stall are analyzed in detail, and the fractal dimensions are given
for some examples to measure the complexity of the flow in the post-rotating stall. The results show
that the fractal structures could reveal the intrinsic dynamics of the rotating stall flow and could be
considered as a characteristic to identify the rotating stall.

Keywords: centrifugal compressor; the rotating stall; phase space reconstruction; fractal dynamics

1. Introduction

The centrifugal compressor is a mechanical device used to enhance the static pressure of
a compressible fluid, and it is widely used in energy and power engineering, such as some uses
of centrifugal compression systems including reaction processes in chemical industries, compression
and transportation of hydrogen in petrochemical refineries, refrigeration systems that contain heat
pumps powered by small centrifugal compressors, etc. However, the efficiency and stability of
a centrifugal compressor are restricted by the phenomena of the rotating stall and surge. It is one
of the primary problems to be improved: the compressor aerodynamic performance by controlling
the rotating stall. Hence, the studies of dynamical characteristics of the rotating stall and the flow
inside the compressor impeller are important in the control of the rotating stall.

At present, the spectra analysis for fluctuating pressure which is obtained by some fixed probes
in the rotating stall is the main method for extracting the characteristics of system, and the flow is
controlled by injection air, namely, active control. Specifically, stall and flow separation of centrifugal
compressors are studied with numerical simulation, and the method of injection air is used to modify
the local flow near the blade leading edges, in order to suppress the rotating stall and surge [1–3].
Furthermore, the rotating stall of the axial compressor is studied with an experimental method, and it
is found that the stall cell blockage is an important parameter or factor for correlating the flow regimes
in stall and the overall compressor performance [4–6]. The flow instability in compressor has been
studied by other researchers [7–10], but little research on the rotating stalls are studied with dynamics.
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Because of the complexity and nonlinear characteristics of the flow field in the rotating stall, such
as aperiodicity, discontinuity and transition, a new method is developed to study the complex flow
field of static and dynamic stalls on the basis of theory of nonlinear dynamics, especially the chaos and
fractal theories [11,12]. The rotating stall in the centrifugal compressor in the general case is analyzed
by an observation variable of the system which is a time series considered as a dynamic system, but
the dynamic characteristics which are hidden in system cannot be shown directly by studying the time
series of such state variables. Using the phase space reconstruction in nonlinear dynamics theory, the
characteristics of dynamics can be drawn from the time series of single variables, and can be used as
a measure for identifying the rotating stall. Indeed, the identification of the intrinsic characteristics in
the rotating stall is a new way to control the rotating stall in advance.

The phase space reconstruction for time series was proposed in 1980 [13], and then this method
is extended to more fields by some other researchers, in combination with other techniques [14,15].
For example, the chaotic attractor is used to predict the rotating stall of the compressor [16].
In addition, a comparative study about the correlation dimension of the pressure signal in pre- and
post- stall is given, and the correlation dimension can be considered as an intrinsic characteristic of
the stall in a fan [17].

In this paper, based on the numerical simulation of the flow in centrifugal impeller in the pre-
and post- rotating stall, the pressure time series are studied by phase space reconstruction with the
C–C method. Then, the fractal structure is found from the pressure time series in the rotating stall,
and the fractal dimension is given to describe the complexity in fractal structure. In a sense, the fractal
structure can be considered as a dynamics characteristics of the rotating stall in centrifugal impeller,
and there is significance in guiding to identify the rotating stall in accuracy. Finally, the pressure
time series, which are sampled at different locations near the impeller outlet as the rotating stall, are
studied by phase space reconstruction, and their fractal dimension is calculated, respectively.

2. Numerical Simulations of the Rotating Stall in the Centrifugal Impeller

2.1. The Model and Numerical Method

In this paper, a NASA (National Aeronautics and Space Administration) low-speed centrifugal
impeller (LSCC), which is a classic example with some experimental results, is used as a benchmark
for numerical example and verification. The impeller has 20 back curved blades with the outlet angle
of 55˝. The diameter of impeller entrance is 870 mm, the blade height 218 mm, the outlet diameter
1524 mm, the blade height 141 mm, the impeller blade tip clearance constant 2.54 mm. Furthermore,
the specification speed is 1862 r/min, the pressure 1 atm, the temperature 25 ˝C, flow rate 30 kg/s,
pressure ratio 1.141, and the efficiency 92.2% [18].

Numerical simulations are carried out to obtain the information at the compressor the rotating
stall condition. The numerical mode uses a full 360˝ model which contains the 3-D impeller, the inlet
region and the part of diffuser. The computational domain is divided into unstructured grid by the
Gambit, the grid number is about 2.98 million, and there are few changes in the results of numerical
simulations with the grid refinement. The flow region in impeller is set as rotate region, the inlet
region and diffuser are set as the fix region, and the interface boundary condition is used between
the rotate and the fix region. The flow field is simulated by commercial software Fluent, which uses
the SIMPLE method to solve the three dimensional compressible Reynolds averaged Navier–Stokes
equations, and the working medium is ideal gas. In addition, the steady calculation is run to verify
the results of the numerical and the experimental, and the unsteady calculation is run when the flow
decreases to 12.6 kg/s.

The comparisons between the numerical and the experimental results is shown in Figure 1.
There is quite a good agreement between the numerical and experimental results even if it is somehow
higher than the experimental results.
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Figure 1. Performance comparisons between the numerical and the experimental results.

2.2. The Model and Numerical Method

Figure 2a–c shows the pressure profiles as the flow rates are 30 kg/s, 23.6 kg/s and 12.6 kg/s at
42.8% blade height, respectively.
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Figure 2. (a) Pressure distribution as the flow rates is 30 kg/s at 42.8% blade height; (b) pressure
distribution as the flow rates is 23.6 kg/s at 42.8% blade height; (c) pressure distribution as the flow
rates is 12.6 kg/s at 42.8% blade height.

From Figure 2, it is clear that the impeller works well as the flow rate is 30 kg/s, because it is
at design condition. When the flow decreases to 23.6 kg/s [18], the pressure at outlet increases and
the compressor runs efficiently. When the flow decreases to 12.6 kg/s, the local high pressure area
appears near the inlet of flow passages, implying that the normal flow is blocked by such cells with
local high pressure. As a result, the pressure at the impeller outlet drops sharply. That is, the stability
of flow is lost, and the compressor is working in the rotating stall.

3. Phase Space Reconstruction of Pressure Time Series

3.1. Phase Space Reconstruction

The derivative recovery method is the simplest one for phase space reconstruction with time
series. However, in practical application, the information of time series cannot be known in advance,
so the derivative operation is influenced greatly by the operating error. As a result, the reliability of
phase space analysis becomes weak. Therefore, the time delay method is proposed for phase space
reconstruction by Takens, and the essence of this method is to construct the m dimensional phase
space by different time delay τ, with one dimensional time series tx pnqu as following,

X piq= tx piq , x pi` τq , ¨ ¨ ¨ , x pi` pm´ 1q τqu (1)
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The conditions in which the topological equivalence between the reconstructed phase space and
the original dynamic system should be satisfied. Moreover, the dynamics characteristics of the system
will be shown by the phase portrait of the reconstructed pressure time series. As the phase portrait
of reconstructed phase space presents some special or singular structures (e.g., fractal attractor),
it implies that there are chaotic characteristics in the system [19].

There are two key parameters used to reconstruct the phase space as the method of time delay
is applied, namely, embedding dimension m and the time delay τ, and these two parameters can be
set by any value if the chaotic time series is infinitely long and makes no noise, following Takens
theorem. However, in the application, none of these time series can be infinite and have no noise,
so the embedding dimension and time delay cannot be determined exactly following theorem.

To this end, the correlation integral and its calculation formulas are proposed based on the time
delay method to reconstruct the phase space by Grasssberger and Procaccia [20], and they can be
applied to calculate the dimension of chaotic attractor, and hence this method is called the G–P
algorithm. Further, the C–C method, a method which is much more commonly used in practice based
on the correlation integral calculation, is proposed and used to calculate the embedding dimension
and the time delay in this paper. A brief introduction will be given in the following.

3.2. C–C Method

The length of the time window is proposed by Kugiumtzis [21]. Following his method, the
selection of time delay cannot be independent on embedding dimension, but it depends on the length
of the time window. Further, Kim et al. proposed the C–C method based on the length of time
window [22].

Suppose that the sampling interval of the time series is τs, the optimal time of delay time series
τd “ tτs, the embedding dimension m, the time delay window τw, N the size of the data, the number
of data points M “ N ´ pm´ 1q τ, the time delay τ pτ “ tq, and then the correlation integral of
reconstructed phase space with embedding time series can be obtained as following,

C pm, N, r, tq “
2

M pM´ 1q

ÿ

1ďiďjďM

θ
`

r´ dij
˘

(2)

In fact, the correlation integral is the probability of the distance between any two points as it is
less than r.

Defining the statistics as

S1 pm, N, r, tq “ C pm, N, r, tq ´ Cm p1, N, r, tq (3)

In application, the time series will be divided into t groups disjointing sub-sequences with length
Ns “ N{t, the time delay of phase space reconstruction is t,

tx1, xt`1, ¨ ¨ ¨ , xN´t`1u

tx2, xt`2, ¨ ¨ ¨ , xN´t`2u

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

txt, x2t, ¨ ¨ ¨ , xNu

(4)

Then, defining each sequence of S1 pm, N, r, tq as

S pm, N, r, tq “
1
t

t
ÿ

s“1

rCs pm, N{t, r, tq ´Cm
s p1, N{t, r, tqs (5)

When N Ñ8 ,

S pm, r, tq “
1
t

t
ÿ

s“1

rCs pm, r, tq ´ Cm
s p1, r, tqs (6)

where m “ 2, 3, ¨ ¨ ¨ .
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If each sub-sequence is independent identical distribution, as the embedding dimension and
time delay are fixed, then the values of S pm, r, tq is zero. However, in actuality, time series are
correlated to time, so the values of S pm, r, tq is non-zero. The autocorrelation of time series is
embodied by S pm, r, tq „ t, and the first value of S pm, r, tq „ t is the optimal time delay τd. In this
case, the point’s distribution of phase space reconstruction is approximately uniform distribution,
and the attractor structure in reconstruction will be unfolded fully in the phase space.

Defining the radius difference of maximum and minimum as

∆S pm, tq “ max
 

S
`

m, rj, t
˘(

´min
 

S
`

m, rj, t
˘(

(7)

where S pm, r, tq „ t is the maximum deviation of entire radius, the optimal time delay τd should be
chosen as the value of the first local minimum of ∆S pm, tq.

In C–C method, when 2 ď m ď 5, σ{2 ď r ď 2σ, N ě 500, the correlation of time series will be
shown well in S pm, N, r, 1q. Among them, σ is standard deviation or mean-square deviation of the
time series.

From the estimation N, m, r, taking m “ 2, 3, 4, 5, ri “ iσ{2, i “ 1, 2, 3, 4, yields,

S ptq “
1

16

5
ÿ

m“2

4
ÿ

j“1

S
`

m, rj, t
˘

(8)

∆S ptq “
1
4

5
ÿ

m“2

∆S pm, tq (9)

Scor ptq “ ∆S ptq `
ˇ

ˇS ptq
ˇ

ˇ (10)

The optimal time delay of time series τd is chosen as the first value of S ptq or the first
local minimum of ∆S ptq, and the time window τw is chosen as global minimum of Scor ptq, and
τw “ pm´ 1qτ.

3.3. Pressure Time Series of the Sampling Points

Figure 3 shows the locations of sampling points for sampling the pressure time series in the pre-
and post- rotating stall.

In this paper, P1–P5 are five fixed sampling points. Firstly, the pressure time series at P1 in
the pre- and post- rotating stall are analyzed by phase space reconstruction. Furthermore, the phase
space reconstructions of the pressure time series at P2, P3, P4 and P5 in pre- and post- rotating stall
are studied and compared with each other, respectively.Entropy 2015, 17 7854 
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3.4. Phase Space Reconstruction in Pre- and Post- Rotating stalls

Pressure time series are obtained by the sampling points near the outlet of impeller.
Figures 4 and 5 are the pressure time series at P1, which are sampled both in stable and the rotating
stall conditions for the centrifugal impeller.
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From Figures 4 and 5 it is found that the pressure at the impeller outlet is stable as the compressor
is working well; however, the pressure at the impeller outlet shows fluctuation as the compressor
enters the rotating stall condition, and the continuity of flow within the impeller becomes failed
or unsatisfied.

For the accuracy, 3000 pieces of data, which are in a steady state, are selected to calculate the
parameters for phase space reconstruction by the C–C method. Choosing N = 3000, m “ 2, ri “ iσ{2,
where i “ 1, 2, 3, 4. Finally, the relationship between the correlation coefficient and time delay is
obtained and shown in Figure 6.

The optimal time delay is the first value of Sptq or the first local minimum value of ∆Sptq, as
mentioned above. As Figure 6 shows, the optimal time delay is τ “ 9. Time window is selected
by the minimum values of the global τw “ 11, and the embedding dimension can be obtained as
m “ 2.22, because of τw “ pm´ 1qτ.
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Figure 6. The relationship of correlation coefficients and time delay applying the C–C method to time
series at P1.

3.4.1. Dynamics Analysis of the Pre- and Post- Rotating stall by Phase Space Reconstruction

Phase space reconstruction of the pressure time series is given with the time delay and
embedding dimension which are presented above. As stated above, 3000 data from steady state are
selected to reconstruct the phase space of pressure time series. Figures 7 and 8 are the reconstructed
phase spaces for the pressure time series at P1 under the steady and the rotating stall conditions for
centrifugal impeller, respectively, so the range of pressure in Figures 7 and 8 are different.Entropy 2015, 17 7856 
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Comparing Figure 7 with Figure 8, it can be seen that there is a great difference between them.
It is clear that the phase portrait in the reconstructed phase space for pressure time series in a stable
state is close to a straight line. However, as the compressor impeller enters the rotating stall or the
flow in the impeller is in the situation of stall, the phase portrait in the reconstructed phase space
for pressure time series is no longer approximate to a straight line, and it is an irregular structure
which cannot be described by the traditional geometry. In Figure 8, there exist some quasi-self-similar
characteristics in the graphic, and such quasi-self-similar characteristics are not fully isotropic or
homogeneous, and the similarities in each direction are not exactly the same. Indeed, the geometries
or sets that have the self-similarity are called fractal structures in nonlinear dynamics.

The behaviors of the system are studied by the changing of a variable. Thus, the fractal structure
in the reconstructed phase space shows that the pressure time series in the rotating stall have chaotic
characteristics. In other words, the fractal structure is one of the dynamics characteristics of the
rotating stall.

3.4.2. The Fractal Dimension in the Reconstructed Phase Space in the Post-Rotating Stall

The fractal dimension is an important characteristic of fractal dynamics, and a fractal dimension
is a ratio providing a statistical index of complexity comparing how detail in a fractal pattern
changes with the scale at which it is measured. Several types of fractal dimension can be measured
theoretically and empirically [23]. Specifically, the correlation dimension can describe such structure
more clearly than the capacity dimension and the similarity dimension.

For the system studied, the correlation dimension can be defined as,

d2pm, tq “ lim
rÑ0

lnCpm, r, tq
lnr

(11)

where Cpm, r, tq “ lim
NÑ8

Cpm, N, r, tq, and Cpm, N, r, tq is given in Equation (2).

Figure 9 shows the fractal dimension of the fractal structure in Figure 8. With increasing of
the embedding dimension, the correlation dimension no longer changes, implying reaching a limit.
In Figure 9, the fractal dimension in the reconstructed phase space for pressure time series, which
under the rotating stall, is 3.39.
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Figure 9. Fractal dimension in the reconstructed phase space for pressure time series at P1 under the
rotating stall.
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4. Phase Space Reconstruction of the Pressure Time Series at Different Locations

4.1. Parameters for Phase Space Reconstruction at Different Locations

Pressure time series at points P2, P3, P4, and P5 are collected by sampling points, and 3000
data of each are selected to be analyzed in phase space reconstruction. Using the C–C method, the
parameters for phase space reconstruction can be calculated, and then the optimal time delay τ and
the time window τw, and the embedding dimension m can be obtained following τw “ pm ´ 1qτ.
Finally, the parameters are given and listed in Table 1.

Table 1. Parameters for phase space reconstruction at P2, P3, P4 and P5.

P2 P3 P4 P5

τ 12 12 11 10
τw 15 12 14 10
m 2.25 2.00 2.27 2.00

4.2. Phase Space Reconstruction for Pressure Time Series at Different Locations

Figure 10a–d shows the reconstructed phase spaces for pressure time series at P2, P3, P4 and P5
under the rotating stall state, respectively.
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Figure 10. (a) Reconstructed phase space for pressure time series at P2 under the rotating stall;
(b) Reconstructed phase space for pressure time series at P3 under the rotating stall; (c) Reconstructed
phase space for the pressure time series at P4 under the rotating stall; (d) Reconstructed phase space
for the pressure time series at P5 under the rotating stall.
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From Figures 8 and 10 some quasi-self-similar geometrics are found in the reconstructed phase
spaces under the rotating stall. It is shown that there are some dynamics characteristics hidden in
the system, and such dynamics characteristics are important and useful to accurately identify the
occurrence of the rotating stall in advance.

4.3. Fractal Dimension in the Reconstructed Phase Space for Pressure Time Series at Different Locations

4.3.1. Fractal Dimension in the Reconstructed Phase Space at Circumference Locations

As Figure 11a,b shown, the fractal dimensions in reconstructed phase space for pressure time
series at P2 and P3 under the rotating stall are 3.43 and 3.33, respectively. Compared to the fractal
dimension at P1, which is 3.39, it can be drawn that the fractal dimensions in the reconstructed phase
space for the pressure time series are similar in magnitude at the same radius near the impeller outlet,
because the flow state is similar near the impeller outlet.
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Figure 11. (a) Fractal dimension in reconstructed phase space for pressure time series at P2 under the
rotating stall; (b) Fractal dimension in reconstructed phase space for pressure time series at P3 under
the rotating stall.

4.3.2. Fractal Dimensions in Reconstructed Phase Space at Different Radial Locations

As Figure 12a,b shown, the fractal dimensions in reconstructed phase spaces for pressure time
series at P4 and P5 under the rotating stall are 2.66 and 2.51, respectively—in comparison with the
fractal dimension at P1, which is 3.39.Entropy 2015, 17 7860 
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Furthermore, a comparison with the fractal dimensions at different locations in reconstructed
phase space is given and some results can be obtained. As the sampling points are at the same radius,
the flow state and the pressure fluctuation are similar, and so the fractal dimension changes slightly.
As the sampling points keep away from the impeller outlet, both the flow state and the pressure
fluctuation change, and so the fractal dimension in reconstructed phase space for pressure time series
becomes less, because the complexity of flow becomes higher when the flow runs away from the
impeller outlet. In a word, it is indicated that the fractal dimension can measure the complexity of
flow in a post-the rotating stall near the impeller outlet.

5. Conclusions

There are some significant differences in reconstructed phase space of pressure time series
between pre- and post- rotating stalls in centrifugal impeller. In the rotating stall state, there exist
some quasi-self-similar structures in the reconstructed phase space, which can be considered as fractal
structure. Further, the fractal structure shows that the pressure time series near the impeller outlet in
the rotating stall state is not random, and such fractal structure as the dynamic characteristics of the
rotating stall is beneficial to identify the rotating stall and control it.

In addition, the correlation dimension is one of the fractal dimensions, which is an important
characteristic of fractal structure. The results show that the correlation dimension can be used to
describe the fractal structure, and the fractal dimension can capture the dynamic characteristics of the
rotating stall more accurately.

Furthermore, the fractal dimensions in different locations show that the fractal dimensions are
close at the same radius near the impeller outlet, and as the location is away from the impeller
outlet, the fractal dimension decreases. These quantitative changes are available to use to measure
complexity of flow in post-the rotating stalls at different locations near the impeller outlet.
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