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ABSTRACT: We have developed a necklace model of polyelectrolyte chain in which the necklace structure
appears as a result of the counterion condensation on the polyelectrolyte backbone. This necklace structure optimizes
the correlation-induced attraction of the condensed counterions and charged monomers and electrostatic repulsion
between uncompensated charges. The new feature of this necklace globule is that it can be formed even in good
solvent conditions for the polymer backbone. By using the scaling analysis, we have calculated the diagram of
state of polyelectrolyte chain as a function of the solvent quality for the polymer backbone and value of the
Bjerrum length. To test the predictions of a scaling model, we have performed molecular dynamics simulations
of polyelectrolyte chains with the degrees of polymerizations N ) 124-304 and fraction of charged monomers
f ) 1/3 in good, θ, and poor solvent conditions for the polymer backbone. We have identified the range of parameters
in which the necklace globule is formed due to correlation-induced attractive interactions in the good solvent
conditions for the polymer backbone. The results of the molecular dynamics simulations are in qualitative agreement
with the predictions of a scaling model.

1. Introduction
groups.1-5

In
Polyelectrolytes are polymers with ionizable
polar solvents with high dielectric constants, these groups
dissociate, leaving charged groups on the polymer backbone
and releasing counterions into solution. The static and dynamics
properties of polyelectrolyte solutions such as solution osmotic
pressure, solution viscosity, chain’s relaxation time, and diffusion coefficient strongly depend on the charge acquired by
polyelectrolyte chains after dissociation process.1-5 The amount
of the ionized groups is very sensitive to the solution dielectric
constant, solvent quality for the polymer backbone, and polymer
and salt concentrations. For example, by decreasing a solution
dielectric constant or by increasing the polymer or salt concentrations, one can reduce a net charge of a polyelectrolyte chain.
This reduction of the polymeric charge is due to the counterion
condensation on the polymer backbone.2,3,6-9
The idea of the counterion condensation was first introduced
by Manning and Oosawa.6-9 They have established that a charge
of a rigid (rodlike) polyion depends on the fine interplay between
the electrostatic attraction of a counterion to the polyelectrolyte
backbone and configurational entropy loss due to counterion
localization in the vicinity of the polymer chain. This theory
showed that the linear charge density of a rodlike polyion cannot
exceed a critical value that depends on the solution dielectric
constant, temperature, and counterion valence determining the
value of the Bjerrum length lB. (The Bjerrum length lB ) e2/
kBT is defined as the length scale at which the Coulomb
interaction between two elementary charges e in a dielectric
medium with the dielectric constant  is equal to the thermal
energy kBT.)6-9
The situation is even more interesting in the case of flexible
polyelectrolytes. In this case, a chain conformation is directly
coupled with the intrachain electrostatic interactions that are
controlled by the amount of the condensed counterions.2,3,10-20
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Thus, in addition to counterion configurational entropy and
electrostatic interactions, the chain’s conformational free energy
comes into play. These contributing factors have to be optimized
simultaneously to determine fraction of the condensed counterions and the equilibrium chain size. In the case of the good or
θ solvents for the polymer backbone, the counterion condensation results in gradual decrease of the chain size with the increase
of the polymer or salt concentrations.3,10-12,21-23 A qualitatively
different picture of counterion condensation is observed for
polyelectrolytes in poor solvent conditions for the polymer
backbone.3,17,19,24 In a poor solvent, a polyelectrolyte chain forms
a necklace globule of dense polymeric beads connected by
strings of monomers.17,19,25-40 The counterion condensation on
the necklace globule can occur in avalanche-like fashion. By
increasing polymer concentration or decreasing temperature, one
can induce a spontaneous condensation of counterions inside
beads of the necklace globule. This reduces the bead’s charge
and results in increase of the bead mass (size), which initiate
further increase of the number of condensed counterions inside
beads starting the avalanche-like counterion condensation
process (see, for review, ref 3).
Note that, in addition to the reduction of the net polymeric
charge weakening intrachain electrostatic repulsion, the condensed counterions can also induce effective attractive interactions between charged monomers.11-13,16,23,26,41 In the ion
binding and counterion adsorption models,23,42,43 condensed
counterions form ionic pairs with oppositely charged ions on
the polymer backbone. The formation of the ionic pairs leads
to an additional dipole-dipole and charge-dipole attractive
interactions.11,12,23 These attractive interactions decrease the
value of the effective second virial coefficient for monomermonomer interactions, shifting the position of the θ point. In
the case of the strongly charged polyelectrolytes, the shift of
the θ temperature could be significant and change the solvent
quality for the polymer backbone to poor solvent conditions as
the number of condensed counterions increases. This can result
in a chain collapse and completely alter the scenario of the
counterion condensation (see discussion above). The analysis
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of the effect of the counterion condensation on conformations
of a polyelectrolyte chain was done by Schiessel and Pincus,11
and by Schiessel12 in the framework of the scaling approach,
and by Muthukumar23 in the framework of the variational
approach. These theories predict nonmonotonic dependence of
the chain size on the solution dielectric constant  and solution
temperature T (solution Bjerrum length lB ∼ 1/(T)). The chain
size first increases with the increasing the value of the Bjerrum
length then begins to decrease as the Bjerrum length exceeds
the crossover value. This nonmonotonic dependence of the chain
size is the manifestation of the 2-fold role of the electrostatic
interactions. At low values of the Bjerrum length, the intrachain
electrostatic repulsion controls the chain size. These interactions
become stronger with increase of the value of the Bjerrum and
force the polyelectrolyte chain to expand. At large values of
the Bjerrum length, the condensed counterions reduce net
polymeric charge, weakening the intrachain electrostatic repulsion, which together with the dipole-dipole and charge-dipole
attractive interactions induce chain contraction.
However, computer simulations of polyelectrolyte solutions
show that the condensed counterions are not permanently
attached to oppositely charged groups on the polymer backbone
as assumed by the ion-binding and ion adsorption models but
rather localized near the polymer backbone and are free to move
inside the chain volume.13,21,26,27,41 The localization of counterions inside the chain volume can also lead to effective attractive
interactions.16,26 These interactions are due to heterogeneous
distribution of the charge density along the polymer backbone.
In the case of weak electrostatic attraction, the origin of these
interactions is similar to the fluctuation-induced attraction in
two-component plasma and is related to the local charge density
fluctuations.16 In the opposite limit of strong electrostatic
interactions, the effect is due to correlation-induced attraction
between the counterions and the oppositely charged polymer
backbone similar to the interactions in strongly correlated
Wigner liquids (see, for review, refs 44,45) or in ionic crystal
such as NaCl. For example, in the case of the ionic crystal, the
attractive (negative) lattice energy is due to the spatial distribution (spatial correlations) of cations and anions over the lattice
sites even though the net charge of the crystal is zero. The crystal
will remain stable even if it carries a small nonzero charge
because of the large lattice (correlation) energy.
The effect of the fluctuation/correlation-induced attractive
interactions on the conformations of a polyelectrolyte chain was
studied theoretically16,26 and by molecular dynamics simulations.13,26,41 These studies show that the fluctuation/correlationinduced attractive interactions can cause additional chain
collapse. In particular, in the case of the poor solvent conditions
for the polymer backbone, these studies established the existence
of the two different mechanisms that could lead to formation
of the necklace globule.26,30,41 For the values of the Bjerrum
length lB ) 1σ and 2σ, the necklace structure appears as a result
of competition between short-range monomer-monomer attractive interactions and electrostatic repulsion between uncompensated charges.41 However, for the value of the Bjerrum length
lB ) 3σ, the necklace structure is controlled by counterion
condensation and is due to the optimization of the correlationinduced attraction between charged monomers and condensed
counterions and electrostatic repulsion between uncompensated
charges on the polymer backbone.26,41 It is important to point
out that the short-range monomer-monomer attractions still play
an important role in determining the crossover value of the
Bjerrum length between two regimes. In the present paper, we
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Figure 1. Schematic picture of a necklace formed by a polyelectrolyte
chain.

extend the scaling analysis of the effect of the fluctuation/
correlation-induced attractive interactions on chain conformations to the θ and good solvent regimes for the polymer
backbone and study the stability of the necklace-like globule
in this range of parameters. The rest of the manuscript is
organized as follows. In Section 2, we show how the counterion
condensation and correlation-induced-attraction modifies the
diagram of state of a polyelectrolyte chain as a function of the
fraction of the condensed counterions and solvent quality for
the polymer backbone. The results of the scaling analysis are
tested in Section 3, which provides an analysis of the simulation
results for the chain size, fraction of the condensed counterions,
and parameters of the necklace globule. Finally, in Section 4,
we summarize our results.
2. Effect of Counterion Condensation on Necklace
Globule
In this section, we will study the effect of the solvent quality
for the polymer backbone and fraction of the condensed
counterions on the chain’s conformations. Consider a necklacelike polyelectrolyte chain with the degree of polymerization N,
bond length b, and the fraction of charged monomers f. Let us
assume that the necklace has nb beads of size Db with mb
monomers in each. These beads are connected by strings each
having mstr monomers (see Figure 1). We will assume that the
fraction x of counterions is condensed inside beads. The beads
are globules with the monomer number density F ≈ mb/D3b.
Because beads are charged globules, there are two different types
of interactions inside a bead: short-range interactions between
monomers and electrostatic interactions between charged monomers and counterions.
Each bead can be viewed as a droplet of semidilute polymer
solution (see Figure 1) for which the contribution of the
monomer-monomer repulsive interactions in the good solvent
conditions for the polymer backbone to the bead free energy
is46-48

Fsh
b
≈ mbτ3/4(Fb3)5/4, good solvent
kBT

(1a)

where τ ) 1 - θ/T is the effective temperature and θ is the
theta temperature, kB is the Boltzmann constant, and T is the
absolute temperature. In this section, the analysis of the necklace
globule is done on the scaling level by neglecting all numerical
coefficients.
In the case of the poor solvent conditions for the polymer
backbone or in the case of the dense polymeric globules in which
the two-body monomer-monomer repulsion is screened, the
short-range interactions can be approximated by a virial
expansion in the power series of monomer density F46

Fsh
b
≈ mbb3τF + mbb6F2
kBT

(1b)
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Below the θ temperature that corresponds to the poor solvent
conditions for the polymer backbone, the first term is negative.
The crossover to concentrated solution regime inside the globule
takes place at Fb3 ≈ |τ|. At higher polymer concentrations, Fb3
g |τ|, the three-body monomer-monomer repulsion determines
equilibrium density inside beads.
The electrostatic interactions inside a bead can be represented
as a sum of the electrostatic repulsion between charged
monomers (fmb per bead), electrostatic attraction between
charged monomers and condensed counterions (xfmb per bead),
and electrostatic repulsion between condensed counterions

〈 〉

lBx(fmb)2
Uelectr lB(fmb)2
Ucc
≈
-2
+
kBT
Db
Db
kBT

(3)

determines the strength of the electrostatic interactions between
two elementary charges e in the medium with the dielectric
constant . In writing eq 2, we have assumed that the charged
monomers are uniformly distributed over the bead volume. The
eq 2 can be rewritten by adding and subtracting the electrostatic
repulsion between condensed counterions uniformly distributed
over the bead volume with average density xfF. After this
transformation, the electrostatic energy of a bead has the
following form

〈 〉

count

lB(xfmb)2
Db

(4)

The first term describes the electrostatic repulsion of the
uniformly charged bead with the effective charge (1 - x)fmb.
The last two terms in the eq 4 represent electrostatic interactions
between condensed counterions and oppositely charged neutralizing background with charge density xfF. This part of the bead
electrostatic energy is known as the correlation part of the onecomponent plasma (OCP) free energy (see, for details, refs
16,44,45). The averaging of electrostatic interactions between
condensed counterions and neutralizing background results in
an additional correlation-induced attractive contribution to the
bead electrostatic energy.
In a globule with polymer density F, condensed counterions
are separated by a typical distance

ξc ≈ (xfF)

-1/3

(5)

The correlation-induced attraction between counterions can be
estimated as an electrostatic attraction of a counterion and the
oppositely charged neutralizing background with the effective
charge density xfF inside radius ξc. This leads to the correlationinduced attraction to be on the order of

φcor ≈ -kBTlB/ξc

(6)

per condensed counterion. In the above estimate of the correlation-induced attraction, we used the strong correlation approximation for the OCP in which the interaction parameter
lB/ξc is large, lB/ξc g 1. In the case of weak interactions, lB/ξc
, 1, the attraction energy between a counterion and neutralizing
background has a well-known Debye-Huckel form16,45

φcor ≈ -kBT(lB/ξc)3/2

(7)

{

The total electrostatic energy of a bead with condensed
counterions is the sum of the repulsive and attractive terms

lB[(1 - x)fmb]2
φcor
Felec
b
≈
+ mbxf
kBT
Db
kBT

count

lB ) e2/(kBT)

-

〈 〉

UOCP
lB(xfmb)2 mbxfφcor
Ucc
≈
≈ -mbxf
≈
kBT
kBT
Db
kBT
lB/ξc,
for ξc e lB
(8)
3/2
(lB/ξc) , for ξc . lB

(2)

where the brackets 〈 〉count denote averaging over distributions
of counterions inside the bead. The Bjerrum length

Ucc
Uelectr lB[(1 - x)fmb]2
≈
+
kBT
Db
kBT

The correlation-induced attractive interaction energy between
counterions and neutralizing background in a bead is equal to

(9)

2.1. Necklace Globule in a Good Solvent. We begin our
discussion by considering the possibility of the necklace
formation in good solvent conditions for the polymer backbone.
The total bulk energy of all beads in good solvent conditions
for the polymer backbone is equal to the sum of the short-range
(eq 1a) and electrostatic (eq 9) energies times the number of
beads per chain nb. In the limit when the most of the polymeric
mass is stored inside beads, mb/mstr . 1, the number of beads
per chain can be estimated as nb ≈ N/mb.

lB[(1 - x)f]2mb
Fbulk
+
≈N
kBT
Db
N(τ3/4(b3F)5/4 + xfφcor/kBT) (10)
It is important to point out that, in this approximation, mb/mstr
. 1, the total free energy of the necklace splits into independent
contributions from beads and strings. Thus, the equilibrium
necklace parameters can be found separately minimizing the
bead’s and string’s contributions to the necklace free energy
(see, for review, ref 3). Note that the first term on the righthand side of the eq 10 is on the order of the bead surface energy
and can be neglected during the bead density optimization (see
eq 17 below). The equilibrium polymer density inside a bead
is obtained by minimizing the terms in the parenthesis on the
right-hand side of eq 10 with respect to the polymer density F.
This results in the following expression for the polymer density
inside a bead

Fb3 ≈

{

u12/11(xf)16/11/τ9/11, strongly correlated
weakly correlated
(uxf)2/τ,

(11)

where u is the ratio of the Bjerrum length lB to the bond size b,
u ) lB/b. The first regime in eq 11 corresponds to the case of
strong correlations between condensed counterions with interaction parameter, lB/ξc g 1. Note that the monomer density in eq
11 is inversely proportional to the effective temperature τ,
indicating that it will decrease with increasing the strength of
the monomer-monomer repulsion.
The polymer density fluctuations inside the bead with polymer
density F given by eq 11 occur at the length scales smaller than
the correlation length ξp. At these length scales, the chain
conformations are unperturbed by the polymer-counterion
attractive interactions and are those of a chain of gp monomers
46,48 At the length scales
in a good solvent (ξp ≈ bτ1/5g3/5
p ).
larger than the correlation blob size ξp, the density fluctuations
are suppressed and correlation blobs in a bead are densely
packed, F ≈ gp/ξ3p. The number of monomers in a correlation
blob is equal to
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gp ≈

{
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τ3/11u-15/11(xf)-20/11, strongly correlated
weakly correlated
τ1/2(uxf)-5/2,

(12)

and its size is

{

τ4/11u-9/11(xf)-12/11, strongly correlated
(13)
ξp ≈ b 1/2
weakly correlated
τ (uxf)-3/2,
The polymeric correlation length ξp in the case of the weakly
correlated condensed counterions is on the order of the Debye
screening length rD due to condensed counterions ξp ≈ rD ≈
(lbxfF)-1/2 ≈ bτ1/2(uxf)-3/2 (see eq 13), and both charge and
polymer density fluctuations occur on the same length scale.
Note that, in the case of strongly correlated counterions, the
correlation blob size ξp is smaller than the average distance
between condensed counterions ξc.
The bulk free energy of all beads with equilibrium density F
is on the order of

lB[(1 - x)f]2g1/3
Fbulk
p
m2/3
≈N
b - N/gp
kBT
ξp

(14)

where we use the following relation between the bead size Db
and the number of monomers in it, Db ≈ ξp(mb/gp)1/3. The last
term on the right-hand side of eq 16 can be considered as the
number of monomers in a chain times the chemical potential
of a monomer inside the bead. This term represents the effective
correlation-induced attractive interactions between monomers
that are on the order of the thermal energy kBT per each
polymeric correlation blob inside the bead.
For the dense polymeric bead, there is also a surface energy
contribution to the bulk free energy.46,48 The origin of the surface
energy is the difference in the number of the nearest neighbors
for the condensed counterions at the surface of the bead and
for the counterions inside the bead. In the case of the strongly
correlated counterion system, the surface energy of a bead is
estimated as the number of condensed counterions at the bead
surface (Db/ξc)2 times the energy of electrostatic interaction
between a counterion and its neutralizing background kBTlB/ξc

Fsurf ≈ kBT

D2blB
ξ3c

≈ kBT

lBxfg1/3
p
2/3
m2/3
b ≈ kBTγmb
ξp

where γ is the dimensionless parameter, which is defined below.
The surface energy of a bead in the weakly correlated case is
kBT per correlation blob of size ξp at the surface of the bead.
There are (mp/gp)2/3 such blobs per bead. Taking this into
account, the surface energy term is

Fsurf ≈ kBT

()
mb
gp

2/3

≈ kBTγm2/3
b

Thus, surface free energy in both strongly correlated and weakly
correlated cases is written in the same form

Fsurf ≈

kBTγm2/3
b

{

τ-3/11u15/11(xf)49/33, strongly correlated
weakly correlated
τ-1/3(uxf)5/3,

(

Fbead
lB[(1 - x)f]2g1/3
p
γ
-1
m2/3
≈ N 1/3 +
b - gp
kBT
ξ
mb
p

)

(17)

Because this part of the necklace free energy depends only on
the number of monomers in a bead mb, the equilibrium number
of monomers in a bead, m/b, is obtained by minimizing the
electrostatic and surface energies of the beads with respect to
mb

mb/ ≈

x
(1 - x)2f

(18)

The dependence of the number of monomers in a bead on the
fraction of condensed counterions x has the same form in both
weakly and strongly correlated limits. The number of monomers
in a bead increases as the fraction of the condensed counterions
x increases.
The beads are connected by strings of monomers (see Figure
1). The equilibrium string length l0 and the number of monomers
per string mstr can be estimated by balancing the energy of the
electrostatic repulsion between two neighboring beads and the
free energy of a string. Pulling monomers into a string requires
extra energy kBT/gp per monomer that is the difference between
the average interaction energy of a monomer in a string and
that in the interior (or even at the surface) of a bead. Thus,
each string has an additional positive contribution to the necklace
free energy due to the loss of favorable attractive interactions
between charged monomers and condensed counterions.

Fsurf
str
≈ mstr/gp
kBT

(19)

In addition to the surface free energy term, there is also an
elastic contribution to the free energy of a string due to the
stretching of polymer backbone between beads. Combining
elastic and surface free energy contributions, we can write a
string free energy as

(

)

mstr
l20
Fstr
+
≈ 2
kBT
gp
b mstr

(20)

where l0 is the length of a strand with mstr monomers between
beads (see Figure 1). Minimization of the eq 20 with respect to
the number of monomers in a string, mstr, at fixed length of a
strand l0 results in the relation connecting the distance between
two neighboring beads and the number of monomers in a string
mstr.

mstr ≈ g1/2
p

l0
b

(21)

(15)
Substitution of eq 21 into eq 20 leads to the linear dependence
of the string’s free energy on its length l0

where the dimensionless parameter

γ≈

The total contribution to the necklace free energy includes
the surface energy contribution from all beads and bulk free
energy contribution given by eq 14. Taking this into account,
we can write the total bead free energy as

(16)

l0
Fstr
≈
kBT g1/2b
p

(22)
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The equilibrium length of a string is estimated by balancing
the sum of the electrostatic repulsion between two neighboring
beads and string free energy

lB[(1 - x)fm/b]2
l0
F
≈
+ 1/2
kBT
lstr
bg

(23)

p

where lstr is the distance between center of mass of two
neighboring beads, lstr ) Db + l0, which in the limit of long
strings is reduced to lstr ≈ l0. Minimization of eq 23 with respect
to lstr results in

x
1-x
τ3/44u7/44(xf)-5/11, strongly correlated
(24)
τ1/8u-1/8(xf)-5/8, weakly correlated

1/2
/
lstr ≈ bg1/4
p u (1 - x)fmb ≈ b

{

In the case of the large beads, when the number of monomers
in a bead is much larger than the number of monomers in a
string, mb/mstr . 1, the number of beads nb per chain is
approximately equal to N/mb. Because most of the length of
the necklace is stored in the strings, this necklace length can
be estimated as the number of strings nb - 1 on the chain times
the distance between the centers of mass of two neighboring
beads lstr

Re ≈ (nb - 1)lstr ≈ b(1 - x)fN

{

τ3/44u7/44(xf)-5/11, strongly correlated
(25)
τ1/8u-1/8(xf)-5/8, weakly correlated

It follows from eq 25 that the necklace size decreases with
increasing the fraction of the condensed counterions x. This is
due to the fact that, with increasing the fraction of the condensed
counterions, the bead size increases while their number per chain
decreases.
To obtain total free energy of the necklace globule in a good
solvent for the polymer backbone, we have to combine
contributions from electrostatic and monomer-monomer interactions and surface energy contribution. The total free energy
of the necklace has the following form

(

lB(1 - x)2/3x2/3f4/3g1/3
Fneck
p
- gp-1
≈N
kBT
ξp

)

(26)

In writing the last equation, we have assumed that the most of
the necklace mass is stored inside beads, mb/mstr . 1.
Figure 2 shows the diagram of the different collapse mechanisms of the polymeric beads (chain) in the effective temperature τ and fraction of the condensed counterions xf plane. At
small fractions of the condensed counterions (regime I), the
correlation-induced attractive interactions are too weak to force
a chain collapse. In this regime, a chain keeps its good solvent
configuration. The crossover to the weakly correlated regime
occurs when there is more than one correlation blob per chain,
gp < N, or τ e N2(uxf)5. It is important to point out that the
two-body monomer-monomer repulsive interactions are strong
enough to swell a polymer chain only when the effective
temperature τ is larger than N-1/2. The line τ ∼ N-1/2 represents
the low boundary for the good solvent regime I. In the regime
II, the chain is collapsed. In this regime, the equilibrium density
inside beads is determined by balancing the two-body monomermonomer repulsion and correlation-induced attraction. We
subdivided this regime into IIa and IIb regimes to separate

Figure 2. Diagram of different collapse mechanisms. Regime I:
swollen chain in a good solvent. Regime II: chain collapse is due to
correlation-induced attraction between condensed counterions and
charged monomers. The equilibrium density inside beads is stabilized
by two-body monomer-monomer repulsion. Regime III: equilibrium
density inside beads is stabilized by three-body monomer-monomer
repulsion. Regime IV: θ-solvent regime for the polymer backbone.
Regime V: chain collapse is due to two-body monomer-monomer
attraction (poor solvent conditions for the polymer backbone). Regimes
a and b refer to weakly and strongly correlated cases.

between weakly and strongly correlated cases. The low boundary
of this regime is given by the following equation

τ≈

{

u3/5(xf)4/5, strongly correlated
uxf,
weakly correlated

(27)

These two lines represent the crossover to concentrated solution
regime inside collapsed beads, Fb3 ≈ τ.
Thus, we have shown that it is possible to form a necklacelike globule even in the case of the good solvent. In this case,
the formation of the necklace globule is driven exclusively by
a counterion condensation.
2.2. Necklace Structure Stabilized by Three-Body Repulsion. In the case of the dense polymeric globules, the threebody monomer-monomer repulsion play a dominant role in
determining the equilibrium density inside the beads. This
regime is shown in Figure 2 as regimes IIIa and IIIb. The bead’s
bulk free energy in this regime is written as follows

lB[(1 - x)f]2mb
Fbulk
≈N
+ N(b6F2 + xfφcor/kBT) (28)
kBT
Db
The equilibrium polymer density inside a bead is obtained by
minimizing the terms in the parenthesis on the right-hand side
of eq 28 with respect to the polymer density F. This results in
the following expression for the polymer density inside a bead

Fb3 ≈

{

u3/5(xf)4/5, strongly correlated
uxf,
weakly correlated

(29)

Once again, we can use the correlation blob picture to describe
the polymer density fluctuations inside beads with polymer
density F. In the case when the three-body interactions play a
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Table 1. Parameters of the Necklace Globule in Different Regimes
good solvent

Fb3
ξp/b
gp
mb
Db/b
lstr/b
Re/b

three-body

WC

SC

WC

SC

poor solvent

(uxf)2/τ
τ1/2(uxf)-3/2
τ 1/2 (uxf)-5/2
xf/∆f 2
τ1/3u-2/3(xf)-1/3∆f -2/3
τ1/8u-1/8(xf)3/8/∆f
τ1/8u-1/8(xf)-5/8∆fN

u12/11(xf)16/11/τ9/11
τ4/11u-9/11(xf)-12/11
τ3/11u-15/11(xf)-20/11
xf/∆f 2
τ3/11u-4/11(xf)-5/33∆f -2/3
τ3/44u7/44(xf)6/11/∆f
τ3/44u7/44(xf)-5/11∆fN

uxf
(uxf)-1
(uxf)-2
xf/∆f 2
(u∆f 2)-1/3
(xf)1/2/∆f
(xf)-1/2∆fN

u3/5(xf)4/5
u-3/5(xf)-4/5
u-6/5(xf)-8/5
xf/∆f 2
u-1/5(xf)1/15∆f -2/3
u1/5(xf)3/5/∆f
u1/5(xf)-2/5∆fN

|τ|
|τ|-1
|τ|-2
|τ|/(u∆f 2)
(u∆f 2)-1/3
|τ|1/2u-1/2/∆f
u1/2|τ|-1/2∆fN

where we introduced ∆f)(1-x)f.

dominant role, conformations of a chain section inside the
correlation blob ξp are those of an ideal chain of gp monomers
(ξp ≈ bg1/2
p ). This results in the number of monomers in a
correlation blob to be given by

gp ≈

{

u-6/5(xf)-8/5, strongly correlated
weakly correlated
(uxf)-2,

(30)

and correlation blob size to be equal to

{

ξp ≈ b

u-3/5(xf)-4/5, strongly correlated
weakly correlated
(uxf)-1,

(31)

The analysis of the necklace structure in this range of parameters
is similar to one presented in Section 2.1 and was discussed in
detail by Liao et al. (see ref 26). The final results for the
equilibrium number of monomers in a bead, the bead free
energy, string length, size of the necklace globule, and the
necklace free energy can be obtained by substituting expressions
for the number of monomers in the correlation blob and its size,
eqs 30 and 31, into eqs 14-26. The calculations are straightforward and we will not discuss them here. The final results
are summarized in Table 1. It is important to point out that this
analysis leads to the equilibrium number of monomers per bead
m/b to be given by eq 18. Thus, the number of monomers in a
bead has the same form independent of the form of terms
describing the monomer-monomer repulsive interactions when
the chain collapse is controlled by the counterion condensation
inside beads.
In regime IV, the correlation-induced attractive interactions
are weak and a chain keeps its Gaussian configuration. The
boundary between regimes IV and IIIa is determined by the
condition gp ∼ N, xf ≈ u-1N-1/2.
2.3. Necklace Formation in a Poor Solvent. In the poor
solvent conditions for the polymer backbone, we have to include
two-body monomer-monomer attractive interactions into the
bead’s bulk free energy

lB[(1 - x)f]2mb
Fbulk
≈N
+
kBT
Db
N(τb3F + b6F2 + xfφcor/kBT) (32)
The equilibrium polymer density inside a bead is obtained by
minimizing the terms in the parenthesis on the right-hand side
of eq 32 with respect to polymer density F. The balance of the
first two terms in the parentheses results in the classical
expression for the density inside a polymeric globule, F ≈ b-3|τ|.
In this case, the bead collapse is induced by the two-body
attractive interactions. However, in the case when the correla-

tion-induced attractive interactions are stronger than the twobody monomer-monomer attraction, the equilibrium density
inside a bead is determined by the balance of the second and
the third terms in the parentheses on the right-hand side of eq
32. This regime is similar to the regime considered in Section
2.2.
By analyzing terms on the right-hand side of the eq 32 and
using the expressions for the equilibrium polymer density inside
a bead eq 29, one can establish that the correlation-induced
attraction dominates over the two-body attraction if the effective
temperature τ > -u3/5(xf)4/5 for the range of parameters lB/ξc
. 1 (see Figure 2, regime IIIb). The second regime in eq 29
corresponds to weakly correlated condensed counterions, lB/ξc
, 1. The boundaries of this regime IIIa are xf ≈ u-2 and τ ≈
-uxf, where the first condition determines the crossover between
weakly and strongly correlated regimes (ξc ≈ lB), and the second
boundary condition corresponds to crossover to the regime in
which the globule is collapsed by the two-body attraction (see
Figure 2). Outside of this envelope of parameters, the equilibrium polymer density inside the bead is determined by balancing
two- and three-body interactions (see eq 32) (regime V in Figure
2). This leads to the necklace structure obtained by Dobrynin,
Obukhov, and Rubinstein.25 In this case, the optimal bead size
is given by the following equation

m/b ≈

|τ|
, solvophobic interactions
uf 2(1 - x)2

(33)

Other characteristics of the necklace globule in this regime
(regime V) are listed in Table 1.
Equations 33 and 18 give simple relations between the
optimal number of monomers in a bead and the fraction of
condensed counterions, x. Thus, by changing the value of the
Bjerrum length lB and the strength of the short-range interactions, one can explore different collapse regimes of the necklacelike globule.
2.4. Diagram of State of a Polyelectrolyte Chain. In this
section, we present a diagram of state of a polyelectrolyte chain
as a function of the effective fraction of charged monomers ∆f
) (1 - x)f and the fraction of condensed counterions fx
corresponding to positive range of the effective temperatures τ
> 1/u. There are four different regions in the diagram of states.
In regime I, both electrostatic repulsion between uncompensated
charges and correlation-induced attraction between condensed
counterions are too weak to perturb chain conformations. At
the upper boundary for this regime, the chain degree of
polymerization N is on the order of the number of monomers
in the electrostatic blob in the good solvent conditions for the
polymer backbone, ge ≈ τ1/7(u∆f2)-2/7.3,49 At the right vertical
boundary of this regime, the chain degree of polymerization N
is on the order of the number of monomers in the polymeric
correlation blob gp. For the larger fraction of the condensed
counterions, the correlation-induced attractions cause chain
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(

UFENE(r) ) -0.5kspringR2max ln 1 -

r2
R2max

)

(34)

where kspring is the spring constant set to be kspring ) 7kBT/σ2
and the maximum bond length is Rmax ) 2σ, kB is the Boltzmann
constant, and T is the absolute temperature.
Electrostatic interactions between any two charged particles
with charge valences qi and qj, and separated by a distance rij,
was given by the Coulomb potential,

Figure 3. Diagram of states of a polyelectrolyte chain in a dilute
solution in the parameter space of the fraction of the condensed
counterions xf and the effective fraction of ionized groups ∆f ) (1 x)f (logarithmic scales). Regime I: coil-like chain. Regime II: collapsed
polymeric globule. Regime III: necklace-like chain of the dense beads
connected by narrow strings. Regime IV: polyelectrolyte chain regime.
The vertical dashed lines in the regimes II and III separate regimes
with different collapse mechanisms.

collapse. In this interval of parameters, a polyelectrolyte chain
forms a spherical globule (regime II). The upper boundary for
this regime is given by ∆f ≈ (xf/N)1/2 and is obtained from the
Rayleigh stability condition eq 18 by substituting N for the
number of monomers in a bead. In the case of a small fraction
of condensed counterions, xf, the polyelectrolyte chain forms a
necklace globule with large beads and long strings (regime III).
The increase of the effective fraction of charged monomers ∆f
in this regime leads to the decrease of the bead size and at the
same time to the decrease in the length of the string connecting
beads. The size of beads decreases, and thus the number of beads
per chain increases with increasing ∆f.
In the case of weakly interacting counterions, xf < τ1/3u-5/3,
the bead size becomes comparable with the polymeric correlation length ξp at ∆f ≈ τ-1/4u5/4(xf)7/4. Along this line, the bead’s
size is on the order of the string thickness, leading to the uniform
distribution of polymeric mass along the chain end-to-end
distance. At higher values of the effective fraction ∆f of charged
monomers, the chain conformation is that of an array of
electrostatic blobs with size De ≈ τ2/7(u∆f2)-3/7. In the strongly
correlated case, there is one condensed counterion per each bead
when the bead size Db becomes comparable with the distance
between condensed counterions ξc for xf > τ1/3u-5/3. This takes
place along the line ∆f ≈ xf. In Figure 3, we refer to this regime
as regime IV (PE chain).
In the next section, we use molecular dynamics simulations
to study different conformation regimes of a polyelectrolyte
chain as a function of the Bjerrum length and the solvent quality
for the polymer backbone.
3. Molecular Dynamics Simulations of the Counterion
Condensation Induced Chain Collapse
3.1. Simulation Details. To test the predictions of the scaling
model, we performed molecular dynamics simulations of a
single polyelectrolyte chain with explicit counterions. A chain
was modeled by a chain of charged Lennard-Jones particles with
diameter σ and consisting of N ) 124, 187, 244, and 304
particles. Every third particle on the polyelectrolyte chain was
carrying a negative elementary charge, -e. This corresponds
to the fraction of charged monomers, f, on the polymer backbone
to be equal to f ) 1/3.
The connectivity of particles into polymer chains was
maintained by the finite extension nonlinear elastic (FENE)
potential,50

UCoul(rij) ) kBT

lBqiqj
rij

(35)

The strength of the electrostatic interactions is determined by
the value of the Bjerrum length lB ) e2/kBT. For example, the
Bjerrum length is about 7 Å in water at room-temperature 298
K. In our simulations, the value of the Bjerrum length lB was
varied between 1σ and 15σ. The system electroneutrality was
maintained by adding monomer-like counterions to compensate
for each charge on the polyelectrolyte chain. All charged
particles in our simulations were monovalent ions with valence
qi ) (1.
In addition to electrostatic interactions, both charged and
uncharged particles in the system interacted through the
truncated-shifted Lennard-Jones potential,50

ULJ(rij) )

{

[( ) ( ) ( ) ( ) ]

4LJ

σ
rij

0

12

-

σ 6
σ
rij
rcut

12

+

σ
rcut

6

r e rcut,
r > rcut

(36)

where rij is the distance between two interacting ith and jth
beads, σ is the particle diameter that is chosen to be the same
regardless of the type of particles, and rcut is a cutoff distance
beyond which the interaction potential is zero. The cutoff
distance rcut was equal to 2.5σ for polymer-polymer, and 21/6σ
for polymer-counterion and counterion-counterion interactions. The value of the Lennard-Jones interaction parameter was
varied between LJ ) 0.1 kBT and LJ ) 1.5 kBT for polymerpolymer interactions. The value of this parameter for polymercounterion and counterion-counterion interactions was set to
LJ ) kBT. Note that the value of the interaction parameter LJ
) 0.35 kBT between monomers corresponds to θ conditions for
neutral polymers.
Simulations were carried out in a constant number of particles,
constant volume, and constant temperature (NVT) ensemble
with periodic boundary conditions. In our simulations, the
simulation box size was varied between L ) 107.4σ and L )
144.9σ depending on chain degree of polymerization to keep
the monomer concentration constant and equal to c ) 10-4 σ-3.
The electrostatic interactions in our simulations were calculated
by the Particle-Particle Particle-Mesh (P3M) method18,50
implemented in LAMMPS,51 which takes into account electrostatic interactions with all periodic images of the system.
The constant temperature was maintained by coupling the
system to the Langevin thermostat. In this case, the motion of
beads in the system is described by the following equation,

m

dV
bi
(t) ) B
Fi(t) - ξV
bi(t) + B
FRi (t)
dt

(37)

where m is the particle mass, b
Vi is the particle velocity, and B
Fi
denotes the net deterministic force acting on the ith particle.
BRi (t)〉 ) 0
The stochastic force B
FRi has a zero average value 〈F
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Figure 4. Dependence of the chain size on the value of the Bjerrum
length for polyelectrolyte chain with the degree of polymerization N
) 304, the fraction of charged monomers f ) 1/3 for different values
of the Lennard-Jones interaction parameters LJ ) 0.1 kBT (filled circles),
LJ ) 0.3 kBT (filled triangles), LJ ) 0.5 kBT (filled squares), LJ )
kBT (inverted filled triangles), and LJ ) 1.5 kBT (filled rhombs).

and δ functional correlations 〈F
BRi (t)F
BRi (t′)〉 ) 6 kBTξδ(t - t′).
The friction coefficient ξ was set to ξ ) m/τLJ, where τLJ is the
standard LJ time τLJ ) σ(m/kBT)1/2. The velocity-Verlet
algorithm with a time step ∆t ) 0.01τLJ was used for integration
of the equations of motion (eq 37).
Simulations were performed by using the following procedure: At the beginning of each simulation run, a negatively
charged polyelectrolyte chain in self-avoiding walk configuration was placed in the center of the simulation box together
with its counterions. The system was pre-equilibrated for 106
MD steps. This was followed by the production run lasting 3
× 106 MD steps. During the production run, we averaged the
distribution functions of the number of monomers in beads and
strings, the distribution function of the number of beads per
chain, the chain radius of gyration, and fraction of condensed
counterions.
3.2. Simulation Results. Dependence of the chain radius of
gyration on the value of the Bjerrum length lB and the value of
the Lennard-Jones interaction parameter LJ is shown in Figure
4. For all values of the Lennard-Jones interaction parameter LJ,
the chain size varies nonmonotonically with the value of the
Bjerrum length. It first increases with the Bjerrum length (for
the Bjerrum length values smaller than or equal to 2σ) then
begins to decrease. The variation in the chain size with the value
of the Bjerrum length is the manifestation of the two different
mechanisms that are responsible for the chain conformational
transformations and are controlled by the strength of the
electrostatic interactions. The first mechanism that drives chain
elongation is the intrachain electrostatic repulsion between
charged monomers. With increasing the value of the Bjerrum
length lB, the electrostatic repulsion between charged monomers
increases and forces a polyelectrolyte chain to adopt a more
elongated (stretched) configuration. The second mechanism is
the counterion condensation on the polymer backbone. As the
value of the Bjerrum length increases, the electrostatic attraction
of a counterion to a polymer backbone increases as well,
resulting in a larger amount of counterions residing in the
vicinity of the polymer backbone. These counterions reduce the
effective charge on a polyelectrolyte chain weakening the
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Figure 5. Dependence of the fraction of condensed counterions x on
the value of the Bjerrum length for polyelectrolyte chain with the degree
of polymerization N ) 304, the fraction of charged monomers f ) 1/3
for different values of the Lennard-Jones interaction parameters LJ )
0.1 kBT (filled circles), LJ ) 0.3 kBT (filled triangles), LJ ) 0.5 kBT
(filled squares), LJ ) kBT (inverted filled triangles), and LJ ) 1.5 kBT
(filled rhombs).

intrachain electrostatic repulsion and leading to a decrease in
chain size. However, this is only the initial stage of the
counterion condensation process. With increasing of the number
of condensed counterions on the polymer backbone, the
electrostatic interactions between condensed counterions and
charged monomers could lead to a local chain collapse.
This qualitative picture of the counterion condensation effect
on the chain conformations is supported by Figure 5, which
shows the dependence of the fraction of the condensed counterions x on the value of the Bjerrum length lB. To obtain the
fraction of the condensed counterions for this plot, we have
surrounded each monomer by a sphere of radius rc ) 1.5σ and
counted all counterions with the center of mass within this cutoff
distance from a monomer. The final list of the condensed
counterions was examined for multiple entries such that each
condensed counterion was counted only once. The fraction of
condensed counterions increases with increasing of the value
of the Bjerrum length. At small values of the Bjerrum length,
lB < 3σ, more than 80% of counterions leave a polyelectrolyte
chain. In this interval of the Bjerrum lengths, the counterion
configurational entropy loss due to its localization near the
polymer backbone is much larger than the electrostatic attraction
of a counterion to a polyelectrolyte chain. With increasing of
the value of the Bjerrum length, the fraction of the condensed
counterions increases and reaches about 30% at the value of
the Bjerrum length lB ∼ 4σ (for LJ < 1.5 kBT). At this value of
the Bjerrum length, the configurational entropy loss is of the
order of the electrostatic energy gain due to counterion
condensation. For the largest value of the Bjerrum length, lB )
15σ, more than 95% of counterions is condensed on the polymer
backbone. For this value of the Bjerrum length, the electrostatic
contribution to the counterion free energy is much larger than
its configurational entropy part. The faster increase of the
fraction of the condensed counterions x seen for polyelectrolytes
in poor solvent conditions for the polymer backbone with LJ
) 1.5 kBT is due to the stronger chain collapse, resulting in the
lower value of the local electrostatic potential and stronger
attraction of a counterion to a polymer chain.
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Table 2. Typical Conformations of Polyelectrolyte Chain with Degree of Polymerization N ) 304 and Fraction of Charged Monomers f ) 1/3

Table 2 shows typical chain conformations in the LJ-lB
plane. At small values of the Lennard-Jones interaction parameter LJ < kBT, which corresponds to the interval of good and
weak poor solvent conditions for the polymer backbone, a
polyelectrolyte chain undergoes stretched chain-necklaceglobule conformational transformations with increasing of the
value of the Bjerrum length. This cascade of transformations is
a result of counterion condensation on the polymer backbone.
Note that the different chain conformations shown in Table 2
are qualitatively similar to those obtained by Limbach el al.30
in their simulations of a polyelectrolyte chain. To quantify the
effect of counterions on the chain conformations, we will
consider separately different conformation regimes.
We will first analyze chain behavior in the stretched chain
regime. In this interval of the Bjerrum lengths, the condensed
counterions mainly contribute to the reduction of the net
polymeric charge, weakening intrachain electrostatic repulsion.
The chain size Re in this regime can be estimated by balancing
the chain conformational free energy kBTR2e /b2N and electrostatic repulsion between ∆fN uncompensated charges on the
polymer backbone, kBT lB(∆fN)2/Re.3 Thus, the chain size scales
with the fraction of condensed counterions and the interaction
parameter u as

Re ≈ bu1/3(1 - x)2/3f 2/3N ≈ bu1/3∆f2/3N

electrostatic blobs with size De ≈ bu-1/3∆f -2/3 containing ge ≈
u-2/3∆f -4/3 monomers.3,49 The chain conformations inside an
electrostatic blob will remain unperturbed by short-range
monomer-monomer interactions as long as the number of
monomers in the electrostatic blob is smaller than ge < |τ|-2.
This is indeed the case for the values of the Lennard-Jones
interaction parameter 0.1 kBT e LJ e 0.5 kBT. For the value of
the Lennard-Jones interaction parameter LJ ) kBT, the monomer-

(38)

Figure 6 shows dependence of the reduced chain size ∆f1/3Re/
u1/3 on the polyelectrolyte valence ∆fN for the different values
of the Bjerrum length and the Lennard-Jones interaction
parameter LJ. As one can see, the data points for the large values
of the Bjerrum length lB > 2σ collapsed into one universal line
with slope one, indicating that the solvent quality has almost
no effect on the chain conformations. Note that, in this regime,
a polyelectrolyte chain can be viewed as an array of the

Figure 6. Universal plot of the reduced chain size on the chain valence
∆fN for chains with degrees of polymerizations N ) 124 (filled circles),
N ) 187 (filled triangles), N ) 244 (filled squares), and N ) 304
(inverted filled triangles) for different values of the Lennard-Jones
interaction parameters LJ ) 0.1 kBT (black symbols), LJ ) 0.3 kBT
(red symbols), and LJ ) 0.5 kBT (blue symbols). The solid lines have
slope one.
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monomer interactions start to perturb chain conformations inside
an electrostatic blob, resulting in additional chain shrinkage (see
also Figure 4). This value of the Lennard-Jones interaction
parameter corresponds to true poor solvent conditions for the
polymer backbone. It is important to point out that the data
points corresponding to the values of the Bjerrum length lB )
1σ and 2σ deviates from this universal line, indicating that
condensed counterions can slightly perturb chain conformations
even in the stretched chain regime.
Condensed counterions lead to a complete chain collapse for
the values of the Bjerrum length lB g 12σ. The chain collapse
in this regime is caused by the correlation-induced attraction
between the condensed counterion and the weakly fluctuating
charge background of the collapsed polyelectrolyte chain. The
polymeric density inside a globule is stabilized by three-body
monomer-monomer repulsion. The globular size in this regime
is estimated as

Rglob ≈ (N/F)1/3 ≈ bu-1/5(xf)-4/15N1/3

(39)

In the derivation of the eq 39, we used the expression for the
polymer density F from the Table 1 for the three-body SC
regime. The stability of the polymeric globule is insured by the
dominance of the globular surface energy, kBTγRglob2/b2, over
the intrachain electrostatic repulsion between uncompensated
charges, kBTlB(∆fN)2/Rglob. Both terms become of the same order
in magnitude when

N≈

xf
x
≈ 2
2
(1 - x) f ∆f

Figure 7. Reduced square-root mean-square radius of gyration 〈Rg2〉1/2/
Rglob as a function of the reduced valence of charged globule, ∆fN/
(xfN)1/2, for chains with degrees of polymerizations N ) 124 (filled
circles), N ) 187 (filled triangles), N ) 244 (filled squares), and N )
304 (inverted filled triangles) for different values of the Lennard-Jones
interaction parameters LJ ) 0.1 kBT (black symbols), LJ ) 0.3 kBT
(red symbols), and LJ ) 0.5 kBT (blue symbols).

(40)

Equation 40 determines the boundary of the globule regime as
a function of the fraction of the condensed counterions and the
chain’s degree of polymerization, N. Note that this equation is
an analog of the Rayleigh stability condition for the charged
polymeric globule.
The dependence of the reduced square root of the meansquare radius of gyration, 〈R2g〉1/2/Rglob, of chains with the
degree of polymerizations N ) 124-304 on the reduced value
of the total charge valence, ∆fN/(xfN)1/2, of the globule is plotted
in Figure 7. As expected, all data points collapse into one
universal plot. A spherical globule is stable when its net charge
valence ∆fN is smaller than the square root of the charge valence
of the condensed counterions (xfN)1/2. When the globule valence
∆fN is larger than 0.48 (xfN)1/2, a spherical globule becomes
unstable. As the fraction of the condensed counterions decreases
further, a polymer chain adopts necklace-like conformation of
dense beads connected by strings. This transformation is
triggered by the decrease in the value of the Bjerrum length lB.
The values of the Lennard-Jones interaction parameter in this
regime correspond to either positive or weakly negative values
of the second-virial coefficient for the monomer-monomer
interactions. In this range of the Lennard-Jones interaction
parameter, the necklace structure is strongly fluctuating, resulting
in very broad distribution in the number of monomers in a bead
and in a string. The necklace formation and chain collapse in
this interval of parameters can be exclusively attributed to the
counterion condensation. It is also important to point out that
the equilibrium density inside the collapsed chain or collapsed
sections of the chain is stabilized by three-body monomermonomer repulsion.
In the interval of the Bjerrum lengths 10σ e lB e 12σ, a
correlation-induced attraction between condensed counterions
results in local chain collapse and formation of the necklace

Figure 8. Square-root mean-square radius of gyration as a function
of the parameter u1/5(xf)-2/5∆fN for chains with degrees of polymerizations N ) 124 (filled circles), N ) 187 (filled triangles), N ) 244
(filled squares), and N ) 304 (inverted filled triangles) for different
values of the Lennard-Jones interaction parameters LJ ) 0.1 kBT (black
symbols), LJ ) 0.3 kBT (red symbols), and LJ ) 0.5 kBT (blue symbols).
The solid line has slope one.

globule. The size of the necklace globule is proportional to the
chain’s uncompensated charge ∆fN (see Table 1) and it increases
with increasing the charge imbalance, ∆fN. To test this relation
in Figure 8, we have plotted the dependence of the chain size
versus scaling model prediction for the value of

Re ≈ u1/5(xf)-2/5(1 - x)fN ≈ u1/5(xf)-2/5∆fN

(41)

As one can see, the agreement between the results of the
computer simulations and a scaling model is good. This also
explains why we have a reasonably good collapse of the data
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in the interval ∆fN > 0.48 (xfN)1/2. By comparing eqs 39 and
41, one can establish that eq 41 can be rewritten as

Re ≈ u2/5(xf)11/30N1/6Rglob∆fN/(xfN)1/2

(42)

Thus, the ratio of Re/Rglob is proportional to ∆fN/(xfN)1/2. The
proportionality coefficient has weak dependence on the value
of the Bjerrum length and chain degree of polymerization in
the range of parameters used in our simulations.
Equations 18 and 33 give simple relations between the
optimal number of monomers in a bead, m/b, and the fraction of
condensed counterions, x. We tested these relations for polyelectrolyte chains with different strength of the electrostatic
interactions and value of the Lennard-Jones interaction parameter LJ ) 1.5 kBT (see Figure 9). To improve statistics, each
point is averaged over all beads with the number of monomers,
mb, within five monomers of the most probable (optimal)
number of monomers in bead (m/b - 5 e mb e m/b + 5). The
optimal number of monomers in a bead, m/b, was obtained by
fitting the bead distribution function to the distribution function
derived by Liao et al.26 The growth of beads with increasing
the Bjerrum length is an indication of the counterion condensation. The energy gain due to counterion localization inside and
around beads increases with the increasing of the value of the
Bjerrum length. In our simulation, the average concentration
of the counterion was kept constant. Thus, the entropy loss due
to counterion localization was unchanged.
In the case of the very poor solvent conditions for the polymer
backbone, LJ ) 1.5 kBT, a polyelectrolyte chain forms a
necklace globule already at the lowest values of the Bjerrum
length lB < 3σ. The necklace formation in this range of the
parameters is a result of the optimization of the favorable shortrange monomer-monomer attraction and electrostatic repulsion
between uncompensated charges. To show that this is indeed
the case, in Figure 9a, we have plotted the dependence of the
parameter um/b on the fraction of the condensed counterions, x.
As one can see, all data points for different chains’ degrees of
polymerizations and different values of the Bjerrum length, lB
) 1σ and 2σ, have collapsed into one universal plot. Note that
the data points are close to the ones obtained in simulations of
the polyelectrolyte chains in poor solvent conditions for the
polymer backbone in salt solutions (see open symbols).41 The
solid line in this plot corresponds to eq 33.
The different functional dependence is seen in Figure 9b,
which shows the dependence of the number of monomers in
the optimal bead m/b on the fraction of the condensed counterions x for the values of the Bjerrum length, lB ) 3σ and 4σ.
We have also added to this plot the data points from simulations
of salt-free solutions by Liao et al.26 and data points from
simulations with added salt by Jeon and Dobrynin.41 The
different data sets are close to the universal curve corresponding
to eq 18. Thus, parts a and b of Figure 9 provide further evidence
for the existence of two different mechanisms responsible for
the bead formation.
4. Conclusions
We have presented a necklace model of a polyelectrolyte
chain in which the necklace structure is produced by the
correlation-induced attractive interactions between condensed
counterions and charged monomers. Because of these interactions, the necklace structure can even be formed in the good
solvent conditions for the polymer backbone. The transition to
the necklace globule depends on both the value of the Bjerrum
length determining the strength of the electrostatic interactions

Figure 9. Dependence of the optimal number of monomers in a bead
mb* on the fraction of the condensed counterions for chains with
different degrees of polymerization N. (a) LJ ) 1.5 kBT, lB ) 1σ and
2σ, for the chains with the degrees of polymerization N ) 124 (filled
circles), N ) 187 (filled triangles), N ) 244 (filled squares), and N )
304 (inverted filled triangles). The solid line is given by the equation
umb* ) 50.4/(1 - x)2. Open symbols show data points from ref 41 N
) 187 (rhombs). (b) LJ ) 1.5 kBT, lB ) 3σ and 4σ, for the chains with
the degrees of polymerizations N ) 124 (filled circles), N ) 187 (filled
triangles), N ) 244 (filled squares), and N ) 304 (inverted filled
triangles). The solid line is given by the equation mb* ) 17.3x/(1 x)2. Open symbols show data points from ref 41 N ) 187 (rhombs)
and from ref 26 N ) 187 (circles), N ) 244 (triangles), and N ) 373
(squares).

and the value of the Lennard-Jones interaction parameter, which
controls the solvent quality for the polymer backbone. According
to this model, the parameters of the necklace such as number
of monomers in a bead, bead size, number of beads per chain,
and string length connecting the neighboring beads show strong
dependence on the value of the Bjerrum length. In particular,
in the counterion-correlation regime, the beads of the necklace
globule grow in size with increasing the value of the Bjerrum
length. By using this new necklace model, we have calculated
the diagram of state of a polyelectrolyte chains as a function of
the fraction of the condensed counterions and net charge of a
polyelectrolyte chain (see Figure 3).
To test the predictions of the necklace model, we have
performed molecular dynamics simulations of a polyelectrolyte
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chain with the degrees of polymerization N ) 124-304 and
fraction of the charged monomers f ) 1/3. In these simulations,
we have varied the value of the Bjerrum length lB between 1σ
and 15σ and the value of the Lennard-Jones interaction
parameter LJ between 0.1 kBT and 1.5 kBT. This interval of the
Lennard-Jones interaction parameter covers the good and poor
solvent regimes for the polymer backbone. Our simulations
confirmed the predictions of the scaling model that formation
of the necklace globule is possible even in the good solvent
conditions, LJ ) 0.1 kBT. In this range of parameters, the
Rayleigh stability condition of a spherical globule with condensed counterions depends on the ratio of the net globular
charge ∆fN to the square root of the net charge carried by
condensed counterions, (xfN)1/2 (see Figure 7). It is completely
different from the case of a charged globule formed in poor
solvent conditions for the polymer backbone. For all studied
systems, the chain size shows nonmonotonic dependence on
the value of the Bjerrum length. It first increases with increasing
of the value of the Bjerrum length and then starts to decrease.
The location of the maximum on the chain size-Bjerrum length
curve depends on the solvent quality for the polymer backbone
(value of the Lennard-Jones interaction parameter LJ). For the
larger values of the interaction parameter LJ, a chain forms a
collapsed spherical globule for smaller values of the Bjerrum
length. This indicates that short-range monomer-monomer
interactions still play an important role in determining the chain
configuration (see Figure 4).
The model of the counterion-correlation induced chain
collapse can be extended to the case of the semiflexible
polyelectrolytes.20 Semiflexible polymers in poor solvent conditions for the polymer backbone form torroidal globule. A
charged semiflexible polyelectrolyte chain adopts rings on a
string conformation of collapsed torroidal globules connected
by the stretched strings of monomers.52-58 This structure
optimizes the short-range monomer-monomer attractive interactions, the chain’s bending energy, and long-range electrostatic
repulsion between charged groups. The increase of the Bjerrum
length in this case will also trigger the counterion condensation
on the torroidal globules, leading to correlation-induced attraction between condensed counterions and charged monomers and
promoting further chain collapse. In this case, one should expect
a collapse of a semiflexible polyelectrolyte chain by condensed
counterion even in a good solvent condition for the polymer
backbone. Note that the strength of the electrostatic interactions
between a counterion and a polyelectrolyte chain can be varied
by changing the counterion valence. It is interesting to point
out that the condensation of the multivalent ions on the
semiflexible polyelectrolyte chain models the DNA condensation
by multivalent counterions.44,45 We are planning to address these
questions in our future publications.
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