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A new method to extract coherent bursts from turbulent signals is presented. It is based on the
wavelet representation which keeps track of both time and scale and thus preserves the temporal
structure of the analyzed signal. This is in contrast to the Fourier representation which scrambles
the temporal information among the phases of all coefficients. It is shown that, using an orthogonal
wavelet basis, a turbulent signal can be decomposed into coherent and incoherent components which
are orthogonal and whose properties can thus be studied independently. Diagnostics designed from
the wavelet coefficients are introduced to compare the statistical properties of the original signal
with its coherent and incoherent contributions. The wavelet-based extraction method is applied
to the saturation current fluctuations measuring the plasma density fluctuations at the edge of
the tokamak Tore Supra, Cadarache, France. This procedure disentangles coherent bursts from
incoherent background fluctuations. One finds that the coherent contribution contains most of
the density variance, is intermittent and correlated with non-Gaussian statistics. In contrast, the
incoherent contribution is much weaker, non-intermittent, noise-like and almost decorrelated with
quasi-Gaussian statistics. We conjecture that the coherent bursts are responsible for turbulent
transport, while the remaining incoherent fluctuations only contribute to turbulent diffusion.

I. INTRODUCTION

A. Coherent bursts

The radial transport at the edge of tokamaks is known
to be dominated by turbulent processes. Understanding
them is important, as they will determine the confine-
ment properties of the overall plasma in the bulk region
and the energy density that must be handled by the lim-
iter or divertor components in the shadowed region of the
plasma where the magnetic field lines are opened. The
turbulent transport of plasma density has been exten-
sively studied at the edge of plasma by means of Lang-
muir probes [6, 13, 28], particles beams [24, 25] and more
recently 2D visible imaging [32, 35]. All these diagnos-
tics observe a turbulent transport of the plasma density
in the scrape-off layer (SOL) that can be described as a
superposition of convective events, which are responsible
for the transport of matter over long radial distances at
a fraction (of the order of 10%) of the ion sound speed
[1, 7], and of background turbulence.

The convective events are detected as coherent bursts
of plasma density, but with a signature different from the
one expected for turbulent eddies, since they exhibit a
probability distribution function (PDF) which is skewed.
Typically, it is found that these convective events account
for a small fraction of the time and substantial propor-
tion of the turbulence intensity [2], which underlines their
importance in the turbulent transport. There are many
efforts to analyse these bursts independently from the
background turbulence. For this purpose different ex-
traction methods have been developed, which are based

on signal clipping (e.g., [2]), correlation with given tem-
plates or conditional averaging. These methods require
strong hypotheses on the signal, which has to be statis-
tically steady, and also on the bursts in order to choose
the appropriate threshold value. Actually the clipping
method presents two drawbacks. Firstly, the duration of
the bursts and their turbulent intensity strongly varies
depending on the threshold value (e.g., from 4% to 20%
of the total time and between 20% and 50% of the to-
tal turbulent intensity [2]), which unfortunately cannot
be estimated a priori. Secondly, the clipping method
does not preserve the regularity [9] of the signal, since
the threshold introduces discontinuities which affect the
Fourier spectrum and hence yields an erroneous scaling.
Although these methods give some information about the
dynamics [2, 8], other methods requiring less hypotheses
to extract the bursts are needed.

Since 1988 we have proposed to use the wavelet rep-
resentation to analyze [14, 15] and extract [18, 19, 22]
coherent structures out of turbulent flow fields, as the
wavelet representation does not require any hypothesis on
the statistical stationarity and homogeneity of the pro-
cess under study. In this paper we demonstrate the ad-
vantages of wavelets to separate coherent bursts from tur-
bulent fluctuations in edge plasma. We present a wavelet-
based extraction algorithm, which does not even require
any parameter, such as threshold value, to be adjusted.
We then apply it to study the plasma density fluctua-
tions measured in the SOL of the tokamak Tore–Supra,
Cadarache, France [10].
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B. Wavelet representation

Since turbulent signals are highly fluctuating, one
studies them statistically, using classical diagnostics such
as correlation functions, spectra or structure functions.
Unfortunately those diagnostics loose the temporal struc-
ture of the signal, since they are computed with time in-
tegrals and the Fourier modes used as basis functions are
not localized in time.

The wavelet transform is more appropriate than the
Fourier transform to analyze and represent non station-
ary, non homogeneous and intermittent signals, such as
those encountered in turbulence. It uses analyzing func-
tions which are generated by translation and dilation of
a so-called ’mother wavelet’, well localized (i.e., have a
finite support) in both physical and spectral space. In
contrast, the Fourier transform uses trigonometric func-
tions, which are non local (having an infinite support)
in physical space but well localized in spectral space,
and the analyzing functions are generated by modula-
tion rather than dilation. The localization of the basis
functions and the invariance group of the transform con-
stitute the main differences between wavelet and Fourier
representations. For a general presentation of the differ-
ent types of wavelet transforms and their applications to
turbulence, we refer the reader to several review articles
[16, 17, 20].

Trigonometric functions used by the Fourier transform
oscillate for all times and the temporal information of the
transformed signal is scrambled among the phases of all
Fourier coefficients. In contrast, the wavelet coefficients
preserve the temporal properties of the signal. Thus,
when a wavelet coefficient is filtered out, the effect on the
reconstructed signal remains local in time and does not
affect the overall signal, as the Fourier transform does.
This property allows to study the behaviour of a limited
portion of the signal directly from its wavelet coefficients.

If a turbulent signal is stationary, non intermittent and
supposed to be made up of a superposition of waves, not
having any nonlinear behaviour such as chirps, solitons
or shocks, only in this case one can define without ambi-
guity the associated frequencies. However, if a turbulent
signal is supposed to be a superposition of elementary
structures localized in space and time, and nonlinearly
interacting (e.g., vortices, shocklets), the wavelet repre-
sentation should be preferred, because it preserves the
locality of information in both space and scale. Actually,
these two different transforms translate into mathemat-
ical language two different interpretations of turbulent
signals [16].

In the context of plasma physics the continuous wavelet
transform has already been used to analyze signals mea-
sured in magnetic fusion devices, see e.g., [12, 27]. In this
paper we propose to use the orthogonal wavelet trans-
form instead, since it has been proved to be optimal for
denoising signals corrupted with additive Gaussian white
noise [11]. A generalisation to correlated noise is straight-
forward, and a similar method has been developed [30]

to treat non Gaussian noises, i.e., χ2 distribution. To
improve the choice of the threshold we have proposed
a recursive algorithm [3], that we have applied to ex-
tract coherent structures out of incompressible turbulent
flows [18]. In the present paper we demonstrate its use
to study turbulence in edge plasmas of magnetic fusion
devices, such as tokamaks or stellarators.

C. Content of the paper

The paper is organized as follows. First, we present
the wavelet-based extraction method. We then explain
the recursive algorithm and validate it on an academic
signal. We finally apply it to a saturation current sig-
nal measured in the SOL of the tokamak Tore Supra,
Cadarache. We thus show that the coherent bursts can
be efficiently extracted. We also present new statistical
diagnostics based on the wavelet representation, that we
use to compare the original signal with its coherent and
incoherent components. Finally, some conclusions are
drawn and perspectives for future work are given.

II. EXTRACTION OF COHERENT BURSTS

A. Principle

We propose a new method to extract coherent struc-
tures from turbulent flows, as encountered in fluids (e.g.,
vortices, shocklets) or plasmas (e.g., bursts), in order to
study their role in transport and mixing.

As already mentionned, we first replace the Fourier
representation by the wavelet representation, which keeps
track of both time and scale, instead of frequency only.
The second improvement consists in changing our view-
point about coherent structures. Since there is not yet
an universal definition of coherent structures in turbulent
flows, we prefer starting from a minimal but more con-
sensual statement about them, that everyone hopefully
could agree with: ’coherent structures are not noise’. Us-
ing this apophatic method we propose the following def-
inition: ’coherent structures correspond to what remains

after denoising’.
For the noise we use the mathematical definition stat-

ing that a noise cannot be compressed in any functional
basis. Another way to say this is to observe that the
shortest description of a noise is the noise itself. No-
tice that plasma physicists typically call ’noise’ what is
actually ’experimental noise’, measured when there is
no plasma. Their definition includes what we define as
’noise’, plus possibly some organized features (e.g., par-
asite waves) that we do not consider as ’noise’ according
to the mathematical definition above.

This new way of thinking about coherent structures
presents the advantage of being able to process ’incom-
plete fields’. What does this mean? A typical example
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of incompleteness is encountered in the experimental set-
ting, where typically one measures the time evolution of
a three dimensional field using a probe located at one
point, thus obtaining a one dimensional cut of a four di-
mensional space-time field. Notice that incompleteness
is different from discretization, i.e., sampling, that one
should also take into account. If the algorithm used to
extract coherent structures requires templates of typi-
cal structures, it becomes intractable when the measured
field is incomplete, because, in order to define the tem-
plate, one should then consider how the probe sees all
possible motions and distortion of the coherent structures
passing by in order to define the templates. Since our al-
gorithm requires a model of the noise, but not of the co-
herent structures themselves (no templates are needed),
it treats any field, complete or incomplete, the same way.

Considering our definition of coherent structures, tur-
bulent signals are split into two contributions: coherent
bursts, corresponding to that part of the signal which can
be compressed in a wavelet basis, plus incoherent noise,
corresponding to that part of the signal which cannot
be compressed, neither in wavelets nor in any other ba-
sis. We will then check a posteriori that the incoherent
contribution is spread, and therefore does not compress,
in both Fourier and grid point basis. Since we use the
orthogonal wavelet representation, both coherent and in-
coherent components are orthogonal and therefore the
L2-norm, i.e., energy, is the sum of coherent and inco-
herent contributions.

Assuming that coherent structures are what remains
after denoising, we need a model, not for the structures,
but for the noise. As a first guess, we choose the simplest
model and suppose the noise to be additive, Gaussian and
white, i.e., uncorrelated. Having this model in mind, we
then rely on Donoho’s and Johnstones theorem [11] to
compute the value used to threshold the wavelet coeffi-
cients. Since the threshold value depends on the variance
of the noise, which in the case of turbulence is not a pri-

ori known, we propose a recursive method to estimate it
from the variance of the weakest wavelet coefficients, i.e.,
those whose modulus is below the threshold value.

After applying our algorithm to a turbulent signal,
we then check a posteriori that the incoherent compo-
nent is indeed noise-like, spread in physical space, quasi-
Gaussian and quasi-uncorrelated (i.e., also spread in
Fourier space), which thus confirms the hypotheses we
have chosen for the noise.

B. Orthogonal wavelet representation

The construction of orthogonal wavelet bases and the
associated fast numerical algorithm are based on the
mathematical concept of multiresolution analysis, which
considers approximations at different scales. A function
or a signal (sampled function) can thus be decomposed
into a set of embedded coarser and coarser approxima-
tions. The originality of the wavelet representation is to

encode the differences between successive finer approxi-
mations, instead of the approximations themselves. The
amount of information needed to go from a coarse ap-
proximation to a finer approximation is then described
using orthogonal wavelets. A function or a signal is thus
represented by its coarsest approximation, encoded by
the scaling coefficients, plus the differences between the
successive finer approximations, encoded by the wavelet
coefficients.

We consider a signal S(t) of duration T sampled on
N = 2J equidistant instants ti = iT/N , with i =
0, ..., N − 1. We project it onto an orthogonal wavelet
basis [16, 26] to represent it at different instants ti and
different time scales τ = 2−j, with j = 0, ..., J − 1 .

The signal is thus developed into an orthogonal wavelet
series,

S(t) = S00φ00(t) +
∑

(j,i)∈ΛJ

S̃ji ψji(t) (1)

where φ00 is the scaling function and ψji the correspond-
ing wavelets, i is the index for the instant t and j the
index for the time scale τ . To simplify the notation, we
introduce ΛJ , which indexes all wavelets constituting the
basis, defined as

ΛJ = {(j, i) , j = 0, ..., J − 1, i = 0, ..., 2j − 1} . (2)

Due to orthogonality of the basis functions, the coeffi-
cients are computed using the L2inner-product, denoted
by 〈f, ψ〉 =

∫ ∞

−∞ f(t)ψ(t)dt. The scaling coefficients are

S00 = 〈S , φ00〉 and the wavelet coefficients are S̃ji =
〈S , ψji〉. The scaling coefficients encode the approxima-
tion of the function S at the largest scale τ0 = 20 = 1,
which corresponds to the mean value, while the wavelet
coefficients encode the differences between approxima-
tions at two different time scales which correspond to
the details added to get a finer time resolution. In this
paper we use the Coifman 12 wavelet, which generates
all functions of the wavelet basis from a set of two dis-
crete filters, a low-pass and a band-pass filter, each of
length 12 [26]. The scaling function φ(t), defined by the
low-pass filter, and the corresponding wavelet ψ(t), de-
fined by the band-pass filter, together with the modulus

of their Fourier transforms |φ̂(ω)| and |ψ̂(ω)|, are shown
in Fig. 1. The Fourier transform we use is defined by

φ̂(ω) =

∫ ∞

−∞

φ(t) e−ι2πωt dt , (3)

with ι =
√
−1 and where ω denotes the frequency.

C. Wavelet denoising

As explained above, we define the coherent bursts to
be what remain after denoising the turbulent signal S(t).
We then propose a wavelet–based method to split the sig-
nal S(t) into two orthogonal components: the coherent
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signal SC(t), which retains the coherent bursts, and the
incoherent signal SI(t), which corresponds to the tur-
bulent fluctuations assumed to be noise-like. For this
we first project S(t) onto an orthogonal wavelet basis
and we compute a threshold value ǫ. We then sepa-

rate the wavelet coefficients S̃ij into two classes: those
whose modulus is larger than the threshold value ǫ cor-

respond to the coherent coefficients S̃Cij , while the remain-
ing coefficients correspond to the incoherent coefficients

S̃Iij . Finally, the coherent component is reconstructed
in physical space using the inverse wavelet transform to
get SC(t), while the incoherent components is easily ob-
tained as SI(t) = S(t)−SC(t). It could also be obtained

by applying the inverse wavelet transform to S̃Iij .
We choose the simplest model for the noise to be elim-

inated, we suppose it to be additive, Gaussian and white.
If we know a priori the noise’s variance σ2, the optimal
threshold value is given by

ǫD = (2σ2 lnN)1/2 . (4)

Indeed, Donoho and Johnstone [11] have proven that
such a wavelet thresholding is optimal to denoise signals
in presence of additive Gaussian white noise, because it
minimizes the maximal L2-error (between the denoised
signal and the noise-free signal) for functions with inho-
mogeneous regularity, such as intermittent signals. How-
ever, to compute the threshold ǫD the variance of the
noise has to be known.

In [3, 18] we have proposed a recursive algorithm to
estimate the variance of the noise when it is not known a

priori, which is the case for most practical applications,
in particular for coherent burst extraction. The recur-
sive algorithm is based on the observation that, given a
threshold ǫn, the variance of the noise estimated using
Parseval’s theorem

σ2
n =

1

N

∑

(ji)∈ΛJ ,|S̃ji|<ǫn

|S̃ji|2 (5)

yields a new variance σ2
n+1 and hence a threshold ǫn+1

closer to the optimal threshold ǫD than ǫn. In [3] we
studied the mathematical properties of this algorithm
and proved its convergence for signals having sufficiently
sparse representation in wavelet space, such as intermit-
tent signals.

D. Algorithm

The recursive extraction algorithm can be summarized
as follows:

Initialization

• given the signal S(t) of duration T , sampled on an
equidistant grid ti = iT/N for i = 0, N − 1, with
N = 2J ,

• set n = 0 and perform a wavelet decomposition,
i.e., apply the Fast Wavelet Transform [26] to S to

obtain the wavelet coefficients S̃ji for (j, i) ∈ ΛJ ,

• compute the variance σ2
0 of S as a rough esti-

mate of the variance of the incoherent signal SI

and compute the corresponding threshold ǫ0 =(
2 lnNσ2

0

)1/2
, where σ2

0 = 1
N

∑
(j,i)∈ΛJ |S̃ji|2,

• set the number of coefficients considered as noise
to NI = N , i.e., to the total number of wavelet
coefficients.

Main loop

Repeat

• set Nold
I = NI and count the number of wavelet co-

efficients smaller than ǫn, which yields a new value
for NI ,

• compute the new variance σ2
n+1 from the

wavelet coefficiens smaller than ǫn, i.e.,

σ2
n+1 = 1

N

∑
(j,i)∈ΛJ |S̃Iji|2, where

S̃Iji =

{
S̃ji for |S̃ji| ≤ ǫn
0 else,

(6)

and the new threshold ǫn+1 = (2 lnNσ2
n+1)

1/2,

• set n = n+ 1

until (NI==Nold
I ).

Final step

• reconstruct the coherent signal SC from the coef-

ficients S̃Cji using the inverse Fast Wavelet Trans-
form, where

S̃Cji =

{
S̃ji for |S̃ji| > ǫn
0 else

(7)

• finally, compute pointwise the incoherent signal
SI(ti) = S(ti) − SC(ti) for i = 0, ..., N − 1.

End

Note that the decomposition yields S(t) = SC(t) +
SI(t) and orthogonality implies that energy is split into
σ2 = σ2

C + σ2
I , since 〈SC , SI〉 = 0.

The Fast Wavelet Transform (FWT), proposed by Mal-
lat [26], requires (2mN) multiplications for its computa-
tion, where m is the length of the discrete filter defining
the orthogonal wavelet used. Hence, the extraction al-
gorithm we propose is computed in (2nmN) operations,
with a number of iterations n very small, typically less
than log2N . Recall that the operation count for the Fast
Fourier Transform (FFT) is proportional to N log2N op-
erations.
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This algorithm defines a sequence of estimated thresh-
olds (ǫn)n∈IN and the corresponding sequence of esti-

mated variances
(
σ2
n

)
n∈IN

. The convergence of these
sequences within a finite number of iterations has been
demonstrated in [3] applying a fixed point type argument
to the iteration function

IS,N(ǫn+1) =


2 lnN

N

∑

(j,i)∈ΛJ

|S̃Iji(ǫn)|2



1/2

. (8)

The algorithm thus stops after n iterations when
IS,N(ǫn) = ǫn+1.

Furthermore, we have shown that the convergence rate
of the recursive algorithm depends on the signal to noise
ratio (SNR = 10 log10(σ

2/σ2
I )), since the smaller the

SNR, i.e., the stronger the noise, the faster the conver-
gence. Moreover, if the algorithm is applied to a Gaus-
sian white noise only, it converges in one iteration and
removes the noise (in statistical mean). If it is applied to
a signal without noise, the signal is fully preserved. Fi-
nally, we have proven that the algorithm is idempotent,
i.e., if we apply it several times, the noise is eliminated
the first time, and the coherent signal is no more modi-
fied in the subsequent applications, as it would have been
the case for a Gaussian filter. As a consequence, this al-
gorithm yields a nonlinear projector [3].

E. Application to an academic test signal

To illustrate the properties of the recursive algorithm
we apply it to a one-dimensional noisy test signal S
(Fig. 2, middle). This signal has been constructed by
superposing a Gaussian white noise W , with zero mean
and variance σ2

W = 1, to a function F , normalized such
that its variance yields 10, which corresponds to a signal
to noise ratio SNR = 10 log10(σ

2
F /σ

2
W ) = 20 dB (Fig. 2,

top). The function F is a piecewise polynomial func-
tion which presents several discontinuities, either in the
function or in its derivatives. The number of samples is
N = 213 = 8192.

We apply the recursive extraction algoritm to the test
signal S(t) and obtain after n = 5 iterations the coherent
part SC(t) and the incoherent noise SI(t) (cf. Fig. 2,
bottom). We observe that SC(t) yields a denoised ver-
sion of the test signal S(t) which is very close to F (t),
while the incoherent part SI(t) is homogeneous and noise
like with flatness F = 3.03, which corresponds to quasi–
Gaussianity. Note that the flatness F is defined as the
ratio of the centered fourth order moment divided by the
square of the variance, and F = 3 for a Gaussian pro-
cess. Fig. 2 (bottom, left) shows that the coherent signal
retains all discontinuities and spikes present in the orig-
inal function F (t), without smoothing them as it would
have been the case with standard denoising methods,
e.g., with low pass Fourier filtering. Nevertheless, we
observe slight overshoots in the vicinity of the disconti-
nuities, although they remain much more local than the
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classical Gibbs phenomena, and could easily be removed
using the translation invariant wavelet transform [26].

III. APPLICATION TO TURBULENT EDGE

PLASMA

A. Density fluctuations

We have measured the time evolution of the ion sat-
uration current during 8ms in the SOL of the tokamak
Tore Supra in Cadarache (France). This signal, denoted
S(t), gives an approximation of the density fluctuations.

0 5 10 15

0

0.5

1

1.5

2

plasma scenario, shot 28338

time [s]

IP [MA]                  
Ne [m−3]               
probe displacement [A.U.]
LH Power [MW]            

FIG. 3: Plasma scenario of the shot 28338 from the tokamak
Tore Supra, Cadarache. The duration of the shot is 18 s. The
plasma density fluctuations are measured by a fast reciprocat-
ing Langmuir probe. When the probe is 2.8 cm away from the
LCFS in the SOL, the signal is acquired during time windows
of 8ms.

The measure was taken according to the following
plasma scenario: the shot 28338 lasted 18 s and the
signal has been recorded in the middle of the plasma
current plateau. The large radius was R = 2.33m,
the small radius a = 0.77m, the mean plasma density
ni = 1.37 · 1019m−3, the plasma current Ip = 0.84MA
and the edge safety factor q = 6.71. Moreover, 2.1MW
of lower hybrid waves were applied to the plasma.

The ion saturation current fluctuations were measured
by a fast reciprocating Langmuir probe. The total dura-
tion of the probe motion into the plasma was 300ms and,
when the probe reached 2.8 cm away from the last closed
flux surface (LCFS). The signal has been recorded at
1MHz during 8ms (Fig. 3), which givesN = 213 = 8192
samples. A high-pass filter at frequency 0.1kHz and a
low-pass filter at frequency 500kHz have been applied to
eliminate both low frequencies and aliasing.

B. Extraction of coherent bursts

We use the wavelet extraction algorithm to split the
signal S(t) (Fig. 4, top) into two orthogonal components,
the coherent bursts SC(t) (Fig. 4, middle) and the inco-
herent turbulent fluctuations SI(t) (Fig. 4, bottom). The
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FIG. 4: Signal S(t) of duration 8.192ms, corresponding to
saturation current fluctuations measured at 1MHz in the
SOL of the tokamak Tore Supra, Cadarache. Top: total signal
S. Middle: coherent part SC . Bottom: incoherent part SI .

optimal threshold value has been obtained after n = 12
iterations of the algorithm (Figure 5).
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FIG. 5: Threshold value ǫn versus iteration number n.

As results, we observe that the coherent signal SC(t),
made of 5.8%N wavelet coefficients, retains 86.6% of the
total variance and the extrema are preserved (Table I).
In contrast, the incoherent contribution SI(t), is made of
94.2%N wavelet coefficients but contributes to only 3.4%
of the total variance (Table I), which corresponds to a
signal to noise ratio SNR = 10 log10(σ

2/σ2
I ) = 8.72 dB.

The decomposition shows that the bursty and coherent
part of the signal dominates over the turbulent fluctua-
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tions of the background, this more strongly than what
has been found with previous methods based on clipping
[2].

TABLE I: Statistical properties of the signal S(t) from the
tokamak Tore Supra, Cadarache, for the signal and its coher-
ent and incoherent components using the Coifman 12 orthog-
onal wavelet.

Signal total coherent incoherent

S SC SI

# of coefficients 8192 479 7713

% of coefficients 100 % 5.8 % 94.2 %

min value -0.284 -0.282 -0.307

max value 1.689 1.686 0.374

mean value 0.019 0.019 < 10−11

Variance σ2 0.0417 0.0361 0.0056

% of variance 100 % 86.6 % 3.4 %

Skewness 2.564 2.842 0.383

Flatness 12.001 14.224 4.026

Fig. 6 shows the Probability Distribution Functions
(PDFs) in log–lin coordinates for the total, coherent
and incoherent contributions, estimated using histograms
with 50 bins with integrals normalized to one. The PDFs
of the total signal and the coherent part are skewed and
present the same behaviour: positive values have expo-
nential tails with p(S) ∝ exp(−5/2S), while negative val-
ues yield a Gaussian behaviour (Fig. 6). In contrast, the
PDF of the incoherent component is almost symmetric,
with skewness 0.38, instead of 2.56 and 2.84 for the total
and coherent part, respectively. It has a quasi–Gaussian
shape with flatness 4.03, instead of 12.00 and 14.22, re-
spectively (Fig. 6).

C. Fourier spectrum and modified periodogram

To get more information on the spectral distribution
of the density variance for the different components, we
consider the Fourier spectrum

E(ω) =
1

2

∣∣∣Ŝ(ω)
∣∣∣
2

, (9)

where Ŝ(ω) denotes the Fourier transform as defined in
equation (3). As estimator for the spectrum we take the
periodogram, which is a discrete version of equation (9),
although it is known to be a non consistent estimator due

-0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
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FIG. 6: Probability density function p(S), estimated using
histograms with 50 bins. PDF of the total signal S (green
dashed line), of the coherent component SC (red solid line)
and of the incoherent component SI (blue dotted-dashed
line), together with a Gaussian fit with variance σ2

I (black
dotted line).

to the presence of oscillations [29]. To obtain a consistent
estimator we also compute the modified periodogram, by
first tapering the data with a raised cosine window (af-
fecting 40 data points at each boundary), and then con-
volving the periodogram with a Gaussian window (with
standard deviation of 40 data points). Figure 7 shows
the periodogram and the modified periodogram for S, SC

and SI , which confirms that the latter yields a stabilized
estimator of the spectrum, with no more oscillations.

D. Wavelet spectrum

The wavelet decomposition, given in equation (1),
yields the distribution of the variance of the signal scale
per scale, which is called scalogram [16]. It is defined as

Ẽj =
1

2

2j−1∑

i=0

(
S̃ji

)2

. (10)

Parseval’s theorem implies that E =
∑

j≥0 Ẽj . Using

the relation ωj =
ωψ
2j between the scale index j and

the frequency ω, the wavelet spectrum can be defined as

Ẽ(ωj) = Ẽj/ωψ, with ωψ being the centroid frequency of
the mother wavelet whose value is ωψ = 1.3 for the Coif-
man 12 wavelet used here. It corresponds to a smoothed
version of the Fourier spectrum (9), the smoothing kernel
being the square of the Fourier transform of the wavelet,
since

Ẽ(ω) =
1

ωψ

∫ +∞

0

E(ω′)

∣∣∣∣ψ̂
(
ωψ ω

′

ω

)∣∣∣∣
2

dω′ . (11)
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FIG. 7: Fourier spectrum E(ω). Top: spectrum of the to-
tal signal S(t). Middle: spectrum of the coherent component
SC(t). Bottom: spectrum of the incoherent component SI(t).
Note that the periodogram is plotted in green, red and blue
for the total, coherent and incoherent signal, respectively. Su-
perimposed are the modified periodograms (black thick line).

Note that, as the frequency increases, i.e., when one goes
to small scale, the smoothing interval becomes larger
which explains why the wavelet spectrum is a well-
conditionned statistical estimator. The advantage of the
wavelet spectrum in comparison to the modified peri-
odogram is that the smoothing window is automatically
adjusted by the wavelet representation, since wavelets
correspond to filters with constant relative bandwidth
∆ω
ω [16].
In Fig. 8 the wavelet spectra, together with the modi-

fied periodograms, are displayed.
We observe that the signal and its coherent compo-

nent present a similar scaling in ω−5/3, which character-
izes correlation since the spectral slope is negative. As
proposed in [2], this may be interpretated as an inverse
energy cascade, similar to what is encountered in two-
dimensional fluid turbulence. In contrast, the incoherent
component has a different scaling with a flat spectrum
up to frequency ω = 120 kHz, corresponding to decorre-
lation. For higher frequencies we observe a ω−1 scaling,
which may be due to experimental noise, which presents
the same scaling at high frequencies, although its am-
plitude remains smaller than the incoherent fluctuations.
Fig. 8 also shows that the wavelet spectrum almost coin-

10
-1

10
0

10
1

10
2

10
-4

10
-3

10
-2

10
-1

10
0

10
1

-5/3 

x 1.25 kHz
ω  [kHz]

E, E

[A.U.]

~

FIG. 8: Wavelet spectra Ẽ(ωj) (lines with symbols) and mod-
ified periodograms E(ω) (lines) of the total signal S (green
and +), of the coherent signal SC (red and ⋄) and of the
incoherent signal SI (blue and ◦).

cides with the modified periodogram, and that the higher
the frequency the better the stabilization thus obtained.

Note that the scalogram and the wavelet spectrum are
optimal to characterize scaling laws, as long as the ana-
lyzing wavelet has at least M vanishing moments, with
M > β−1

2 , to detect power laws in ω−β, see e.g., [20, 31].

E. Intermittency

Intermittency characterizes the fact that the time sup-
port of the fluctuations decreases with the scale [5, 23]. It
therefore quantifies how bursty a signal is. Townsend [34]
has proposed to define the ‘intermittency factor’ as the
ratio between the time support of active and quiescent
regions. The problem is that such diagnostic depends on
the choice of the threshold below which the variation is
considered to be inactive [33]. As already mentionned
above, one of the drawbacks of such a clipping method is
that the active bursts, and therefore the corresponding
intermittency factor, depend on the choice of the thresh-
old. This can be avoided by using the wavelet represen-
tation.

Biskamp stated in [5] that ‘the spottiness of the dissi-

pative eddies is a special feature of what is now believed

to be a general property of fully developed turbulence that

with decreasing scale turbulent fluctuations become less

and less space-filling, i.e., are concentrated in regions of

smaller and smaller volume but increasingly complicated

shape. This phenomenon is called intermittency, which

is a central topic in actual turbulence research’. Frisch
explained in [23] that intermittency can be quantified by
computing the variation of the flatness when scale de-
creases: if flatness remains constant the signal is non-
intermittent, if it increases when scale decreases it is in-
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termittent. We use the same definition of intermittency
and compute the scale dependent flatness from the higher

order moments of the wavelet coefficients S̃ji, as intro-
duced in [20, 31]. By summing up the p-th power of the
wavelet coefficients over all positions i, one obtains the
p-th order moments

M̃p
j =

1

2j

2j−1∑

i=0

(
S̃ji

)p
. (12)

The scale dependent flatness is then defined as

F̃j =
M̃4

j(
M̃2

j

)2 . (13)

The relation between scale and frequency allows to ex-
press the flatness as function of the frequency ωj, simi-
larly to the wavelet spectrum. Note that Gaussian white
noise, which is by definition non–intermittent, would
yield a flatness equal to three for all frequencies.

To characterize the intermittency of the signal and
its different contributions we plot in Fig. 9 the flatness

F̃j versus the frequency ωj . We observe that the flat-
ness of the coherent contribution increases faster for high
frequencies than that of the total signal. This proves
that the coherent contribution is more intermittent than
the signal itself, which is obvious since it only retains
the bursts. In contrast, the flatness of the incoherent

contribution decreases to the value F̃j = 3, up to fre-
quency ω = 120 kHz, which gives evidence for its non-
intermittent behaviour. The wavelet based flatness cor-
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FIG. 9: Flatness of the band-pass filtered signal F̃ versus fre-
quency ωj for the total signal S (green dashed line), of the
coherent signal SC (red solid line) and of the incoherent sig-
nal SI (blue dotted-dashed line). The horizontal dotted line

F̃(ωj) = 3 corresponds to the flatness of a Gaussian process.

responds to the flatness of the band-pass filtered signal,
as typically used in the fluid turbulence community [23].

Note that the signal reconstructed from its wavelet co-
efficients at givne scale j corresponds to the band-pass
filtered signal around the frequency ωj = ωψ/2

j.
For comparison we also show in Fig. 10 the flatness of

the low-pass filtered signal, for dyadically increasing cut-
off frequencies ωC = ωψ/2

JC . Therefore, we reconstruct
the signal in physical space on N grid points using only
wavelet coefficients up to a given scale JC , corresponding
to the filter cut-off. The wavelet coefficients for scales
j ≥ JC are set to zero and the low-pass filtered signal is
computed by the inverse wavelet transform using eq. (1).

Similarly to Fig. 9, we observe in Fig. 10 that the flat-
ness of the total and coherent signal increases with fre-
quency for ω > 3 kHz. Considering the signal filtered at
20 kHz we observe that its flatness is just above 7, how-
ever the signal contains only large bursts, since all smaller
details have been filtered out. This shows that the sig-
nal is already intermittent at large scales. For the small
scales, i.e., for ω ≥ 20kHz, the flatness of the total and
the coherent signal is above 10. This shows that adding
small details to the large scale bursts increases the flat-
ness, and hence the signal’s intermittency as quantified
by its flatness.

The flatness F< of the low-pass filtered signal, con-
sidered for increasing cut-off frequencies, quantifies the
intermittency of the signal reconstructed up to the corre-

sponding cut-off scales, while the flatness F̃ of the band-
pass filtered signal, considered for bands of increasing
wavenumber, yields incremental information on the flat-
ness of the signal scale by scale. The latter quantity
can be compared with the energy spectrum which gives
the energy distribution scale by scale, while the former
gives some cumulative information, i.e., information on
the flatness of the lower frequency contributions of the
signal is included in the flatness of the higher frequency
contributions. Hence, both quantities do not yield the
same values if the PDF of the signal varies with scale.

IV. CONCLUSION

We presented a wavelet-based recursive method to ex-
tract coherent bursts out of turbulent signals. The algo-
rithm decomposes the signal into an orthogonal wavelet
basis and reconstructs the coherent contribution from the
wavelet coefficients whose modulus is larger than a given
threshold. The threshold value is recursively determined
without any adjustable parameter. Moreover, we have
shown that this algorithm is fast since it has only linear
complexity.

Compared to classical extraction methods, which are
based, either on thresholding in physical space (’clip-
ping’), or on conditional averaging, working in wavelet
space presents the following advantages:

• there is no need to suppose the signal to be statis-
tically stationary in time,

• the wavelet decomposition preserves the spectral



10

10 -1 100 101 102100

101

ω  [kHz]
x 1.25 kHz

F (ω )j<

FIG. 10: Flatness of the low-pass filtered signal F< versus
frequency ωj for the total signal S (green dashed line), of
the coherent signal SC (red solid line) and of the incoherent
signal SI (blue dotted-dashed line). The horizontal dotted
line F>(ωj) = 3 corresponds to the flatness of a Gaussian
process.

properties of the signal, and thus respects its scal-
ing as long as the analyzing wavelet is smooth
enough (which depends on the number of vanishing
moments for orthogonal wavelets),

• the wavelet-based extraction method does not re-
quire any prior about the shape or the intensity
of the bursts to be extracted; the only prior is to
assume the noise to be Gaussian and white.

We have applied this recursive wavelet algorithm to ion
saturation current measured in the SOL of the tokamak
Tore Supra. We have thus extracted the coherent bursts
from an incoherent background noise. The former con-
tains most of the density variance and are correlated with
non-Gaussian statistics, while the latter is almost decor-
related and quasi-Gaussian. We have also observed that
the non-Gaussianity of the PDF of the coherent compo-
nent increases with the frequency, which confirms that
the bursts are highly intermittent. In contrast, the in-
coherent component remains quasi-Gaussian up to high
frequencies, which confirms the non intermittency of the
background noise. By analogy with previous studies we
have made in the context of two-dimensional fluid tur-
bulence [4], we conjecture that the coherent bursts are
due to organized structures produced by nonlinear inter-
actions and responsible for turbulent transport. On the
other hand, the incoherent background corresponds to
the turbulent fluctuations which only contribute to tur-
bulent diffusion. Moreover the variance of the incoherent
fluctuations yields a good estimation of the turbulence
level.

In [21] we applied this extraction method to both
plasma velocity and density signals, measured at dif-
ferent poloidal positions, to study turbulent fluxes and

thus characterize the transport properties of the coher-
ent bursts. These results will be subject of a forthcom-
ing paper. We also have already extended this extrac-
tion method to treat two and three dimensional, scalar
and vector, fields [18, 19, 22], and we plan to apply it
to spatio-temporal signals and images of plasma density
fluctuations, obtained by fast framing cameras, to im-
prove the characterization of coherent bursts.
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