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Characterization of the Unit Ball in Cn
Among Complex Manifolds of Dimension n∗†
A. V. Isaev
We show that if the group of holomorphic automorphisms of a
connected complex manifold M of dimension n is isomorphic as a
topological group equipped with the compact-open topology to the
automorphism group of the unit ball B n ⊂ Cn , then M is biholomorphically equivalent to B n .
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Introduction

For a complex manifold M denote by Aut(M) the group of holomorphic
automorphisms of M. Equipped with the compact-open topology, Aut(M)
is a topological group. We are interested in characterizing complex manifolds
by their automorphism groups.
One manifold that has been enjoying much attention in this respect is the
unit ball B n ⊂ Cn for n ≥ 2. Starting with the famous theorems of Wong [W]
and Rosay [R] many results characterizing B n in terms of its automorphism
group have been obtained. We mention proofs of Rosay’s theorem by means
of invariant metrics [Kl], by means of scaling [P], by means of analyzing the
structure of the ring of holomorphic functions [KK2], as well as extensions
of the theorem to the case of unbounded domains [E], domains in complex
manifolds [GKK] and domains (both bounded and unbounded) in infinitedimensional complex space [KK1], [BGK], [KM]. Rosay’s theorem implies,
in particular, that a bounded homogeneous domain in Cn with C 2 -smooth
boundary is biholomorphically equivalent to B n . A characterization result
similar in spirit, but utilizing only the isotropy subgroup of a point in a
complex manifold was obtained in [GK]. More information on results of this
kind can be found in the survey [IKra1].
Among Kobayashi-hyperbolic manifolds, B n can also be characterized as
the manifold whose automorphism group has the largest dimension. Namely,
if a connected complex manifold M of dimension n is hyperbolic, Aut(M)
∗
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admits the structure of a (real) Lie group of dimension not exceeding n2 +2n,
and dim Aut(M) = n2 + 2n if and only if M is biholomorphically equivalent
to B n [Ka], [Ko] (for a generalization of the latter result see [IKra2]). These
facts imply the following characterization of B n in the class of all hyperbolic
manifolds: if M is a connected complex hyperbolic manifold of dimension n
and the groups Aut(M) and Aut (B n ) are isomorphic as topological groups,
then M is biholomorphically equivalent to B n . Indeed, since both Aut(M)
and Aut (B n ) are Lie groups in the compact-open topology, the topological
group isomorphism between these groups is in fact a Lie group isomorphism,
and thus dim Aut(M) = n2 + 2n.
In the present paper we obtain this last result without the assumption
that M is hyperbolic thus proving that Aut (B n ) in fact characterizes B n
among all connected complex manifolds of dimension n.
THEOREM 1.1 Let M be a connected complex manifold of dimension n.
Assume that Aut(M) and Aut (B n ) are isomorphic as topological groups
equipped with the compact-open topology. Then M is biholomorphically
equivalent to B n .
Our proof of Theorem 1.1 in Section 2 is based on the classification of
all connected n-dimensional complex manifolds admitting effective actions of
the unitary group Un by biholomorphic transformations obtained in [IKru]
for n ≥ 2 (see (2.1)). Indeed, since Aut(M) and Aut (B n ) are isomorphic
and Aut (B n ) contains Un , the group Un acts effectively on M, and therefore,
for n ≥ 2, M is biholomorphically equivalent to one of the manifolds listed in
(2.1). Hence in order to prove Theorem 1.1 it remains to show that the only
manifold on the list whose automorphism group is isomorphic to Aut (B n ) is
B n itself.
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Proof of Theorem 1.1

The theorem clearly holds for n = 1, and from now on we assume that n ≥ 2.
As we noted in the introduction, since the groups Aut(M) and Aut (B n ) are
isomorphic, the manifold M admits an effective action of the unitary group
Un and hence, by the classification obtained in [IKru], is biholomorphically
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equivalent to one of the following manifolds
(i)
(ii)
(iii)
(iv)
(v)
(vi)
(vii)
(viii)
(ix)
(x)
(xi)

Bn,
Cn ,
CPn ,
d
n /Z ,
B
m
cn /Z ,
C
m
dn /Z ,
CP
m
(B n \ {0}) /Zm ,
(Cn \ {0}) /Zm ,
(CPn \ {0})

 /Zm ,
n
n
B \ B /Zm , for some r > 1,

 r
Cn \ B n /Zm ,


(2.1)



(xii)
CPn \ B n /Zm ,
(xiii) Mdn /Zm ,
for some d ∈ C∗ , |d| =
6 1,
where m ∈ N and in (iv)–(xii) we have m = |nk + 1| for some k ∈ Z, in (xiii)
d
cn and CP
dn denote the blow-ups at the origin of B n ,
n, C
we have (n, m) = 1, B
Cn and CPn , respectively, Brn denotes the ball of radius r in Cn , Mdn denotes
the Hopf manifold obtained by identifying every point z ∈ Cn \ {0} with
d · z, and Cn is realized in CPn as the collection of points with homogeneous
coordinates (1 : z1 : . . . : zn ) (in particular, the origin is the point with
z

n times

}|

{

homogeneous coordinates (1 : 0 : . . . : 0)).
Since Aut(M) and Aut (B n ) are isomorphic as topological groups, Aut(M)
has the structure of a Lie group of dimension n2 +2n isomorphic to Aut (B n ).
In particular, Aut(M) does not admit the structure of a complex Lie group.
Indeed, suppose that there is a complex Lie group structure on Aut (B n ).
Since Aut (B n ) is isomorphic to G := SU(n, 1)/Z, where Z is the center
of SU(n, 1), it follows that the group G admits the structure of a complex
Lie group. Denote by Gc the group G equipped with this complex structure.
Since G is simple, so is Gc and therefore Gc is the complexification of its maximal compact subgroup. However, any maximal compact subgroup of Gc is
isomorphic to Un and hence has dimension n2 . Therefore, maximal complex
subgroups in Gc have dimension (n2 + 2n)/2 only for n = 2, in which case
we have dimC Gc = 4. Since the Lie algebra of Gc is a complex simple Lie
algebra, it is isomorphic to one of the following algebras: slm , m ≥ 2, om ,
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m ≥ 7, sp2m , m ≥ 2, e6 , e7 , e8 , f4 , g2 . It is easy to check, however, that none
of these algebras has dimension 4. Thus, we have shown that Aut(M) does
not admit the structure of a complex Lie group.
On the other hand, (iii) and manifolds of the forms (vi) and (xiii) are compact and hence their automorphism groups are complex Lie groups. Thus,
M is not holomorphically equivalent to any of these manifolds.
Further, the automorphism groups of (ii) and manifolds of the form (viii)
are not locally compact and thus cannot be isomorphic to a Lie group.
Next, the automorphism group of a manifold of either of the forms (vii),
(x), (xi), (xii) is the group Un /Zm (isomorphic to Un by means of the map
AZm 7→ (detA)k · A). This group is clearly not isomorphic to Aut (B n ).
Further, a manifold of either of the forms (iv), (v) contains a unique copy
of CPn−1 (the one used to blow-up either B n or Cn at the origin). Hence,
every automorphism of such a manifold preserves it. This implies that the
∼
automorphism group of a manifold of the form (iv) is again Un /Zm = Un and
that of a manifold of the form (v) is GLn (C)/Zm . Neither of these groups is
isomorphic to Aut (B n ).
Next, consider a manifold of the form (ix). Its automorphism group is
the group Pn /Zm , where Pn is the group of all matrices of the form
1 a
0 A

!

,

with a ∈ Cn , A ∈ GLn (C), and Zm is embedded in GLn (C) in the standard way as a subgroup of scalar matrices. The group Pn /Zm clearly is not
isomorphic to Aut (B n ) either.
Thus, we have shown that Aut(M) is not isomorphic to Aut (B n ) unless
M is biholomorphically equivalent to B n . The proof is complete.
2
Remark 2.1 In [IKru] we obtained a characterization of Cn by an argument
that was also based on classification (2.1). One should note, however, that
not every manifold on list (2.1) is characterized by its automorphism group
n
n
in the
 same way
 as B and C are. For example, for every r > 1 we have
Aut Brn \ B n = Un , but Brn1 \ B n and Brn2 \ B n are not holomorphically
equivalent if r1 6= r2 . The latter follows, for example, from the fact that two
hyperbolic Reinhardt domains are biholomorphically equivalent if and only
if they are equivalent by means of an elementary algebraic map [Kru], [Sh].
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