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Definition of Bayesian Network (BN)

I BN is is a probabilistic graphical model that represents the
conditional dependencies (edges) of a set of random
variables (nodes) via a directed acyclic graph (DAG);

I The probability function on each node is parameterized by
the random variables on the parent node;

I The factorization of any joint probability density function
can be described by a BN: (vice versa)

p(x) =
∏
v∈V

p(xv |xpa(v))

where pa(v ) is defined as the set of parents of node v .
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Example: Beta processes network (I)

B1	  

B3	  B2	  

Figure: A subgraph of Beta process network

B1 ∼ BP(c1,B0)

B2 ∼ BP(c2,B1)

B3 ∼ w31BP(c3,B1) + w32BP(c3,B2)



Example: Beta processes network (II)

Chicken,	  
Iguana,	  
Ostrich	  

Elephant,	  
Rhino,	  
Mouse,	  
Squirrel,	  

Seal,	  
Dolphin,	  
Whale,	  	  

Salmon,
Trout	  

Penguin	   Alligator	  

Tiger,	  
Lion	  

Ant,	  
Cockroach	  

Robin,	  
Eagle,	  
Finch	  

BuDerfly,	  
Bee	  

Horse,	  
Cow	  

Camel,
Giraffe,	  
Deer	  

Chimp,
Gorilla	  

Cat,	  
Dog,	  
Wolf	  

Figure: Dependency structure among animals characterized by a BN



Learning Bayesian Networks From Data
Motivation

I To distinguish between the simple notion of correlation and
the more interesting notion of direct dependence

I To discover the domain structure, i.e., (controversially) the
presence of a directed path from X to Y indicates that X
causes Y

I To be incorporated with hierarchical clustering where the
statistical strength is leveraged across different clusters via
the learned structure

Challenges

I Exponential number of structures may be approximately
equally good in many learning scenarios

I The number of BN structures is super-exponential in the
number of nodes (random variables)
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Bayesian Learning of Bayesian Networks I

I The key idea is the use of an ordering on the network
variables to divide the difficult problem into two easier one.

I An order ≺ is a total ordering on the variables:
I if X ≺ Y , we restrict attention to networks where an edge

between X and Y , if any, must go from X to Y
I Same joint distribution is consistent with different orderings

on random variables
I Any factorization of a joint distribution implies a unique

ordering on the random variables
I Recall the graph of Beta process network implies an

ordering of B1 ≺ B2 ≺ B3

I An ordering places a restriction on the structure while
avoiding the potential loops when learning the BN
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Bayesian Learning of Bayesian Networks II

B1	  

B2	   B3	  

B1	  

B2	   B3	  

Given	  order	  B1	  <	  B2	  <	  B3:	  

Given	  order	  B3	  <	  B2	  <	  B1:	  

B1	  

B2	   B3	  B2	   B3	  

B1	  B1	  

B2	   B3	  

B1	  

B2	   B3	  

Figure: Examples of node orderings and the corresponding BNs



Bayesian Learning of Bayesian Networks III

I Evaluating the posterior over all structures is decoupled
into two subproblems:

I Sampling the structure and corresponding parameters of
each node for a given order

I Sampling the order given the parameters on each node

I Thus we perform the search not over the space of
structures (NP-Hard), but over the space of orderings, and
sampling for each ordering the best network consistent
with it.
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Bayesian Learning of Bayesian Networks IV

Sampling the orders given the node parameters

I They use a standard Metropolis algorithm
I For each order they define a proposal probability q(≺′ | ≺)

then accepts this move with probability

min
(

1,
P(≺′ |θ,D)q(≺ | ≺′)

P(≺ |θ,D)q(≺′ | ≺)

)
I In one very simple construction, we consider only operators

that flip two nodes in the order (leaving all others
unchanged):

(i1 . . . ij . . . ik . . . in)→ (i1 . . . ik . . . ij . . . in)



Bayesian Learning of Bayesian Networks V
Sampling the network given a node order ≺

I Sampling the parent of node n based on Bayes rule:

p(pa(n) = m|−) ∝ p(θn|θm)p(pa(n) = m)

I An example: For each node n define vector
b≺n = {b≺nm}Nm=1 s.t. b≺nm = 1 iff n ≺ m, and wn = {wnm}Nm=1

p(pa(n) = m) ∝ wnm, wn ∼ Dir(b≺n ◦w0), w0 ∼ Ga(a0,1)

p(θn|θm) = Beta(cθm, c(1− θm)), (HBP)

p(θn|θm) = Ga(cθm, c), (HΓP)

I The best network (of bounded in-degree) consistent with a
given node ordering can be found very efficiently:

O(nn)⇒ O(n!)
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Experimental Results

Figure: Comparisons between structure and order based sampling
algorithm
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