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Abstract

Based on investigation of the earliest colonic tissue alteration
in familial adenomatous polyposis (FAP) patients, we present
the hypothesis that initiation of colorectal cancer by adeno-
matous polyposis coli (APC) mutation is mediated by
dysregulation of two cellular mechanisms. One involves
differentiation, which normally decreases the proportion
(proliferative fraction) of colonic crypt cells that can proli-
ferate; the other is a cell cycle mechanism that simultaneously
increases the probability that proliferative cells are in S phase.
In normal crypts, stem cells (SC) at the crypt bottom gener-
ate rapidly proliferating cells, which undergo differentiation
while migrating up the crypt. Our modeling of normal crypts
suggests that these transitions are mediated by mechanisms
that regulate proliferative fraction and S-phase probability.
In FAP crypts, the population of rapidly proliferating cells is
shifted upwards, as indicated by the labeling index (LI; i.e.,
crypt distribution of cells in S phase). Our analysis of FAP
indicates that these transitions are delayed because the
proliferative fraction and S-phase probability change more
slowly as a function of crypt level. This leads to expansion of
the proliferative cell population, including a subpopulation
that has a low frequency of S-phase cells. We previously
reported that crypt SC overpopulation explains the LI shift.
Here, we determine that SCs (or cells having high stemness)
are proliferative cells with a low probability of being in S
phase. Thus, dysregulation of mechanisms that control
proliferative fraction and S-phase probability explains how
APC mutations induce SC overpopulation at the crypt bottom,
shift the rapidly proliferating cell population upwards, and
initiate colon tumorigenesis. [Cancer Res 2008;68(9):3304–13]

Introduction

Our long-term goal is to elucidate cellular mechanisms that link
genetic changes with tissue changes during the development of
colorectal cancer (CRC). This is a formidable task because colon
carcinogenesis is a complex process: (a) it occurs in tissues (crypts)
which themselves are complex; (b) it typically develops over a long
period of time (decades), with sequential changes at many biological
levels, from genes to organ systems; and (c) it involves a multitude of
causes, contributory factors, and risk factors. To investigate these

complex processes, we turned to mathematical modeling because it
is a scientific method that allows one to (a) investigate possible
kinetic mechanisms in complex chemical and biological systems
(1, 2), (b) validate any particular mechanism or model against
available biological data, and (c) generate plausible research
questions and hypotheses for further study. In our modeling
experiments, we create kinetic models that simulate the dynamics
of the human colonic crypt, and we use them to study mechanisms
that might be responsible for the initiation and development of CRC.
In our previous study (3), we used mathematical modeling to

address a question in cancer initiation: what, in familial
adenomatous polyposis (FAP), links the germline adenomatous
polyposis coli (APC) mutation to the tissue abnormality [shift of
the labeling index (LI)] in normal-appearing FAP crypts? FAP is
also a good biological model for sporadic CRC because the genetic,
cellular, and tissue events are similar. Results from this first
generation model (3) showed that only an increase in crypt stem
cell (SC) number, not changes in rates of cell cycle proliferation,
differentiation, or apoptosis of non-SC populations, simulated the
LI shift in FAP crypts. This led us to hypothesize that the link
between APC mutation and LI shift in CRC initiation in FAP is
crypt SC overpopulation. This hypothesis is plausible because
mounting evidence suggests that SC are the cells of origin of colon
and other cancers and because we showed (4) that increased
symmetrical division of cancer SC can uniquely account for the
exponential increase in SC, intermediate cell, and nonproliferative
cell populations in development of CRC. We built the second
generation model reported herein to investigate the next logical
question: what kinetic mechanisms in FAP crypts underlie the SC
overpopulation in CRC initiation?

Materials and Methods

Modeling strategy. First, we built a model (Fig. 1) that was consistent
with biological data, including the LI for normal human colonic crypts. We

then tested the model for its ability to predict four independent data sets

(Table 1). Our approach was to show that the model accurately predicts

these independent biological data sets, corroborates our SC overpopulation
hypothesis, and is generally consistent with normal crypt biology. Showing

this, we could then argue that the model has validity and utility for

suggesting plausible kinetic mechanisms that underlie colon tumorigenesis,

hypotheses to test those mechanisms, and biological experiments to
validate them. Our minimal criteria for acceptability of models is provided

in Supplementary Data.

Relevant biological characteristics of the human colonic crypt. The
intestinal epithelium is a highly dynamic tissue that constitutes one of the
largest human epithelial barriers (5–7). Histologically, the single cell-layered

colonic epithelium consists of a multiplicity of crypts of Lieberkuhn

(f14,000 crypts/cm2), and the colonic epithelium is replaced every 5 d
(120 h; refs. 6, 7). SCs are located at the crypt bottom and undergo self-

renewal and simultaneously generate a population of transit cells that

migrate upwards, proliferate, and begin differentiating to form goblet,

Note: Supplementary data for this article are available at Cancer Research Online
(http://cancerres.aacrjournals.org/).
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columnar, and other cells (8–12). Fully differentiated cells are first noted
among cells near the junction of the hemispherical base of the crypt and

straight wall side (13). In contrast, the majority of cells in the upper third of

the crypt are terminally differentiated (TD) and are nonproliferative. It is

estimated that SC in the human colonic crypt represent only a small
proportion (<20 cells per crypt or <1%) of crypt cells and that these few SCs

are responsible for driving crypt renewal (8–12). This is consistent with

recent immunostaining studies in human colonic crypts for Musashi-1

protein, a putative SC marker, indicating that there are, on average, 19 SCs
per crypt (14).

Uptake of [3H]thymidine or BrdUrd by cells in human colonic crypts

enables in vivo pulse-labeling of DNA-synthesizing S-phase cells (15–18);

when plotted, this yields the LINormal (Fig. 2A). FAP crypts do not show any
histologic changes, but their LI profile (LIFAP) is shifted (peak shift from

level 15 to 20) toward the crypt top (Fig. 2C ; ref. 19). Crypts begin to show

structural abnormalities (i.e., dysplasia) after a second hit at the APC locus
during adenoma formation. Thus, the proliferative shift in FAP crypts

represents the earliest known tissue change resulting from a germline APC

mutation.

The LI profiles also indicate that there is a low fraction of cells in S phase
at the bottommost levels of the crypt (6, 19). This is consistent with the fact

that other (hematopoietic) SC populations have a low frequency of being in

S phase (20, 21) and that, in the colon, SC reside at the crypt bottom.

Model design, equations, and computations. Our colonic crypt model
design and dynamics and our modeling approach are shown in Fig. 1.

Model equations are provided in Appendix A. Design of the model was

based on our hypothesis that the biological LI ( fraction of crypt
S-phase cells or FS) can be described by the product (Eq. 3) of two

expressions—the fraction of proliferative cells (FPR) times the probability

that a proliferative cell is in S-phase (PS). Because our model was designed
to investigate mechanisms underlying SC overpopulation in FAP crypts, we

derived a measure of cell stemness (n); it is described by the ratio FPR/PS

(Eq. 4). This expression, where stemness is directly proportional to the

proliferative fraction and inversely proportional to the probability of a
proliferative cell being in S phase, is consistent with biological character-

istics of SCs, which have an extended lifetime and a low frequency of being

in S phase. Model assumptions and derivations of the equations can be

found in Supplementary Data.
Calculation of values for equation parameters (m, n, PS

max, and b) in model

model FS computations was determined empirically by convergence-fitting

of Eq. 3 to the biological LINormal data of Potten et al. (6) using a nonlinear

least-squares regression procedure (Mathematica software version 5.0).
After the model was established using data for LINormal, it was used to fit

LIFAP. Statistical methods are described in Supplementary Data. We

analyzed four data sets (Table 1). Whereas LI data sets from different
laboratories show some heterogeneity (6, 15–19), they all show the same

general pattern in normal crypts and a shift upwards in FAP crypts. The

results of Potten and colleagues for LINormal (6) and LIFAP (19) were used in

our analysis because they are, to our knowledge, the largest series of cases
analyzed, giving not only LIs but also crypt dimensions and cell

proliferation data from flow cytometry.

Results

Modeling biological data for normal colonic crypts.
Iteratively fitting model output (Eq. 3) to biological data for
normal colonic crypts (data set 1) yielded a best-fit curve from
which we obtained values for the four model parameters (see Fig. 2

Figure 1. Colonic crypt model design and dynamics and our modeling approach. The model equations are provided in Appendix A. A, the model design for the
dynamics of cell populations in colonic crypts. In this figure, cell cycle phases are labeled G1

g, Sg, G2
g, and Mg, where superscripts indicate cell generation number (g) from

0 to 81. It also depicts a pathway for G1 cells to become TD cells. Each step in the model cell cycle is regulated by a rate constant (k1–k4), whereas k5 regulates terminal
differentiation. Model cell divisions are asymmetric. Each generation (g) of mitotic (Mg) cells divides to produce a new G1

g cell identical to the original parent and a
nonidentical daughter cell of the next generation (G1

g+1). Each generation of cells has different properties: (a ) different FPR values due to an unequal proportion of
nonproliferative cells (i.e., TD cells) and (b ) different probabilities (PS) of being in S phase. Thus, in each crypt cell generation at any given crypt level, PS

g , FPR
g, and the

fraction of each cell type (G1, S, G2, M, and TD) reflect the kinetic characteristics of the subpopulation of cells at that level. B summarizes our modeling approach.

Modeling Colonic Stem Cell Dynamics
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legend). Figure 2A shows a comparison of model output for
S-phase fraction (FS) with LINormal biological data. The fit was
outstanding (r2 = 0.99).
The parameter values were then used to plot FPR and PS versus

crypt level (dashed lines of Fig. 2B). The product of the
FPR and PS curves yields the skewed bell-shaped curve (solid
line), which is identical to the FS plot in Fig. 2A (note the
difference in range of the Y-axis scale). Having successfully fitted
the FS plot to the biological LINormal data, we then tested the
ability of the model to predict other independent sets of data,
including SC (Fig. 3), FAP crypts (Figs. 2C and D and 4) and cell
cycle times (Table 2).
The first independent data set (data set 2) we tested for

goodness-of-fit using our model was biological data on immunos-
taining of normal colonic crypts for SC (14) using the SC marker
Musashi-1 protein (22). Comparison of stemness (n) with the
number of cells staining positive for Musashi-1 in the crypt bottom
(Fig. 3A) shows that the modeling data (solid line) and biological
data (dashed line) yield similar percentages across crypt levels 1 to
20. To make a direct and meaningful comparison of modeling data
with biological data, stemness was computed as a percentage by a
method analogous to the one used in the Musashi study (14).
Plotting n versus crypt level, either as a percentage (Fig. 3A) or
as the ratio FPR/PS (Fig. 5A), shows that cells at crypt levels 1 to
2 have the largest n value (nmax) compared with cells at all other
crypt levels. Figure 5A shows that, at higher crypt levels, n
exponentially decreases and approaches 0 by crypt level 40
(generation 39). Comparison of stemness (n) in the whole crypt
with the Musashi-1 immunostaining pattern for whole colonic
crypts (Fig. 3B) shows that the modeling and biological data sets
yield similar proportions across all crypt regions: lower, middle,
and upper. The Pearson product-moment correlation between (n)
and the Musashi-1 data was strong (r = 0.876; P < 0.001). The
squared correlation was 0.768, indicating that stemness explains
f75% of the variance of the Musashi-1 data. Yet, another test
showed the ability of our model to predict the Musashi-1 staining
data. The Kolmogorov-Smirnov test (a nonparametric test) was
used to compare the two distributions. The null hypothesis that
both stemness and the Musashi-1 data have the same distribution
could not be rejected (exact P level, P = 0.605).
Modeling biological data for FAP colonic crypts. We then

tested the model for its ability to predict a second independent
data set (data set 3)—the proliferative abnormality (LI shift) in FAP.
For modeling FAP crypts, Eq. 3 was again used to obtain variable
values (see Fig. 2 legend) by iterative fitting to the biological data.
Comparison of the model’s FS profile with the biological LIFAP data
is shown in Fig. 2C . Again, the fit was outstanding (r2 = 0.98).
Moreover, model output for the FS equations for normal crypts and
FAP crypts were significantly different (P < 0.001 by F test),
paralleling the biological difference between normal and FAP
crypts.
Plots of FPR and PS for FAP crypts are shown in Fig. 2D . The FPR

curve for FAP crypts was shifted to the right (toward the crypt top)
compared with that for the normal crypt (Fig. 4A ; P < 0.001),
indicating that the population of proliferative cells has expanded
and shifted upwards toward the crypt top. A similar right-shift
was seen for the PS curves in FAP (Fig. 4B ; P < 0.001). Both of
these right-shifts suggest a mechanism for the right-shift of the LI
curve in FAP, namely, that in the FAP model crypt FPR and PS

(and presumably their biological counterparts) change more slowly
along the crypt axis.

The ability of our model to quantitatively predict these two
independent data sets (Musashi-1 immunostaining in normal
crypts; FAP LI) indicates to us that our model is valid. Given
that stemness and the number of cells staining positive for the
Musashi-1 protein were correlated, we assumed that the n value
gives a measure, at each level, of the SC population size
(technically, the size of populations of cells that have SC-like
properties). Given this validity and using the model output for FAP
crypts, we then used the model to predict SC-related variables in
FAP crypts ( for which biological data is not yet available),
including stemness (n) and SC population size.
The plot of n versus crypt level for FAP crypts (Fig. 5A) was

similar to normal crypts, with n being highest at the crypt bottom
and an exponential-like decrease in n over the entire crypt length.
However, comparison of the FAP and normal curves indicates that,
at each crypt level, the nFAP value is larger than the nNormal value.
Because curves shown in Fig. 5A exhibit no obvious indication

(e.g., a point of discontinuity or inflection point) of an SC niche, we
used two other approaches to quantitatively estimate the SC
population size from the two n curves in Fig. 5A . First, we
determined the crypt level that corresponds to 1/2n

max using the
normal curve. In the normal crypt, cells in level 1 up to and
including level 6 have n values equal to or greater than 1/2n

max

(1/2n
max = 5.1). In the FAP crypt, cells up to and including level 11

have n values of z5.1. Using estimates of the number of cells at
each level (see Assumption 1), we calculated that FAP model crypts
have 2.3 times more cells with n values of 5.1 or greater than do
normal model crypts. Second, we determined area under the curve
(AUC) for the n plots shown in Fig. 5A . The ratio of AUCFAP/
AUCNormal should also give an estimate of the relative SC
population sizes in FAP versus normal crypts. We calculated that
the ratio of AUCFAP/AUCNormal equals 1.8. Thus, both approaches
suggest that, in the FAP model crypt, (a) the SC population is
expanded (f2-fold) in size and (b) the SC niche in FAP is extended
about twice as far up the crypt.
Comparison of the plots of stemness (n in Fig. 5A) and S-phase

cell distribution (FS in Fig. 5B) for normal crypts and for FAP crypts
shows that, in model FAP crypts, the extension of the n curve,
which is both higher and right-shifted (away from the crypt
bottom), is associated with a shift in the FS curve upwards toward
the crypt top.
Number of proliferative cells per crypt. In the model (Eq. 5),

the total number of normal crypt proliferative cells was 1,006,
whereas the total number of FAP crypt proliferative cells was found
to be 1,155. Modeling data thus suggest that the proliferative cell
population size has expanded by 15% in FAP crypts compared with
normal crypts (P < 0.0001, Fisher’s exact probability test).
Cell cycle rate constant values and half-life values for G1, S,

G2, and M phase cells in the normal colonic crypt. The cell cycle
rate constant values and half-life values for G1, S, G2, and M phase
cells were estimated for the normal colonic crypt. Details on the
assumptions, equations, and calculations pertaining to this analysis
can be found in Supplementary Data. A summary of the results is
given in Table 2. The average rate constant values for cell cycle
steps and generated cell cycle phase half-life times were consistent
with biological data for crypt cell cycle durations (data set 4)
reported by Potten and colleagues (6), which are also listed in Table
2 for comparison.
Cell cycle time for normal and FAP crypts. The cell cycle time

(tC) as a function of crypt level for normal and FAP crypts were
calculated using Eq. 6. A plot of cell cycle time for normal crypts

Cancer Research

Cancer Res 2008; 68: (9). May 1, 2008 3306 www.aacrjournals.org

Research. 
on April 9, 2017. © 2008 American Association for Cancercancerres.aacrjournals.org Downloaded from 

http://cancerres.aacrjournals.org/


(solid line, Fig. 5C) shows that cells at the lowest crypt levels have
the longest cell cycle times. At higher crypt levels, tC values
decreased exponentially, approaching a minimum by crypt level 40.
A plot of tC versus crypt level for FAP crypts (dashed line, Fig. 5C)
showed a similar pattern, although, from crypt levels 1 to 30, the
tC
FAP values were considerably larger than the tC

Normal values.

Discussion

Our previous modeling of the abnormal LI in FAP crypts
implicated SC overpopulation in CRC initiation (3). In the present
study, we created a second generation model to investigate what
biological mechanisms in FAP crypts underlie the SC overpopula-
tion in CRC initiation. This new model provides a description of
the dynamic steady-state in normal and FAP crypts, as well as
quantitative details about SC, proliferating cell, and TD cell
populations. Because the product (PS � FPR) computes the
distribution of S-phase cells (corresponding to the biological LI)
and the ratio FPR/PS computes stemness (corresponding to the
distribution of Musashi-1–positive cells), we can study the dynamic
relationship between crypt SC and S-phase cell populations. Thus,
the new model provides a tool for examining kinetic and cellular
mechanisms related to CRC development. This is important

because of mounting evidence that SC are the cells of origin of
CRC and other cancers.
Below, we discuss (a) why our model can be used with

confidence as a tool to investigate changes in steady-state crypt
dynamics that occur in tumor initiation, (b) what is the biological
relevance of the mechanisms described by our model, (c) a
corollary hypothesis on mechanisms involved in adenoma
development, and (d) how our findings stimulate new questions
about biological mechanisms involved in the non–steady-state
dynamics that lead to tumor growth and development of CRC.
When using any model, it is important to show that the model

is biologically reasonable (is plausible), that it accurately
simulates the available biological data (is valid), and that it
suggests new mechanisms and important hypotheses (is useful)
that can be studied experimentally. Our model is plausible
because it satisfies all criteria (see Supplementary Data) we
established for a useful model of colonic crypt dynamics. For
example, it computed the normal human colonic crypt S-phase
profiles (data set 1) with an outstanding goodness of fit (r2 = 0.99;
Fig. 2A). Also, the proposed mechanisms involve gradients of FPR
and PS, and we (23) and others (24, 25) found that APC and other
factors critical to colon tumorigenesis are distributed as gradients
along the crypt axis.

Table 1. Biological data sets used in our computational analysis

Data set Data Computational analysis Reference

1 LI of normal colonic crypts FPR, PS, n for normal crypts (6)

2 Distribution of Musashi staining for normal colonic crypts n for normal crypts (14)

3 LI of FAP colonic crypts FPR, PS, n for FAP crypts (19)
4 Total cell cycle phase durations for normal colonic crypts Rate constant values and t 1/2 for normal crypts (6)

Figure 2. A shows a plot of the of S-phase
cell distribution (FS) computed from the
model for the normal crypt (solid line ) and
the biological LI data for normal colonic
crypts [open circles ; data from Potten
and colleagues (6)], both as a function of
crypt level. Crypt level 1 corresponds to
the crypt bottom; level 82 to the crypt top.
Values obtained (from standard nonlinear
least squares regression analysis) for
parameters in the FS equation were
PS

max = 0.56; b = 0.10; m = 0.044;
n = 0.0010 for normal crypts. The
computed curve has a high goodness of
fit (r2 = 0.99) with the biological data.
B shows a plot of FPR (descending dashed
line) and PS (ascending dashed line); the
product of the FPR

g and PS
g curves yields

the skewed bell-shaped curve (solid line ),
which is the same as the FS

L plot in A (note
the difference in range of the Y -axis scale).
C is similar to A except that the plots are
the computational (solid line ) and biological
data (open squares ; ref. 19) for FAP crypts
rather than normal crypts. For FAP crypts,
parameter values obtained by iterative
fitting of Eq. 3 to the biological data were
m = 0.017; n = 0.00082; PS

max = 0.67;
b = 0.034. In C , the FS curve shows high
goodness of fit with the biological data
(r2 = 0.98). D is similar to B , except that
D is for FAP crypts.

Modeling Colonic Stem Cell Dynamics
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The model seems to be valid because it predicts results for four
independent data sets: (a) the Musashi immunostaining profile for
SCs (data set 2), (b) normal crypt cell cycle durations (data set 4),
(c) the longer cell cycle time (tC) at the crypt bottom (6, 26), and
(d) the FAP crypt LI (data set 3).
The model seems to be useful because it suggested (a) a

cellular mechanism, (b) an important new hypothesis regarding
CRC initiation, and (c) a new definition for SC. The mechanism
suggested by the model is that SC overpopulation (f2-fold for
normal-appearing FAP crypts) links the earliest genetic change
(APC mutation) and earliest tissue abnormality (LI shift) in CRC
initiation. This was independently predicted by our first
generation model (3) and is consistent with other findings: (a)
our recent biological observations (23) that in FAP crypts the
number of colonocytes that have a crypt base cell phenotype
(which includes SC) is increased 1.5-fold to 2.2-fold; (b) the
finding that there is an increase in Musashi-1 expression in
intestinal tumors in ApcMin mice, a mouse model of FAP (22); (c)
findings of another modeling study on gene methylation diversity

patterns in FAP crypts implicating increased SC numbers in FAP
crypts (27).
In our new hypothesis, CRC initiation is caused by dysregulation

of the above two kinetic mechanisms in the crypt, which become
altered when APC is mutant—one mechanism regulates FPR and
the other regulates PS. The new definition is that SC or cells with a
high degree of stemness are proliferative cells with a low
probability of being in S phase—a property that can be quantified
and has biological relevance. Although other valuable models have
been developed to study cellular dynamics in intestinal crypts
(summarized in ref. 28), to our knowledge, our models (this paper
and ref. 3) are the first designed to investigate the cellular etiology
of the proliferative abnormality in normal-appearing FAP crypts.
In comparison, the recent model by Johnston et al. (28) was
designed to simulate the dynamics of a single colonic crypt using a
compartmental approach. It showed that increased cell renewal,
which is equivalent to reduced apoptosis or differentiation, can
explain the growth of cancers. Their model, as did our recent
model on fully-developed CRC (4), predicted the long lag-phase in
tumor growth.
These considerations strongly suggest that our current model

has plausibility, validity, and utility. It can thus be used with
confidence for generating hypotheses to be tested in biological
studies or to do further modeling studies aimed at explaining
existing biological data. Given our modeling results, four points
bear further discussion.
The biological relevance of stemness (x) as defined by the

ratio FPR/PS. In our model, cells with high stemness have a high
probability for being a proliferative cell (high FPR) and a low
probability for being in S phase (low PS). This is consistent with
two known properties of SC—they proliferate only slowly but can
do so indefinitely (29). Consistent with SC retaining a high FPR is
the fact that human colonic SC divide over the entire lifetime of an
individual (f5,000 times; ref. 10). Consistent with SC having a
relatively slow cell cycle time is the fact that the cycle time for cells
in the lower crypt (where SC reside) is significantly longer than
times for proliferative cells higher up the crypt (6, 26, 30, 31).
Indeed, our modeling predicted that cells at the crypt bottom have
the longest cell cycle time (Fig. 5C). Because the cell cycle time at

Figure 3. A shows the distributions for normal crypt levels 1 to 20 of
stemness (solid line ) and distribution of Musashi-1 staining (dashed line ;
from ref. 14). To compute the n curve here, we used an approach that was
comparable with that of Nishimura (14) who plotted percentage of total number of
Musashi–positive cells for pairs of crypt levels (1–2, 3–4, 5–6, etc.) ranging
from levels 1 to 20. Here, we first determined the ratio FPR/PS from modeling
data for normal crypts and plotted it versus individual crypt levels (shown as
solid line in Fig. 5A ) and then we calculated total crypt stemness (AUC).
We then replotted the stemness curve for pairs of crypt levels as a percentage
of total stemness (shown as solid line in A). Model stemness was highly
correlated (P < 0.05) with Musashi-1 positivity (r = 0.88; P < 0.001). B shows,
for the whole normal crypt, both the stemness (filled columns ) computed from
the model (area under the n curve) and the distribution of immunostaining
positivity for the Musashi-1 protein, a putative SC marker (unfilled columns ; from
ref. 14). Both variables show similar proportions (of crypt cells) across lower,
middle, and top crypt regions.

Table 2. Average cell cycle rate constants and cell cycle
phase half-life values for the entire cell population in
normal colonic crypts

Rate

constant

Average

value (h�1)

Cell phase Average

t1/2 (h)

Average

cell cycle

phase
duration (h)*

k1 0.050 G1 14 17
k2 0.074 S 9.4 8.8

k3 0.17 G2 4.1 4.0

k4 2.0 M 0.35 0.32

k5 0.050
Total time 28 30

NOTE: Details on the assumptions, equations, and calculations

pertaining to this analysis can be found in Supplementary Data.
*Biologically determined (6).
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level 1 is f100 hours and, in our model, level 1 corresponds to a
single cell that is an SC, we predict that a normal colonic SC has a
cell cycle time off100 hours. This cell cycle time off100 hours is
about thrice as long as the average cell cycle time (30 hours; see
Table 1) for the entire crypt. The important point from the
modeling data on the FAP curve in Fig. 5C is that the even longer
cell cycle time in FAP crypts correlates with our finding that the SC
population is expanded (f2-fold) in size in the FAP crypt.
A longer cell cycle time and a low PS for SC could both be

explained if SC have a prolonged G1 phase or arrest in G0. A
prolonged G1 phase has also been described for hematopoietic SC
(32). Identifying biochemical and cellular pathways that might
maintain these two SC properties should provide clues regarding
how SC retain stemness and how SC population size is maintained.
Our modeling indicates that n is highest at the crypt bottom and

exponentially decreases along the crypt axis toward 0 at the crypt
top (Fig. 5A). This gradient parallels the distribution of cells
staining positively for the Musashi protein, a marker for individual
SC (Fig. 3A). This gradient may be explained in two quite different
ways: (a) decreases in the degree of stemness per individual cell
and/or (b) decreases in the proportion of crypt cells, at any given
crypt level, that are SC. The first explanation that stemness
decreases incrementally is consistent with radiobiological experi-
ments (10, 11, 26), showing that the highest degree of stemness is
associated with enterocytes at the crypt bottom and that there is a
gradual loss of stemness in cells at higher levels within the lower

crypt. Indeed, based on these data, Potten argued that stemness
decreases incrementally in the crypt. Furthermore, evidence
indicating that a single SC at the crypt bottom gives rise to
progenitor cells, which have SC-like properties (e.g., self renewal)
and are committed to generate a particular cell lineage (7, 8),
supports the notion that there are incremental decreases in the
degree of stemness in cells along the crypt axis.
In the second explanation, decreases in stemness upwards along

the crypt axis simply reflect a decrease in the proportion of cells at

Figure 4. A shows the fraction (FPR) of crypt cells that are proliferative
cells at each crypt level for normal (solid line ) and FAP (dashed line ) model
crypts. B shows for normal (solid line ) and FAP (dashed line ) model crypts
the probability (PS) that a proliferative cell at each crypt level is in S phase. The
right-shifting of the FAP curves (both are significantly different, P < 0.001)
indicates that in FAP, FPR and PS change more slowly with increasing cell
generation number.

Figure 5. A shows the stemness value (n ), at each crypt level, computed
from the model for normal (solid line ) and FAP crypts (dashed line ), where
n = FPR/PS. B shows the S-phase cell distribution (FS) computed from the model
for the normal crypt (solid line ) and the FAP crypt (dashed line ). Compared with
normal crypts, the n curve is both higher and right-shifted (away from the
crypt bottom) in model FAP crypts (A) and is associated with a parallel right-shift
of the FS curve (upwards toward the crypt top; B). C shows the cell cycle time
(tC) values for normal and FAP crypts. tC for normal crypts (solid line ) shows that
cells at the lowest crypt levels have the longest cell cycle times. A plot of tC
versus crypt level for FAP crypts (dashed line ) showed a similar pattern, although
from crypt levels 1 to 30 the tC

FAP values were larger than and right-shifted from
the tC

Normal values.
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any given crypt level that are SC. This explanation is consonant
with the idea that, as argued by others (33), being an SC is an all-or-
none phenomenon. This is also consistent with the pattern of
Mushashi-1 staining—there were fewer stained cells at higher crypt
levels, but staining only identified isolated individual cells
(presumed to be SC). If, indeed, Musashi-1 is an SC marker that
identifies individual SC, then the idea that stemness incrementally
decreases along the crypt axis would seem unlikely.
Because our model computes n per crypt level, it is

compatible with either explanation for decreased stemness. The
important finding here is that both the model results and the
Musashi results support the notion that stemness or SC numbers
decrease exponentially along the normal crypt axis. Identifying
how stemness changes in quantity and/or distribution is crucial
to our understanding of how, biologically, changes in SC
populations might affect the dynamics of other cell populations
in the colonic crypt, particularly those dynamics involved in CRC
development.
Possible biochemical and cellular pathways corresponding

to normal regulation of FPR and PS. Because in our modeling of
FAP crypts we found that FPR and PS are altered and because FAP
crypts have a cancer-initiating germline APC mutation, it seems
likely that some aspects of APC signaling are the biological
counterparts to regulation of FPR and PS in the model. Indeed,
APC is a tumor and growth suppressor protein with many
functional domains and associated cellular functions. Knowing
how FPR and PS change along the crypt axis in the model should
give us clues as to which APC pathways correlate with FPR and PS

gradients and which are important in the regulation of SC
population size. A prime candidate is the ability of APC to down-
regulate h-catenin/TCF-4 signaling. For one thing, in Tcf-4
knockout mice, the intestinal SC population is depleted (34). For
another, APC concentrations form a gradient—negligible at the
normal crypt bottom and increased toward the crypt top (24, 25)—
while h-catenin localization to the nucleus, which leads to TCF-4
activation, selectively occurs in cells at the bottom of normal crypts
(35, 36). Thus, the decline in TCF-4 activation upward, along the
crypt axis, roughly parallels the declining FPR gradient in the
model—both are inverse to the APC gradient.
How might the decline in TCF-4 activity lead to a decline in the

proliferative capacity of colonocytes along the crypt axis? TCF-4
activity occurs through its regulation of the expression of many
genes—some are up-regulated; others are down-regulated. For
example, our recent studies (37, 38) and those of others (39) suggest
that survivin signaling may be particularly important. Activation of
TCF-4 increases survivin expression, which is consistent with our
finding that its expression is also restricted to the crypt bottom
(23, 37). Survivin is an antiapoptotic protein and also promotes cell
proliferation by binding to and activating aurora B kinase, which is
necessary for chromosome segregation and cytokinesis during
mitosis. Consequently, survivin, by preventing apoptosis and
catalyzing mitosis, maintains the cell at a high proliferative
potential. Therefore, expression of survivin in colonocytes at the
crypt bottom may be one biochemical mechanism that corre-
sponds to high FPR and high stemness (FPR/PS) at the crypt base in
our model.
Mechanisms underlying SC overpopulation and the LI shift

in FAP crypts. In our model, increased stemness is a result of
kinetic changes involving FPR and PS. Specifically, in the lower
half of model FAP crypts, FPR and PS change more slowly with
increasing cell generation number. These changes cause the n

curve (Fig. 5A) to be both higher and right-shifted (away from
the crypt bottom). This change in the n curve is associated with
a parallel shift of the FS curve (corresponding to the LI shift;
Fig. 5B). These observations suggest that dysregulation of the
mechanisms that control the biological counterparts of FPR and
PS cause increased stemness, which causes the right shift of the
LI in FAP.
A crucial point is that although, biologically, SC must be

proliferative cells (corresponding to high FPR), they would not likely
be labeled by the pulse-labeling (using BrdUrd or [3H]thymidine)
typically used to determine the LI because SC are cells that cycle
only slowly (26, 29–31). In contrast, SC progeny that have lost most
of their stemness will readily be labeled by pulse-labeling because
they are rapidly proliferating. Therefore, an expansion of the SC
population away from the crypt bottom in FAP (as predicted by our
modeling) will cause the population of cells that undergo pulse-
labeling to be shifted toward the crypt top.
If dysregulation of the kinetic mechanisms that regulate the

biological counterparts of FPR and PS occurs in FAP, then
understanding how dysregulation of APC-mediated signaling
pathways (discussed above) might correspond to alterations in
FPR and PS could clarify how CRC initiation might occur. For
example, when APC is mutant, h-catenin/TCF-4 signaling would
not be inhibited as much as in normal crypts. In this case, survivin
expression would not be inhibited to the same extent and there
would be more proliferative cells due to inhibition of apoptosis and
promotion of mitosis. This could correspond to the increase
(f15%) in the number of proliferative cells found for model FAP
crypts. Dysregulation of the h-catenin/TCF-4/survivin pathway is
consistent with the fact that normal-appearing FAP crypts have (a)
expansion of the cell population expressing survivin from the crypt
bottom into the middle region (23), (b) a reduced number of
apoptotic cells (40), and (c) a greater number of mitotic figures
(41). These considerations suggest that dysregulation of mecha-
nisms in the colon corresponding to regulation of FPR and PS in our
model causes expansion of the SC population at the crypt bottom,
which shifts the distribution of the rapidly proliferating cell
population toward the crypt top.
How our modeling enhances understanding of CRC devel-

opment and colon cancer SC. Our current study is relevant to
development of CRC because most cases of colonic adenomas and
carcinomas have acquired mutations in the APC gene. It is also
relevant to colon cancer SC because of recent findings on SC in
CRCs. It is well known that the total number of cells is
exponentially increased in CRC ( from 2 � 103 cells in normal
crypts to 108–1013 cells in a CRC). It was recently found that CRCs
contain a small but significant proportion (0.25–2.5%) of tumor
cells that are cancer SC (42, 43). Therefore, it can be deduced that
the size of the SC subpopulation in those tumors has also increased
exponentially ( from f20 SC in a normal crypt to 106–1011 cancer
SC in a CRC), and this must have occurred during the various
phases of colon tumorigenesis (4). Below, we discuss these phases
and some possible mechanisms.
The studies in the present paper on the earliest tissue

abnormality in FAP crypts not only implicate SC overproduction
(f2�) in CRC initiation, but also suggest other mechanisms
underlying CRC development. For example, our modeling shows
that, whereas FAP crypts have more proliferative cells than normal
crypts, FAP crypt cells do not have a shorter cell cycle time than
normal crypt cells, but rather a longer one (Fig. 5B). Extrapolation
of these findings leads to the prediction that, as tumors develop,
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the proportion of proliferative cells (proliferative fraction) will
increase compared with normal tissues. Thus, model predictions
are consistent with the idea that tumors have increased
proliferation because of an increased number of proliferative cells,
not because of a decreased cell cycle time (44). This has
implications in cancer treatment because cytotoxic chemotherapy
is often designed to kill actively cycling cells.
Biological evidence also suggests that the concepts and

mechanisms of our hypothesis on SC overpopulation may apply
to some aspects of adenoma development. Morphologically,
adenomatous crypts are wider and longer than normal crypts
(45), which indicates that the total crypt cell population has
expanded. Adenomatous epithelium has a relatively immature,
undifferentiated phenotype that resembles the proliferative
epithelium found in the bottom one-third of normal crypts
(46), suggesting that the proliferative cell population expands to
replace the entire crypt population. LIs show that the dis-
tribution of S-phase cells is shifted upward to the luminal
surface of adenomatous crypts (47, 48), which suggests that the
rapidly proliferating cell population is displaced toward the crypt
top. To explain these observations, particularly the shift of the
LI to the crypt top, we present a corollary to our SC over-
population hypothesis: as the crypt SC population continues to
expand after cancer initiation, it will cause a futher displacement
of the rapidly proliferating cell population and a further shift in
the distribution of S-phase cells (LI) toward the crypt top. This
prediction is testable by immunohistochemical staining of colon
tissue sections using antibodies against available colonic and
intestinal SC markers, such as CD133 (42, 43), CD44 (49), or Lgr5
(50), and against rapidly proliferating cells (e.g., Ki67).
Because CRCs do not have definable crypt structures and

have mutations in many other genes in addition to APC mutations,
it is less clear how our concepts and mechanisms apply to
fully-developed colon carcinomas. Whereas recent studies describe
the existence of colon cancer SC and provide data indicating that
the tumor SC population has exponentially expanded, they do not
provide mechanisms as to how SC numbers increase in CRC.
Although the mechanisms described herein and our definition of
stemness (FPR/PS) pertain to dynamics of colonic crypts, they also
stimulate interesting new questions about mechanisms involved in
exponential growth of SC and other cell populations in later phases
of colon carcinogenesis.
To identify mechanisms that give rise to this exponential

growth in CRC, we did a study using a different model (4), one
which simulates the non–steady-state dynamics of tumor growth
and provides numbers of colonic SC as a function of time. Our
results showed that only an increase in symmetrical SC division
can explain how both SC and non-SC populations grow
exponentially in CRC. Whereas the mechanisms of our two
models (this manuscript and ref. 4) are different, it is useful to
see how they might interrelate because each provides an
explanation for how the proliferative cell population expands
during CRC development. For example, if it turns out that our
definition of stemness (FPR/PS) is not limited to just normal and
FAP colonic crypt SCs but also applies to colon cancer SCs,
it would provide insight into cellular mechanisms involved in
symmetrical and asymmetrical division of cancer SCs. The
prediction that our definition for SC applies to colon cancer SC
could be experimentally tested. One way could involve isolation
of colon cancer SC using available colonic SC markers (42, 43,
49, 50) and determining if they have a low frequency of being in

S-phase compared with proliferative non-SCs. This could be
done in an analogous fashion to experiments where SC markers
were used to isolate normal hematopoietic SCs, which were
found by flow cytometry to have a low frequency of being in S
phase (20, 21).
If it is biologically validated that our definition of stemness

(FPR/PS) applies to colon cancer SC, it would indicate that
symmetrical cancer SC division generates two identical daughter
cells that are both proliferative cells with the same low
probability for being in S phase as the parent SC. It would
also indicate that if symmetrical cancer SC division were
increased, it would lead to expansion of a subpopulation of
proliferative cells in CRCs that has a low frequency of cells in
S phase. And the expansion of such a subpopulation would,
through asymmetrical cell division (as modeled in our current
study), also lead to expansion of the rapidly proliferating cell
population. Together, these expansions would lead to an
expansion of the total proliferative cell population and drive
tumor growth.

Appendix A. Model Equations

Given below are the equations used in our model. Derivations for
these equations can be found in Supplementary Data.
Fraction of cells being a proliferative cell (FPR). The

following expression describes FPR:

FPR ¼ # Proliferative cells

Total # cells
:

The following equation describes FPR at each crypt level (L):

FL
PR ¼ e�nðg2Þ; ½Eq: 3�

wherein g is cell generation and n is a constant. As stated in
assumption A5 (see Supplementary Data), cell generation 0
corresponds to crypt level 1 and g = L � 1.
Probability that a proliferative cell is in S phase (PS). The

following expression describes PS:

PS ¼ # S phase cells

# Proliferative cells
:

The following equation describes PS at each crypt level (L):

PL
S ¼ Pmax

S � ðPmax
S � bÞe�mg ; ½Eq: 5�

wherein m is a constant, PS
max is the maximum value of PS, and

b = PS
g when g = 0.

Note that this equation is not an expression of the probability
that a cell in G1 phase will enter S phase.
Fraction of crypt cells in S phase (FS). The following

deduction shows that the fraction (FS) of all cells (including TD
cells) that are in S phase equals the product of FPR and PS. From
the above expressions for FPR and PS,

FPR � PS ¼ # Proliferative cells

Total # cells
� # S phase cells

# Proliferative cells

¼ # S phase cells

Total # cells
:
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Thus,

FPR � PS ¼ # S phase cells

Total # cells
¼ FS:

The following equation describes FS at each crypt level (L) based
on the product of Eqs. 3 and 5:

FL
S ¼ ðe�nðg2ÞÞðPmax

S � ðPmax
S � bÞe�mgÞ; ½Eq: 7�

Stemness (x). The following expression defines a measure of
stemness (n) as the ratio FPR/PS.

n ¼ ðFPRÞ=ðPSÞ:

The following equation describes n at each crypt level (L) based
on the ratio of Eqs. 3 and 5:

nL ¼ ðe�nðg2ÞÞ=ðPmax
S � ðPmax

S � bÞe�mgÞ; ½Eq: 8�

Note that the SC niche is defined as the crypt region in which cells
have a n value equal to or greater than 1/2 nmax for normal crypts.

Total number of proliferative cells (#PR).

#PR=crypt ¼ A81
0 ½ðFg

PRÞð# cells=gÞ� ½Eq: 10�

This equation describes the total number of proliferative (#PR)
cells per crypt, where A0

81 is the sum of all FPR values from
generations 0 to 81.
Cell cycle time (tC).

tC ¼ tS=PS ½Eq: 11�

This equation describes the cell cycle time, tC, for the
subpopulation of cells at each crypt level, where tS is the S phase
time (8.8 hours).
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