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Abstract: We present a theoretical investigation of high-order harmonic 
generation in spatially inhomogeneous two-color laser fields by solving 
three dimensional time dependent Schrödinger equation. The cutoff in the 
harmonic spectra can be significantly extended by means of our proposed 
method (i.e., from helium interacting with the plasmon-enhanced two-color 
laser fields), and an ultrabroad supercontinuum up to 1.5 keV is generated 
by selecting proper carrier-envelope phase of the controlling field. 
Moreover, classical trajectory extraction, time-dependent ionization and 
recombination rates, and time-frequency analyses are used to explain the 
generation of this ultrabroadband supercontinuum. As a result, an isolated 
8.8 attosecond pulse can be generated directly by the superposition of the 
supercontinuum harmonics. 
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1. Introduction 

Over the past decade, high-order harmonic generation (HHG) [1–3] has been popularly 
investigated since it is the most effective method to generate isolated attosecond pulses [4–8] 
which has been a subject of much interest in ultrafast science and technology. The HHG 
process for a single atom is well explained by the semiclassical three-step model [9,10]: First, 
the electron is ionized via tunneling toward the continuum, then it is accelerated by the laser 
field, finally, the electron recombines with the parent ion releasing the excess kinetic energy 
with a maximum cutoff given by Ecutoff = Ip + 3.17Up. Ip is the ionization potential and Up = 
I/4ω2 is the ponderomotive potential, where I and ω are intensity and frequency of the laser 
field, respectively. Because Up is proportional to Iλ2, much effort has been done to extend the 
cutoff energy of HHG by increasing these two laser parameters. As is known to all, it is 
impossible to increase the intensity of the driving laser unlimitedly due to the limitation of 
the ionization potential and the ionization saturation of the atom. So increasing the 
wavelength of the driving laser looks a better way to achieve this goal. Unfortunately, 
numerical studies predict that harmonic efficiency falls dramatically when wavelength 
increases, with a very unfavourable λ−(5-6) scaling [11, 12] and even worse in experiments 
[13]. 

Recently, the experiment performed by Kim et al. [14] has shown that using the surface 
plasmon resonance spatially inhomogeneous laser field could be an efficient method for 
HHG. In this scheme, the weak input electric fields can be amplified more than 20 dB 
[14,15], which exceeds the threshold laser intensity for HHG in noble gases. However, Sivis 
et al. [16] claimed that they demonstrated extreme-ultraviolet emissions from gas-exposed 
nanostructures, and only observed line emission of neutral and ionized gas atoms, instead of 
HHG. These plasmon-enhanced fields can be understood by induced charges model. 
Furthermore, several theoretical schemes [17–22] have been suggested to use the plasmon-
enhanced fields to extend the cutoff energy of HHG. Ciappina et al. [17,18] studied the 
enhancement of HHG in plasmonic nanostructures by confining electron motion, and 
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described the reasons for the cutoff extension. Coherent extreme ultraviolet photons beyond 
the carbon K edge has been proven from a temporally synthesized and spatially 
inhomogeneous strong laser field by Pérez-Hernández et al. [19]. Moreover, Yavuz et al. 
[20] obtained a 130 as pulse by employing a single four-optical-cycle plasmon-enhanced 
field. 

So far, many different geometric shapes of the metal nanostructures have been designed 
to achieve plasmonic enhancement fields (e.g. inhomogeneous fields), such as plasmonic 
antennas [14,17,23], metallic waveguides [24,25], nanoparticles [26], and metal nanotips 
[27,28]. In general, different geometric shapes determine the form and the enhancement 
factor of the inhomogeneous field. From our numerical calculations, asymmetric 
inhomogeneous field is better for isolated attosecond pulse generation than symmetric 
inhomogeneous field. In particular, the spatially asymmetric distribution of the laser field 
will induce asymmetric recombination of electronic wave packets between the two sides of a 
target atom, which could reduce the interference in HHG emission for every optical cycle. 

As for the generation of broad supercontinuum harmonic spectra, the two-colour field 
scheme [29–38] is an alternative method. For example, by taking this technique, Zeng et al. 
[39] demonstrated that an ultrabroad extreme ultraviolet supercontinuum spectrum can be 
obtained with a proper time delay between fundamental pulse and controlling pulse. Also, Li 
et al [40] claimed that the optimized two-color midinfrared laser pulse allows the HHG 
cutoff to be significantly extended and an isolated 18-attosecond pulse can be produced. 

In the abovementioned theoretical works regarding the HHG in plasmonically enhanced 
fields by Lewenstein and associates [17–20] and by Yavuz et al. [20], only simple single 
laser or single-colour laser was used. In this paper, we theoretically consider the HHG in 
spatially inhomogeneous laser fields in combination with two-colour technique by solving 
three dimensional time dependent Schrödinger equation (3D TDSE). In our calculations, a 5 
fs/800 nm fundamental laser and an 8 fs/1600 nm controlling laser are used and we found 
that the HHG cutoff can be strikingly extended, and an ultrabroadband supercontinuum is 
generated by selecting proper carrier-envelope phase (CEP) of the controlling field. Through 
classical trajectory extraction, time-dependent ionization and recombination rates as well as 
time-frequency analyses, we show that the ultrabroadband supercontinuum is generated by 
temporally controlling electronic recombination. The results indicate that an isolated 8.8-
attosecond pulse which is much shorter than 1 atomic unit of time (24 as) can be gotten 
directly from our strategy. 

The paper is organized as follows. We will briefly introduce the theoretical model and 
numerical method in section 2. The results and discussion are presented in section 3. The 
conclusion of our paper is in section 4. 

2. Theoretical methods 

In our quantum wave packet calculations, numerically solving 3D TDSE was conducted by 
our parallel computer code LZH-DICP [41] which was widely used to explore quantum 
dynamics processes of atoms and molecules in strong laser fields [42–52]. The laser electric 
field is linearly polarized along the z axis, and atomic units are used throughout this paper 
unless stated otherwise. 

In the dipole approximation, the 3D TDSE is given in the cylindrical coordinates by 
[53,54] 

 
( , ; )

( , ) ( , ) ( , ; ),z C L

z t
i T T V z V z t z t

t ρ
ϕ ρ ρ ϕ ρ∂  = + + + ∂

 (1) 

where 
2

2

1 1

2
Tρ ρ ρρ

 ∂ ∂= − + ∂∂ 
 and 

2

2

1

2zT
z

∂= −
∂

 denote the electronic kinetic energy 

operators. The conventional Coulomb potential 2 2( , ) /CV z zρ α ρ= − +  is used with the 
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parameter α = 1.41 obtained by diagonalization of the potential matrix to match the 
ionization potential of 24.6 eV for the ground state of helium atom. ( , )LV z t  represents the 

coupling between the atom and the laser field. We define ( , ) (1 ) ( )LV z t z z E tβ= +  as the 

spatially inhomogeneous coupling, where E(t) is the temporal laser field and β determines the 
strength of the nonhomogeneity. In this work, we choose the parameter β = 0.0075. It is 
necessary to note that we employ a first order approximation to the spatially inhomogeneous 
fields, and we set spatial grid sizes as −235 < z < 235 a.u. which is equal to the experimental 
setup value of 20 nm after getting rid of the edge absorption length. 

Then, by Fourier transforming the time-dependent dipole acceleration a(t), the harmonic 
spectra are calculated by 

 

2

0

1
( ) ( ) ,

2

T
i tP a t e dtωω

π
−=   (2) 

To better investigate the temporal structures of HHG, we also perform time-frequency 
analyses by using the wavelet transformation of the dipole acceleration [55,56], 

 ( , ) ( ) ( ( )) ,A t a t W t t dtω ω ω′ ′ ′= −  (3) 

where ( ( ))W t tω ′ −  is the mother wavelet with the formula 
2 2/ 21

( ) ( ) ix xW x e e τ

τ
−= , and τ = 

30 in our calculations. Finally, attosecond pulse can be obtained by superposing several 
harmonics in the plateau via 

 ( ) ( )
2

'

0
( ') ' ,

t i t iq t

q

I t a t e dt eω ω− −=    (4) 

where q is the harmonic order. 

3. Results and discussions 

The two-color laser field is synthesized by a 5 fs/800 nm fundamental field and an 8 fs/1600 
nm controlling field as 

 1 1 0 1 0 1 2 2 0 2 0 2( ) ( ) cos( ( ) ) ( ) cos( ( ) ).E t E f t T t T E f t T t Tω φ ω φ= − − + + − − +  (5) 

The laser peak intensities corresponding to E1 and E2 are I1 = 1.0 × 1015 W/cm2 and I2 = 2.0 × 
1014 W/cm2, respectively. Actually, the quoted intensities are the plasmonic-enhanced values, 
not the input laser intensities and the latter could be several orders of magnitude smaller. We 
know that the general metal nanostructures cannot sustain intensities much above 1013 W/cm2 
[23], so this sets a requirement on the enhancement factors needed. Gaussian envelope 

0( )f t T−  is used, and pulse duration of 5 fs (and 8 fs) is the FWHM of single laser. Here, T0 
= 11 fs, ω1, ω2 are the frequencies of the 800 nm and the 1600 nm pulses, respectively, and 
φ1, φ2 are the corresponding carrier-envelope phases (CEPs). In the two-color laser field, we 
use the frequency of the fundamental field to define the ponderomotive potential because of 
the relatively weak intensity of controlling field. In two-color inhomogeneous laser field, 
there are many parameters can be controlled, and we fixed fundamental phase φ1 = 0. The 
temporal shape of the enhanced two-color laser field by plasmonic antennas with controlling 
phase φ2 = 0 and φ2 = 1.56π are shown in Fig. 1(a). We can see that laser field is strongly 
changed by alter the phase φ2, which could be used to control the dynamics of the electrons. 
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Fig. 1. (a) The temporal shape of the two-color laser field with controlling phase φ2 = 0 (red 
line) and φ2 = 1.56π (blue line). (b) Coupling field in time and space for the φ2 = 1.56π. 

When in combination with the spatially inhomogeneous coupling, Fig. 1(b) shows 
coupling field in time and space for the φ2 = 1.56π case in our model. In Fig. 1(b), the field 
strength is amplified from the coordinates’ origin to the simulation box’s boundaries, and the 
field is symmetrical in space. Comparing with the homogeneous field, electrons can be 
tunneling ionized with the same intensity of the field at the coordinates’ origin, but they will 
get higher energy in acceleration due to the higher field strength in other space. So, the 
plasmonic-enhanced spatially inhomogeneous laser field not only ensure that the field 
strength in the coordinates’ origin is not above the ionization saturation for the gas but also 
extend the HHG cutoff by higher field strength in other spatial region. 

Figure 2 provides the comparison among the HHG spectra generated by single-color 
homogeneous laser field (red line), two-color homogeneous laser field with φ2 = 0 (green 
line) and two-color inhomogeneous laser field with φ2 = 0 (orange line) and 1.56π (blue line). 
Here, the single-color field is identical to the fundamental field in the two-color case and the 
parameters of the two-color laser are the same as those in Fig. 1. Compared with the single-
color homogeneous field, the position of the harmonic cutoff shifts from 217 eV to 580 eV in 
two-color homogeneous laser field. By combining with the spatially inhomogeneous scheme, 
the cutoff for the controlling laser with no phase delay can be extended to 910 eV, however, 
the plateau is not very smooth. There is no qualitatively monotonous relationship between the 
width of plateau and the CEP, which has been elucidated in our previous work [32], so we 
don’t present all HHG spectra for different CEP. Most remarkably, with optimal controlling 
phase φ2 = 1.56 π, an ultrabroad supercontinuum spectrum in which the cutoff is amazedly 
extended to 2280 eV is generated. 

 

Fig. 2. HHG spectra generated by single-color homogeneous laser field (red line), two-color 
homogeneous laser field with φ2 = 0 (green line) and two-color inhomogeneous laser field 
with φ2 = 0 (orange line) and φ2 = 1.56π(blue line). 
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To address the physics of this ultrabroadband supercontinuum spectrum, the time-
frequency analysis of HHG is shown in Fig. 3. We clearly see that there are two recollision 
time points of electron, and only the early recollision at t = 11.5 fs contributes to the 
supercontinuum spectrum. Moreover, the maximum recollision energy is consistent with the 
cutoff energy of HHG spectrum. It also indicates that the broad supercontinuum results from 
only single short quantum path which is desired to generate shorter attosecond pulse [57]. 

 

Fig. 3. The time-frequency analysis of HHG in Fig. 2 for the two-color inhomogeneous laser 
field with φ2 = 1.56π. The color bar is on logarithmic scale and in arbitrary unit. 

To further verify this ultrabroad supercontinuum spectrum from quantum calculations, 
the classical Newtonian equation 

 ( ) ( , ),z Lz t V z t= −∇  (6) 

for an electron moving in the aforementioned spatially inhomogeneous two-color laser field 
is solved, where ( , )LV z t  is the spatially inhomogeneous coupling in section 2. Thus, the final 
equation of electron motion is 

 ( ) (1 2 ) ( ).z t z E tβ= − +  (7) 

Generally, the classical electron trajectory can be derived. The electrons are assumed starting 
with zero velocity and the position at every time points. The time step is set as 0.02 a.u. 
which is equal to the time step of 3D TDSE calculation. Then, the velocity and the position 

can be calculated by numerical integrating ( )z t  under a laser condition as 
0

( ) ( )
t

t
z t z t dt=   

and 
0

( ) ( )
t

t
z t z t dt=  . At last, the recollision electrons can be selected when the positions of 

the electrons are back near the origin of coordinates. The ionization and recollision energies 
can be calculated using 2 / 2E z=  . Figure 4(a) shows the classical ionization and recollision 
energy plots in the spatially inhomogeneous two-color laser field and the laser parameters are 
identical to Fig. 3. Unusually, we can find three dominant recollision peaks which are labeled 
as P1, P2, P3, but there are only two peaks as P2, P3 consistent with the two recollision time 
points in time-frequency analysis. It means the first recollision peak P1 almost doesn’t 
contributed to the ultrabroad supercontinuum spectrum. In more details, there are two 
recollision trajectories localized in P3, and they interfere with each other resulting in the 
periodic structure around the time of 16 fs in Fig. 3. As is well known, the classical analysis 
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cannot provide the electron recombination probability which is one of the most important 
factors in the HHG according to three-step model. 

 

Fig. 4. (a) The time-dependent classical ionization and recollision energy analysis. P1, P2 and 
P3 indicate the three dominant peaks of the recollision. (b) The time-dependent ionization rate 
and recombination rate in the spatially inhomogeneous two-color laser field. The laser 
parameters are identical to those in Fig. 3. 

This can be understood from the time dependent ionization rate and recombination rate in 
Fig. 4(b), which are calculated by the flux operator method as 

 *
00

( ) Im[ ( ) ] ,
z

z
P t z z dz d

z

ρ
ϕ δ ϕ ρ ρ

−

∂= −
∂   (8) 

where z0 are the position of flux analysis for ionization or recombination. The results show a 
dominant recombination at t = 11.5 fs, which is consistent with the recollision peak P2 in Fig. 
4(a) (see blue region). Although the first recollision peak P1 in Fig. 4(a) has higher 
recollision energy, very small recombination rate at P1 means it has no contribution in HHG. 
We of course calculate other controlling phase, and the electronic recombination can be 
temporally controlled by properly selecting the controlling phase, here only φ2 = 1.56 π with 
maximum ultrabroad supercontinuum is discussed. 

In Fig. 5(a), we show an isolated 8.8-as pulse which is much shorter than the atomic unit 
of time of 24 as is obtained by superposing the supercontinuum harmonics from the 1200th 
to the 1500th order without any phase compensation. It also illustrates that there is only one 
attosecond pulse emission in the whole time range, which will be a promising tool for 
attosecond resolution probe. For a closer connection to a possible experimental realization, a 
Gaussian band-pass function is used as a filter. Then, a clean 12.7-as pulse is generated by 
inverse Fourier transforming of the filtered spectrum in Fig. 5(b). 
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Fig. 5. (a) Attosecond pulse generation by superposing the harmonics from 1200th to 1500th 
order. Inset is attosecond pulse emission in the whole time range. (b) Attosecond pulse 
generation by using Gaussian band-pass function. The filter window (the FWHM of a 
Gaussian function) is set from 1200th to 1500th order which is identical to the frequency 
range in (a). The laser parameters used are the same as those in Fig. 3. 

4. Conclusion 

In summary, we study the harmonic emission of He atom in a spatially inhomogeneous two-
color laser field, and propose an efficient scheme to produce ultrabroad supercontinuum in 
HHG. Our 3D quantum calculations demonstrate that this ultrabroad supercontinuum is 
generated by temporally controlling electronic recombination via adjusting the phase of the 
controlling laser. An isolated sub-10-attosecond pulse which is much shorter than the atomic 
unit can be produced with superposition of the supercontinuum harmonics. Note that the 
conversion efficiency of HHG is still a problem in strong laser fields with a proper non-
homogeneity although the supercontinuum can be extended up to 1.5 keV, however, we 
expect that inhomogeneous two-color laser field will attract more attention into practical 
production of shorter attosecond pulse in future. 
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